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The dipolar energy of a solid monolayer domain surrounded by a fluid phase at an air-water interface
is derived approximately as a sum of an additionally negative line tension and a curvature-elastic energy
at the boundary. Variation of the domain energy yields an equilibrium domain shape equation. The
obvious solutions of the domain shape equation clearly predict a circle, torus, D-form, S-form, and
serpentine manner shape found experimentally, depending on the difference in the Gibbs free energy
between the solid and fluid phases and the total line tension. Analysis of linear instability for a circle
with a fixed area shows that, above a threshold size, the circle can be deformed into an m-sided
quasipolygon. The good agreement with the observation and numerical calculation reported by Lee and
McConnell [J. Phys. Chem. 91, 9532 (1993)] shows the quantitative validity of the present theory.
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Monolayers of lipid on the water surface have been
studied for more than a century, and the aspect of differ-
ent phases and their coexistence in these two-dimensional
(2D ) systems has been expected in analogy with 3D ones
[1]. Such predictions have been directly visualized by
using fluorescence microscopy, etc. [2,3]. The microscopic
observation revealed a variety of ordered and disordered
domain shapes and behaviors of monolayers [4]. Among
them, circular shapes of solid domain surrounded by fluid
phase, and deformed shapes of their transitions to torus
[5], D form, S form, serpentine manner form [6,7], and
m-sided quasipolygon form [8,9] are of interest, and these
2D shapes have attracted a number of studies [9–13]. In
analogy with smectic-A liquid crystal bilayer, Helfrich
proposed that the shape energy of a 3D vesicle be given by

F � �P
Z
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2dA; (1)

where �P is the osmotic pressure; 	 is the tensile stress
acting on the membrane; A and V are the surface and
volume elements, respectively; kc is the bending rigidity,
H the mean curvature, and c0 the spontaneous curvature.
The last term represents the curvature-elastic energy Fc.
Calculating the first variation of F with consideration of
�P and 	 as Lagrange multipliers, the 3D equilibrium-
shape equation was derived as [14]
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where K is Gaussian curvature, and r2 is the Laplace-
Beltrami operator. Using (2), the 3D curve cases such as
the coil formation of carbon nanotubes [15], growth of
smectic-A filaments [16], and others have been solved
reasonably. On the other hand, the pioneering work con-
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cerning the shape energy of 2D domains was done by the
McConnell group. The shapes of domains in equilibrium
and their deformation were understood in terms of a
competition between line tension and long range electro-
static force induced by molecular dipoles in domains, i.e.,
minima of the domain energy [12]. Comparing with the
model by McConnell [13], in analogy with the Helfrich
curvature-elastic energy of (1), we introduce additionally
a Lagrange multiplier �P, taking into account the con-
straint of constant domain area and/or the difference in
the Gibbs free energy density between outer (e.g., fluid)
and inner (solid) phases, i.e., �P � �g0. Then the shape
energy of a 2D domain is expressed as
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ds�

�2
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I I ~t�l� � ~t�s�
j ~r�l�� ~r�s�j

dlds; (3)

