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We report correlated-electron calculations of optically excited states in ten semiconducting single-
walled carbon nanotubes with a wide range of diameters. Optical excitation occurs to excitons whose
binding energies decrease with increasing nanotube diameter, and are smaller than the binding energy
of an isolated strand of poly-(paraphenylene vinylene). The ratio of the energy of the second optical
exciton polarized along the nanotube axis to that of the lowest exciton is smaller than the value
predicted within single-particle theory. The experimentally observed weak photoluminescence is an
intrinsic feature of semiconducting nanotubes.
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Recent experiments with semiconducting single-
walled carbon nanotubes (SWCNTs) have indicated the
strong role of electron-electron (e-e) interactions [1–5],
ignored in one-electron theories [6]. Several observations
have attracted attention. First, optical gaps in SWCNTs
are greater [1–3] than those predicted from the tight-
binding (TB) model [6]. Second, the ratio of the threshold
energy corresponding to the second optical transition
polarized along the SWCNT axis to that of the first
such transition is less than the value two [2–4] predicted
within the TB model for wide SWCNTs [6]. It has been
claimed that this ‘‘ratio problem’’ is a signature of e-e
interactions [7]. Third, ultrafast pump-probe spectros-
copy has revealed structured photoinduced absorptions
(PA) and correlations of PA with photoinduced bleaching
(PB), that indicate that photoexcitations in SWCNTs are
excitons [5]. These observations have led to theoretical
studies of SWCNTs that go beyond one-electron models
[7–11]. Although a consensus is emerging that optical
absorptions in semiconducting SWCNTs are due to ex-
citons, complete physical understanding of the generic
effects of e-e interactions is still missing.

In the present Letter, we investigate SWCNTs within
the semiempirical Pariser-Parr-Pople (PPP) �-electron
Hamiltonian [12] that has been used extensively to dis-
cuss �-conjugated polymers [13–15], which also exhibit
strong excitonic features [16,17]. The advantages of the
semiempirical approach are that (i) an immediate con-
nection to the rich physics of �-conjugated polymers can
be made, and (ii) the dominant effects of e-e interactions
in SWCNTs can be understood physically. Admittedly,
�-electron only theory will miss the curvature effects of
the narrowest tubes, but our emphasis is on generic con-
clusions valid also for the widest tubes.

Our work has multiple conclusions. First, we show
theoretically that the observed low quantum efficiency
(QE) of the photoluminescence (PL) of SWCNTs [4,18–
20] is very likely a consequence of the occurrence of
optically forbidden exciton states below the optically
0031-9007=04=93(15)=157402(4)$22.50
allowed exciton. Second, while transverse photoexcita-
tions are not expected to be strongly visible in optical
measurements [21], the energetics of these states are
nevertheless of interest. While within the TB theory the
transverse photoexcitations occur exactly halfway be-
tween the two lowest longitudinally polarized absorp-
tions, they are shifted to considerably above the central
region. Both these results could have been anticipated
from previous work on poly(paraphenylenevinylene)
(PPV) [13,15,22]. Third, we show that the ‘‘ratio prob-
lem’’ can be understood at the level of mean-field theory
of e-e interactions, and no sophisticated many-body ex-
planation [7] is necessary. Finally, we arrive at generic
conclusions about the underlying excitonic electronic
structures in ten different SWCNTs with diameters
5:6–13:5 �A.

We consider the PPP model Hamiltonian [12]

H � H1e �He-e; (1a)

where H1e is the one-electron Hückel Hamiltonian and
He-e is the e-e interaction,

H1e � �t
X
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Here cyi;	 creates a � electron of spin 	 on carbon (C)
atom i, h��i denotes nearest neighbors, ni �

P
	c

y
i;	ci;	 is

the total number of � electrons on site i. The parameters t,
U, and Vij are the nearest-neighbor hopping integral, and
the on-site and intersite Coulomb interactions, respec-
tively. We have chosen the standard value of 2.4 eV for t
[13,14]. Our parametrization of the long-range Vij is
similar to the standard Ohno parametrization [23]

Vij �
U

�
������������������������������
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where Rij is the distance between C atoms i and j in �A,
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FIG. 1. (Left) Schematic of the four degenerate single-
particle excitations from the highest occupied to the lowest
unoccupied one-electron levels in SWCNTs. (Right) These
degeneracies are split by He-e, and only the highest state is
strongly dipole allowed. Rapid relaxation occurs to the lowest
forbidden exciton, radiative relaxation from which is forbidden.

