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It is shown that QED in �1� 4�-dimensional space-time, with the fifth dimension compactified on a
circle, is, in general, a CP violating theory. Depending on the fermionic boundary conditions, CP
violation may be either explicit (through the Scherk-Schwarz mechanism) or spontaneous (via the
Hosotani mechanism). The fifth component of the gauge field acquires (at the one-loop level) a nonzero
vacuum expectation value which, in the presence of two fermionic fields, leads to spontaneous CP
violation when the boundary conditions are CP symmetric. Phenomenological consequences are
illustrated by a calculation of the electric dipole moment for the fermionic zero modes.

DOI: 10.1103/PhysRevLett.93.211603 PACS numbers: 11.10.Kk, 11.25.Wx, 11.30.Er, 12.20.Ds
Introduction.—The physics of grand unified theories
has been plagued by fundamental difficulties to accom-
modate different mass scales within a single theory, the
so-called hierarchy problem. For a long time supersym-
metric models had the commendable feature of being able
to solve this problem. More recently, nonsupersymmetric
higher-dimensional models were proposed [1,2], which
solve the hierarchy problem provided that an appropriate
space-time geometry is realized.

Though in the original models only gravity was present
outside a 4-dimensional slice of the compactified space,
this is not an inescapable restriction. In fact, models
where all fields propagate throughout the compactified
space-time are natural and phenomenologically viable
[3,4]. In this Letter we consider quantum electrodynam-
ics (QED) in 5 dimensions (5D) focusing on the possi-
bility that it naturally generates small but nontrivial
CP-violating effects. For earlier attempts to obtain CP
violation within extra-dimensional extensions of the
standard model (SM) of electroweak interactions, see
Refs. [5,6].

The model.—We consider an Abelian model in 5D,
with coordinates xM, M � 0; . . . ; 4, and x4 � y compac-
tified on a circle of radius L. We assume the presence of
two fermionic fields ( 1;2) interacting with the U(1) gauge
field AM according to the Lagrangian

L QED � �
1

4
F2MN �

X
i�1;2

	 i�i
MDM �Mi� i �Lgf;

(1)

where FMN � @MAN � @NAM and DM � @M � ie5qiAM,
qi denotes the charge of  i in units of e5, and Lgf stands
for a gauge-fixing term. We assume that the gauge fields
are periodic in y, but we allow the fermions to obey
‘‘twisted’’ boundary conditions (BC):
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 i�x�; y� L� � T� i�x�; y�� � ei�i i�x�; y�; (2)

where x�, � � 0; . . . ; 3, denote the coordinates of the
4D Minkowski space-time (M4) and T is the twist op-
erator. We also assume that the fermionic mass parame-
ters Mi are positive and choose a convention where
the Dirac matrices M in 5D are the usual ones for
M � 4 while M�4 � i5; our choice of metric is
diag�1;�1;�1;�1;�1�.

The action is invariant under the local U(1) transfor-
mation:

 i�x; y� ! e�ie5qi��x;y� i�x; y�;

AM�x; y� ! AM�x; y� � @M��x; y�:
(3)

In addition LQED is symmetric under the 5D CP trans-
formations [7]:

xM ! �MxM; AM ! ��MAM;  i ! �i
02 ?i ;

(4)

where j�ij � 1; �0;4 � ��1;2;3 � �1 (no sum over M).
Expanding the fields in Fourier series leads to an

infinite tower of modes propagating in M4,

 i�x; y� �
1����
L

p
X1

n��1

 i;n�x�ei 	!i;ny;

AM�x; y� �
1����
L

p

� X1
n��1

AMn �x�e
i!ny � a�M4

�
;

(5)

where !n � 2�n=L, 	!i;n � !n � �i=L, and �AMn �x��? �
AM�n�x�. The modes associated with AM�4 become 4D
scalars, which raises the interesting possibility that A4
may acquire a nonzero vacuum expectation value; this, in
fact, is known to occur [8]. In this case (4) suggests that
this is also a sign of spontaneous CP violation [6], an
expectation that is indeed confirmed, as we see below.
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For �i � 0;� the BC (2) are not symmetric under
CP; this is an additional (explicit) source of CP violation
(present even if hA4i � 0). Since the twist operator T does
not commute with CP, this type of CP violation provides
an example of the Scherk-Schwarz mechanism [9].