where � is the line tension; � is the dipole density; ~r�s�
describes the domain boundary curve; s is the arclength;
and ~t � d~r=ds, the unit tangential vector of the boundary.
Here g0 > 0, since solid phase is more stable than fluid
one. This viewpoint has been used to consider the
smectic-A phase grown from isotropic phase [17]. (3) is
similar to (1). Instead of the curvature-elastic energy Fc
[the last term of (1)], the origin is the electrostatic dipole-
dipole interaction energy [the last term of (3)]. In this
model, all dipoles align in the same direction normal to
the water surface, in a manner similar to the director
alignment in the smectic-A liquid crystal bilayer. The first
two terms favor circular shape domains according to the
2D Young and Laplace law (1805), whereas the last term
favors other phases with longer perimeter and different
shapes such as thin slab [18]. In the earlier studies, the
researchers assumed a priori the existence of equilibrium
domains with some regular shapes, e.g., circle [10,12] and
torus [11], and calculated their domain energy with (3).
Then they calculated their equilibrium domain size by
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variation of the energy with respect to size parameter.
However, the experimental findings of noncircular
shapes, such as D and S forms, and serpentine ones,
have not been successfully analyzed. The long-lasting
insufficient stage of the 2D domain theory is due to the
mathematical difficulty in calculating the doubleline in-
tegral, the last term of (3). In this Letter, we try to provide
an approach to overcome this mathematical difficulty. The
doubleline integral of the dipolar energy has been ap-
proximately derived as a sum of an additionally negative
line tension and a curvature-elastic energy of the domain
boundary. This derived expression enables us to calculate
the �F analytically. As a result, D and S forms, and
serpentine manner forms are shown to be its solutions,
depending on �P, total line tension, and the dipole force-
induced curvature-elastic modulus. The infinitesimal in-
stability of a circle with fixed area can also be analyzed,
and it is found that below some negative threshold line
tension, the circle can be deformed into a shape associ-
ated with mth order harmonics. The comparison of the
obtained formula with the observation and numerical
examples calculated directly from the doubleline integral
previously by Lee and McConnell [9] shows the validity
of the present theory.

The key step is to rewrite the dipolar force energy as

F� � �
�2

2

I �I ~t�s� � ~t�s� x�
j ~r�s� x� � ~r�s�j

dx
�
ds; (4)

where arc variable x is defined as x � l� s. With ~t �
d~r=ds � ~rs and Frenet formulas of a plane curve [19]:
d~t=ds � ��s� ~m, d ~m=ds � ���s�~t, where ��s� and ~m�s�
are the curvature and unit normal vector of the boundary
curve at s, and ~t�s� x� and ~r�s� x� are expected as

~t�s�x�� ~t�s����s� ~m�s�x�
1

2
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(5)
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2
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Substituting (5) and (6) into (4) gives the expression of the
dipole force energy in a generalized line tension energy
form as F� �

H
	��; �s; � � ��ds, where 	 is a series of

��s� and its derivatives. If we consider a somewhat
smooth curve, only take into account the first two terms
of F� series as Taylor approximation and using the mono-
layer thickness h, nonzero, as the cutoff, we can approxi-
mately obtain the expression given by
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�2

2
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I
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where L is the boundary length. The role of h as a cutoff
has been illustrated in [18] and agreed by Lee and
McConnell by assuming ansatz of h � e1=2� [Eq. (46)
in [9] where � is the dipole-dipole separation distance,
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the cutoff in their calculation] [9]. So far, we have not
provided a clear answer to the physical basis for our
Taylor expansion of the dipolar interaction; however, we
can show it is efficient in mathematics when the ratio of
the distance between two adjacent dipoles to the radius of
domain boundary is small. Actually, as observed in ex-
periment, the radius of domain is on the order of micro-
meters and quite larger than the distance of adjacent
dipoles. Thus, it is always satisfied that the parameter in
expansion is small. For an exact calculation for a circle of
radius  0, the logarithmic divergence is calculated as
ln�8 0=e

1=2h� � ln�5 0=h� (see (2.11) in Ref. [18]), and
this is nearly equal to ln2! 0

h as our present result with
Taylor expansion approach. In fact, such an ansatz ap-
proach by expanding the line integral was also proposed
by Langer, et al., (see, (4.11) and (4.12) in ref. [18])
without further justification. Although the McConnell
group has provided sound theoretical calculation to ex-
plain the domain shape bifurcation diagram for somewhat
regular shapes [10,12], the expression (7) has extended the
study to general shapes. From (7), one can find that 2D
line tension is size- and shape-dependent. Thus the do-
main energy has the form

F � �P
Z
dA� 	

I
ds� "

I
�2ds; (8)

where 	 � �� �2

2 lnLh is total line tension which is posi-
tive or negative dependent on �, L, �, and h. " � 11

96�
2L2

is certainly positive, and is regarded as the modulus of
line curvature elasticity or 1D bending rigidity.