TABLE I. The energies of the lowest excitons and the squares
of the transition dipole couplings between them and the ground
state G (electronic charge e � 1). The exciton at energy
1.259 eV in (11,0) is doubly degenerate. Some of the forbidden
excitons below the strongly allowed exciton in chiral SWCNTs
are odd superpositions of higher energy one-electron excita-
tions.

(11,0) (6,2)
Ei (eV) j�G;ij

2 Ei (eV) j�G;ij
2

1.323 77.4 1.772 95.3
1.321 0 1.768 0
1.259 (2) 0 1.765 0
1.231 0 1.764 13.5

1.743 0
1.743 0.327
1.733 0
1.710 0
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and � is a screening parameter (� � 1 within Ohno
parametrization) [22]. We have done calculations for
U=t � 1:9; 2:5; 3:33; 4:0 and � � 1 and 2, and our quali-
tative conclusions are similar for all cases. We report the
results for only U=t � 3:33 and � � 2, since this combi-
nation was found to be the most suitable for PPV [22], and
it is likely that the Coulomb parameters in phenyl-based
�-conjugated polymers and SWCNTs are similar.

Full many-body calculation within Eq. (1) is not pos-
sible for SWCNTs. We use the single configuration inter-
action (SCI) approximation [13,15,22], which is valid
within the subspace of single excitations from the
Hartree-Fock (HF) ground state and gives semiquantita-
tive results for one-photon states. We use open boundary
condition along the nanotube (NT) axis. Surface states
originating from ends of open tubes can be detected from
their energies at the chemical potential in the U � Vij �

0 Hückel limit and their one-electron wave functions, and
they are excluded from the SCI calculations. We have
performed calculations for seven semiconducting zigzag
(n; 0) NTs for n ranging from 7 to 17, and (6,2), (6,4), and
(7,6) chiral NTs. The number of unit cells N in SCI
calculations for zigzag NTs is 18. For the chiral NTs
with large unit cells, we determined from Hückel calcu-
lations the N at which infinite system absorption thresh-
olds are reached, and performed the SCI calculations for
these N. Our calculations are for N � 10, 8, and 2 in the
(6,2), (6,4), and (7,6) NTs, with 1040, 1216, and 1016 C
atoms, respectively.

We begin our discussions with the lowest energy ex-
citations. In the zigzag SWCNTs the highest valence band
(VB) and the lowest conduction band (CB) for He-e � 0
are doubly degenerate [6]. In the chiral SWCNTs the
degenerate levels occur at different single-particle crystal
momenta [6]. Nevertheless, in both cases there occur
doubly degenerate single-particle excitations with total
crystal momentum zero. Consider now the four degener-
ate lowest single-particle excitations in SWCNTs, �a!a0 ,
�a!b0 , �b!a0 , and �b!b0 , shown in Fig. 1, where
a; b	a0; b0
 are the highest occupied (lowest unoccupied)
one-electron levels. The two excitations �a!a0 and �b!b0

are optically allowed, and for nonzero matrix elements of
He-e between them, new nondegenerate eigenstates
�a!a0 � �b!b0 are obtained. There also occur superposi-
tions involving the dipole-forbidden excitations, as well
as others involving immediately lower VB and higher CB
levels. Significantly, (i) the odd superposition is dipole-
forbidden, and (ii) for repulsive He-e the allowed even
superposition is higher in energy, as is indicated in Fig. 1.
In Table I we have given the lowest SCI exciton state
energies and the squares of the transition dipole moments
between them and the HF ground state, for the two
representative cases of (11,0) and (6,2) SWCNTs. In
both cases, the exciton state with strong dipole coupling
is the highest energy excitation. In the chiral SWCNTs,
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there occur weakly allowed states in between the strongly
allowed state and the lowest exciton state, but the overall
behavior is similar. In Table II we have listed (n;m) for all
SWCNTs we have investigated, and the corresponding
differences in total energies �E between the optically
allowed exciton and the lowest exciton.