Let us first focus on the fermionic piece of the
Lagrangian (1). Integrating over the y coordinate we find

L  �
X
i;n

	 i;n�i
�@� �Mi � i5�i;n� i;n

� e
X
i;l;n

qi 	 i;l�A6 l�n � iA4l�n5� i;n; (6)

where �i;n � �2�n� ��i � eqiLa��=L, with e � e5=
����
L

p

the 4D gauge coupling. In order to diagonalize the fer-
mion mass term we define the angles "i;n by

tan�2"i;n� � �i;n=Mi; j"i;nj � �=4; (7)

and replace [10]  i;n ! exp�i5"i;n� i;n. From this we
find that the physical fermion masses are mi;n � �M2

i �

�2i;n�
1=2, while the interactions with the gauge fields read

L’ � e
X
i;k

qi

�X
l�k

A4k�l 	 i;k�
�s�
i;kl i;l � ’ 	 i;k�

�s�
i;kk i;k

�
;

LA � �e
X
i;k

qi

�
	 i;kA6  i;k �

X
l�k

	 i;k�
�v�
i;klA6 k�l i;l

�
;

(8)

where ’ � �A4n�0, A
� � A�n�0, A6 n � �A

�
n , and

��s�i;kl � �i5e
i5�"i;k�"i;l�; ��v�i;kl � ei5�"i;k�"i;l�: (9)

A� clearly corresponds to the 4D photon, while ’ is a
new, physical, low-energy degree of freedom. Though the
’ Yukawa couplings (as those of ANn�0) appear to be CP
violating, we show that is in general not the case.

The 5D gauge transformation (3) in terms of Kaluza-
Klein (KK) modes implies A4k ! A4k � i!k�k, where
��x; y� � L�1=2P�1

n��1�n�x�e
i!ny, which shows that,

while A4k�0 can be removed by an appropriate gauge
choice, ’ is a gauge singlet [11]; because of this, even
though its mass m’ vanishes at tree level, it receives
calculable finite corrections at higher orders in perturba-
tion theory.

It is worth noting that even if by a choice of gauge A4 is
a function of x only, there still remains a residual
y-dependent discrete gauge freedom:

A4!A4�
2�ni
e5qiL

;  i!e�i�2�ni=L�y i; ni� 0;1; . . . ;

(10)

provided q1=q2 is a rational number. In this case there
exist some discrete constant values of ’ [ �
2�ni=�e5qiL�] that can be removed completely. Note
also that �i � e5qiA4 is invariant under (10); this will
be relevant when we discuss the one-loop effective po-
tential for h’i.
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The effective potential.—The above discussion raises
the possibility that ’ will acquire a nonvanishing vacuum
expectation value a � h’i. In order to determine the
conditions under which this occurs, we evaluate the cor-
responding effective potential to one loop. We adopt di-
mensional regularization for the d4p integral together
with a summation over the infinite tower of KK modes.
After dropping an irrelevant constant the contribution
from one fermion equals

V�M;!� � �x2Li3�z� � 3xLi4�z� � 3Li5�z�

� H:c:�=�2�4L4�; (11)

where x � LM,! � ��� eq La�=L, z � exp�iL!� x�,
and Lin�x� is the polylogarithm function. Note that
V�M;!� � V�M;�!� as a consequence of the
Hermiticity. For a theory with fermions the total effective
potential reads

Veff�a� �
X
i�1;2

V�Mi;!i�: (12)

This is periodic in a only when q1=q2 is a rational number
n1=n2 [the period then equals 2�n1=�eq1L�], as a result of
the residual gauge invariance (10).