To obtain the equilibrium-shape equation, we have to
derive variation equation �F � 0. It can be derived di-
rectly with 2D curve variation; however, in what follows
we would like to map it onto the well known Helfrich
model of a 3D fluctuation membrane vesicle. Thus, one
can find the physics behind the above Taylor expansion
such as the physics meanings of the parameters ", �, and
so on. Moreover, one can understand the strange shapes of
present 2D domains by mapping it onto the well under-
stood fluctuation of 3D cylinder vesicle. For 3D curve
cases, we encountered this problem and completed the
variation (2). For 2D curve cases, fortunately, there is no
need to do it afresh due to the similarity of the expression
of (1) and (8). Starting from the 3D equilibrium-shape
equation of membrane vesicle with Helfrich model [20]
(Eq. (2) in [14]), we can obtain the 2D curve solution of
�F � 0 given by (8). In mathematics, by letting 2H � �,
c0 � 0, K � 0, kc ! 2", and r2 ! d2=ds2, we can
change the shape equation of the 3D vesicle into that for
a 2D domain [21]

�P� 	�� "�3 � 2"�ss � 0; (9)

where 	 � �� �2

2 ln Leh�
11
48L�

2 H�2ds is slightly differ-
ent from the definition in (8) due to the variation to L. The
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FIG. 1. Illustration of the equilibrium-circle shape equation
of �P � 	�� "�3, (a) for 	 > 0 and (b) for 	 < 0. In practical
calculation, we use dimensionless equations �P0 � �0 ��3
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normal expression shows clearly that 	 depends not only
on the boundary length but also on its shape.

Here one must note that �P and 	 in (2) are the 3D
pressure and surface tension, respectively, while in (9),
they are 2D pressure and line tension, and so for kc and ".
Furthermore, both equations are derived by defining the
normal direction as outward vesicle and solid domain,
respectively. Therefore we have H � �1=R0 for a sphere
of radius R0, and � � �1= 0 for a circle of radius  0.
According to this definition, � � 1= i then describes the
curvature of inner circle of a torus with inner circle of
radius  i. Given these, it is understandable that outer and
inner circles can coexist. In the case of planar curves, by
rewriting (9) as a function �P��� � 	�� "�3 and con-
sidering "> 0, we illustrate the behavior of �P in
Figs. 1(a) and 1(b) for 	 > 0 and 	 � 0, respectively.
From Fig. 1, solutions can be theoretically divided into
three cases: (i) Two circles and two tori of different sizes
can coexist for 	 > 0 and 0>�P>� 2

��
3

p

9
	
���
	

p���
"

p ; (ii) Only

one circle can exist for �P> 0; and (iii) No compact
circular domains can exist for 	 < 0 and �P< 0.

Case (ii) can easily be understood in mechanics: A
negative tension and the elastic force ("> 0) favor in-
creasing the circle size, whereas a positive �P favors
decreasing it; therefore, there exists an equilibrium size
at which two tendencies balance. In case (iii) three forces
are all outward; hence, they cannot balance each other.
With such ideas, case (i) describes the solid domains
grown in liquid phase and is then understandable; e.g.,
at inner circle of the equilibrium torus, both tension and
elastic forces point to solid phase. On the other hand, the
pressure points to a fluid phase because �P< 0 (in phys-
ics, �p � �g0, this is like the ice formation at tempera-
ture of 0 �C). In the previous experiments, we have found
evidence for the above prediction. Two torus-shaped do-
mains of different sizes are shown in Fig. 10 in [5].
Predicted two circles of different sizes are found in
Fig. 4 in [7]. The coexistence of two tori and two circles
have not been predicted by the McConnell group. They
showed only one equilibrium circle with radius of
e3�
8 e	=�

2
. The usefulness of the present approach is also

in the understanding on other noncircular domains which
can be approximately and straightly explained by the
above analysis. In case (i), Fig. 1(a) shows that the inner
circle has more small radius than those of outer circles.
The so-called D form shown in Fig. 1 and Fig. 5(d) in [7]
can be seen as combinations with arcs of the three circles
of radius  i,  01, and  02, respectively. The S-like domain
shown in Fig. 3 in Ref. [6], in principle, can be seen as the
formation of D form but with �P! 0. In the same
Figure, a torus appears which is obvious by closing the
D form, i.e., created by circles of radius  02 and  i. The
formation of serpentine-like-tripe domains (see Fig. 5(c)
in [7]) is the same as that of S-like domain but with �P
more near to zero [Fig. 1(a)]. In fact, the general solutions
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of (9) at �P � 0 has been solved, in dealing with cylin-
drical vesicle shape problem [21]. Among them, a peri-
odic shape shown in Fig. 1, Ref. [21] is just the case of the
serpentine tripe. In the 3D case, (9) at �P � 0 gives the
helical coil for carbon nanotube [15] and the present
serpentine stripes can refer to 2D helices. All these
show the advantage of mapping the McConnell 2D do-
main shape problem to the Helfrich 3D vesicle shape
problem. We shall give a more detailed example. The
quasipolygon domain can be seen as a branching phe-
nomenon of the instability of a circle of radius  0.
We consider a slightly distorted circle  �  0 �P
mbm exp�im(�, where i � i � �1, 0 � ( � 2!, m �

0;�1; � � �;�1, and b�m � b�m. The variations of domain
area, boundary length, and the curvature-elastic energy
can be directly obtained by using the variation result of a
cylindrical vesicle of radius  0, the formulas given by
(69-71) in Ref. [22], respectively. Thus we have
�
I
ds � ! 0

�
2�b0= 0� �

X1
m�0

m2









bm 0









2
�
; (10)
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FIG. 2. Diagram illustrating how the sizes of experimentally
observed domains with m-fold distortions correspond to theo-
retically calculated ones for harmonic shape transition. Dashed
line shows the ab initio calculated results and circle points are
experimental measurements, both of which follow Fig. 7 in [9].
The solid line and full circles are obtained from the present
prediction,  m= 2 �

������������������
2m2 � 3

p
=

���
5

p
.
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To compare with previous calculations [9], we consider
the case of �A � 0 and 	 < 0, i.e., to maintain domain
area constant; thus we obtain the linear term �b0= 0� �

� 1
2

P
mjbm= 0j

2. Substituting into (8), (10), and (12)
yields the deformation energy

�F � !
X1
m�0


	 0 � " �1
0 �2m2 � 3���m2 � 1�









bm 0









2
:

(13)

The trivial case of m � 1, characterized by �F � 0,
means a translation of the circle. The mth harmonic
deformation can happen when the coefficient of jbm= 0j
in (13) becomes negative; i.e., the domain increases to the

condition of  0 >  m with  m �
����������������������������������������
�2m2 � 3��"=� 	�

p
,

�m � 2�.
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Thus we have the simple and analytic expression of
 m= 2 �

������������������
2m2 � 3

p
=

���
5

p
that has been numerically shown

in Fig. 2. In Fig. 2, the ab initio calculation results
directly from (3) and (4) and the experimental measure-
ments (Fig. 7 in [9]) performed by McConell’s group are
also given. The comparison of our calculation with the
ab initio ones and experiments does show good agree-
ment. This again gives evidence of the present approach.

In summary, our discussion shows that the previous
observation and ab initio calculation of circle instability
do confirm the present model of great simplification by
reducing the dipolar interaction, the doubleline integral,
as a curvature-elastic energy plus a constant negative line
tension. The obtained result is not only important in the
simplifying calculation but also has its fundamental sig-
nificance. It reveals that the line tension of a solid 2D-
domain is both shape- and size-dependent [(7) and (9)].
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