The energy spectra of SWCNTs is similar to that of
polyacetylenes and polydiacetylenes, where also there
occur dipole-forbidden excited states below the optical
exciton as a consequence of e-e interaction [24]. PL is
weak in these polymers, as the optically excited state
decays in ultrafast times to the low energy dipole-
forbidden state, radiative transition from which to the
ground state cannot occur. The results of Tables I and II
then strongly suggest that the low QE of PL in SWCNTs
( < 10�3) [4,18–20] is intrinsic. (The one-photon forbid-
den state in the polymers is two-photon allowed, while
the lower energy states in the SWCNTs are not. This
difference is of no consequence in emission, which is a
one-photon process.) We will return to this issue later.
157402-2



TABLE II. Summary of computed SCI results for different
SWCNTs.

(n,m) d (Å) �E (eV) Eb1 (eV) Eb2 (eV) E22=E11

(7,0) 5.56 0.113 0.540 0.782 1.801
(6,2) 5.72 0.062 0.528 0.718 1.819
(8,0) 6.35 0.098 0.533 0.578 1.646
(6,4) 6.92 0.057 0.480 0.552 1.716
(10,0) 7.94 0.126 0.406 0.574 1.650
(11,0) 8.73 0.092 0.415 0.454 1.726
(7,6) 8.95 0.073 0.365 0.470 1.675
(13,0) 10.3 0.113 0.322 0.454 1.577
(14,0) 11.1 0.089 0.338 0.386 1.677
(17,0) 13.5 0.086 0.288 0.312 1.698
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Within TB theory, excitations responsible for optical
absorptions polarized transverse to the tube axis, �1!20

and �2!10 (see inset, Fig. 2), are also degenerate. The
threshold energy for transverse excitation is exactly half-
way between the energies of the two longitudinal excita-
tions �1!10 and �2!20 . He-e will also split the degeneracy
among the transverse excitations (as mentioned above, we
ignore here the depolarization effect [21], as the splitting
due to many-body effects will occur independent of the
intensity of transverse absorptions). We now expect a
dipole-forbidden transition �1!20 � �2!10 shifted below
the central region and a dipole-allowed transition
�1!20 � �2!10 shifted above the central region. In Fig. 2
we have shown the calculated optical absorptions within
TB, HF, and SCI approaches for the (8,0) SWCNT. Strong
blueshift of the dipole-allowed transverse excitation
from the central region is seen. Very similar relative
blueshift of the transverse optical excitation has been of
strong theoretical [13,15,22] and experimental [13,25]
interest in PPV. Detection of this blueshift in SWCNTs
can give a measure of the strength of the e-e interaction.
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FIG. 2. Absorption spectra of (8,0) nanotube from (a) Hückel,
(b) Hartree-Fock, and (c) SCI calculations. Shaded peaks
indicate transverse polarized absorptions. The inset shows
longitudinal (solid arrows) and transverse (dashed arrows)
excitations.
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We now focus on the longitudinal absorptions. Our
calculated spectra in all cases resemble the three spectra
in Fig. 2 for the (8,0) NT. Within SCI the HF thresholds
are the edges of the continuum bands corresponding to
each class of excitations. Thus, in Fig. 2, Eb1 and Eb2 are
the binding energies of the two lowest excitons.We exam-
ine E22=E11, where E11 and E22 are the energies of the two
lowest longitudinal absorptions. The TB E22=E11 is close
to 2 for the (8,0) NT, but even at the HF level E22=E11 <
2. Unless the correlation-induced blueshift of E22 is twice
that of the E11, the ratio is bound to be less than 2. The
energy shifts are nearly the same for both absorption
features at both HF and SCI levels, for all the SWCNTs
that we have investigated. As shown in Table II the SCI
E22=E11 for large diameter NTs is close to the experimen-
tal value of �1:7 [4].