If we had just one fermionic field  the minimum of V
is at L! � ��2l� 1� for integer l. Since � � �mod2�
we can choose the minimum �� eq La � �. We can
eliminate � from (2) by the following field redefinition:

 0 � e�i�y=L ; A0
M � AM � ��M;4=�e5q �; (13)

so that  0 and A0 are periodic in y with period L. We then
expand around the vacuum e5q hA0

Mi � ��=L��M4 by
shifting the gauge field e5q A0

M ! e5q A0
M � ��=L��M4

and again redefine the fermion fields, so that the effect of
this shift disappears from the Lagrangian density: , �
exp�i�y=R� which is antiperiodic in y. This shows that
the original theory is equivalent to one where the gauge
field has a vanishing vacuum expectation value (no spon-
taneous CP violation) and the BC are CP invariant;
consequently, this theory does not generate CP violation.
However, in (8) we have noted the presence of
CP-violating couplings of ’, ANn even if only one fermion
is present; this therefore deserves further explanation.

At the minimum of V, �n � ��2n� 1�=L and mn �
m�n�1, so that any unitary transformation U acting on
the � n;  �n�1� subspace leaves the kinetic terms invari-
ant and allows the generalized CP transformation:

 i!
CP
UijC 

�
j ; i; j � n;�n� 1; (14)

where C�C�1 � �T�. Choosing U � 01 (the usual
Pauli matrix) one can see that the  n;�n�1 couplings are
invariant under (14).

The situation can be different if a second fermion is
present. Then, following the steps described above for
the case of a single fermion, it can be shown that we
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can assume the BC  1�y�L�� 1�y�,  2�y�L��
exp�i�� 2�y�. The condition for an extremum @Veff=
@a � 0 leads to a CP-conserving vacuum when the
minimum of Veff is at !i � 0; �=L. In general, however,
the minimum is located elsewhere, thus allowing sponta-
neous CP violation: at least two fermions are necessary
to observe CP violation in 5D QED compactified on a
circle. In this case the KK modes of both fermions have
CP-violating Yukawa couplings (8). In Fig. 1 we plot Veff
as a function of ea for various choices of �.

When � � 0; � Veff is symmetric in a (due to the sym-
metry of V under !! �!). In this case the Lagangian
and BC are CP symmetric. Under CP, a! �a, and
therefore this symmetry is a consequence of CP invari-
ance and choosing any of the two degenerate vacua leads
to spontaneous CP violation. For other (CP asymmetric)
choices of �, Veff is not symmetric in a and CP is
explicitly violated.

Phenomenology.—The most striking consequence of
CP violation in our model is the prediction of a nonzero
fermionic electric dipole moment (EDM) d defined
through the following effective  	  vertex: hp0jj�EMjpi �
��d=e� 	u�p0�0�25�p0 � p�2u�p�, where p; p0 are on shell
and the limit p0 ! p is assumed. This nonzero EDM is
generated already at the one-loop level (in the SM at least
three loops are required). For the fermion  i, the diagram
involving ’ yields

di;0 � �
�eqi�3c

���
i;0

16�2mi;0
J�s��m2’=m2i;0; 1�; (15)

while loops containing the ANn modes equal

d�v�i;n �
�eqi�

3c���
i;n

4�2
mi;n

m2i;0
J�v��xi;n; yi;n��A

�
n �;

d�s�i;n � �
�eqi�3c

���
i;n

16�2
mi;n

m2i;0
J�s��xi;n; yi;n��A

4
n�;

(16)
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FIG. 1. The effective potential Veff (in units of 10�3 TeV4) as
a function of a (in units of TeV) for L�1 � 0:3 TeV, M1 �
0:2 TeV, M2 � 0:005 TeV, q1 � 2=3, q2 � �1=3, and four
choices of the twist angle � � 0; �=2; �; 3�=2.
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where c��
i;n � Mi��i;n �i;0�=�mi;nmi;0�, xi;n �

�!n=mi;0�
2, yi;n � �mi;n=mi;0�

2, and

J�s��x; y� � 1�
x� y� 1

2
ln
�
y
x

	
�

�
2x
5

� 5
	
 ;

J�v��x; y� � �1�
y� x
2

ln
�
y
x

	
� �5� cot � 

(17)

with 52�4xy��x�y�1�2 and tan �5=�x�y�1�.
The total EDM of the ith zero-mode fermion is then

di � di;0 �
�eqi�3

16�2m2i;0

X
n�0

mi;n�4c
���
i;n J

�v��xi;n; yi;n�

� c���
i;n J

�s��xi;n; yi;n��: (18)

Note that, for large n, mi;nc
��
i;n J

�s=v��xi;n; yi;n� � 1=n�
O�1=n2�, so that (18) will be finite after symmetric sum-
mation over n. It follows that the EDM is finite and
therefore insensitive to the cutoff of the 5D theory.

In Fig. 2 we plot the fermionic EDM for zero mode of
the i � 1 fermion as a function of the compactification
scale L. We chose � � 0 (the case of spontaneous CP
violation) and selected the positive vacuum expectation
value of A4 (see Fig. 1); the EDM, as a CP-odd quantity,
would change sign if the other (negative) vacuum expec-
tation value is chosen. The parameters have been adjusted
in such a way that the model has mass scales and coupling
constants of the same order as those in the SM. Note that
the mass of the zero mode mi�1;n�0 depends on L; for our
choice of parameters it varies from �37 TeV for L �
0:1 TeV�1 to �1:5 TeV when L � 2:5 TeV�1; for these
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FIG. 2. Left: the fermionic EDM, d1�L� for  i�1;n�0 for
� � 0. Right: the same, as a function of � for L �
1:5 TeV�1. Curves correspond to the number of modes in-
cluded in (18), from jnj � 1 (bottom) to jnj � 4 (top), indicat-
ing fast convergence. Note that the mass of the zero mode also
varies with L. We used e �

������������������
4��QED

p
and the same parameters

as in Fig. 1.
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values, m’ ranges from �27 to �1 GeV. The leading
contribution to di comes from the ’ exchange; the con-
tribution of the nonzero modes is of opposite sign and
smaller by a factor of O�5�.

Conclusions.—We have shown that QED in �1� 4�-
dimensional space-time, with the fifth dimension com-
pactified on a circle, leads to CP violation. Depending
on fermionic boundary conditions, CP violation may
be either explicit, or spontaneous via the Hosotani
mechanism. The new possibility of CP breaking by fer-
mionic, twisted boundary conditions has been empha-
sized and demonstrated explicitly by the derivation of
CP-violating effective couplings. The fifth component of
the gauge field acquires (at the one-loop level) a nonzero
vacuum expectation value [12]. We have shown that in the
presence of two fermionic fields this leads to spontaneous
CP violation in the case of CP-symmetric boundary
conditions. The one-loop effective potential for A40 has
been calculated, and its features have been discussed in
the presence of two fermionic fields.

The most striking feature of the model considered here
is the presence of the light scalar ’, which has
CP-violating Yukawa couplings similar to those present
in the scalar sector of the 2-Higgs-doublet model. The
presence of CP-violating couplings leads to a nonzero
EDM, which was calculated at the one-loop level for a
zero-mode fermion. This effect can be used to test the
mechanism for CP violation present in our model.

There are several other observables, originally devel-
oped to investigate extended Higgs sectors, which can
also be used to detect the presence of a light scalar
(regardless of whether its couplings conserve or violate
CP) such as ’. For example, aside from the fermionic
electric and magnetic dipole moments, one also has
��%! ’� and B�b! ’s�. Experimental constraints
on all such quantities would impose some restrictions
on the parameters of the model.We will present the results
of such an investigation in a separate publication, where
we will consider a more realistic non-Abelian theory.
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