Each exciton in the SWCNTs has its own binding
energy, as shown in Fig. 2 for the (8,0) NT. In Table II
we have listed the exciton binding energies Eb1 and Eb2
for different SWCNTs. For the narrowest NTs, Eb2 >Eb1,
while for the widest NTs Eb2 ’ Eb1. The general features
of (i) decreasing Eb1 and Eb2 with increasing diameter d,
(ii) Eb2 >Eb1 for the narrowest NTs, and (iii) Eb2 ’ Eb1
in the widest NTs are true for all U and �.

In Ref. [22] we had shown that the combination U �
8:0 eV and � � 2 (out of a total of 15 sets) gave the best
fits to four different absorption bands in PPV, and that
with this parameter set the calculated exciton binding
energy is �0:9� 0:2 eV. Very similar magnitude was
subsequently calculated within an ab initio approach
that included solution of the Bethe-Salpeter equation for
the two-particle Green’s function [26]. Using the same U
and � we find that the Eb1 in the widest SWCNTs in
Table II are about 0.3 eV, while in the narrower NTs Eb1 �
0:5 eV. Indeed, for all eight combinations of U and � we
found that the exciton binding energies in the SWCNTs
are smaller than in PPV. Conwell has suggested that the
exciton binding energy in PPV should be redefined as the
energy required to dissociate the exciton into a pair of
oppositely charged polarons, and that taking into account
the relaxation energy of the polarons one obtains exciton
binding energy 0.4 eV in PPV [27]. Further work is
required to determine whether such a correction is appro-
priate for SWCNTs.

In Fig. 3 we have plotted the calculated SCI E11 and E22

for all ten SWCNTs against their inverse diameters 1=d.
The linear decrease of the optical excitation energies with
decreasing 1=d, observed experimentally, is well repro-
duced. The absolute energies are larger than what are
experimentally observed, as expected, as SCI is not en-
tirely a quantitative method. This can also indicate that
e-e interactions in the SWCNTs are somewhat smaller.

We now return to our conclusion that the low QE of PL
(<10�3) [4,18–20] in SWCNTs is an intrinsic feature of
isolated NTs. As shown in Table II, �E� 	3–4
kBT. Thus
following the rapid relaxation into the forbidden lowest
157402-3
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FIG. 3. Calculated energies of the two lowest excitons vs
inverse diameter of the SWCNTs.
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exciton it is unlikely that thermal effects will reexcite the
system to the allowed state. Intrinsic radiative decay rate
therefore should be low, and the radiative lifetimes large.
Simultaneously, �E is small enough that small amounts of
impurities or changes in the environment can modify the
emissive behavior. This may explain the strong depen-
dence of the emission on the environment [4,18,19,28].
Recent estimates of very long exciton lifetimes [19,20]
are in agreement with our work. Femtosecond time-
resolved measurements indicate same decay rates for
fluorescence and PB, but the PB drops to only half its
peak value [19]. We agree with Ref. [19] that this is an
indication of trapping of the excitation in a nonemissive
state. We also believe that the nonemissive state is the
forbidden exciton found here.

In summary, semiempirical configuration interaction
calculations reveal excitonic electronic structures for
SWCNTs. Corresponding to each band-to-band transition
within TB theory, there occurs an optical exciton in
SWCNTs. The ratio problem is a simple consequence of
nearly equal blueshifts of the two lowest optical absorp-
tions from their TB frequencies. The binding energies of
the lowest two excitons decrease with increasing diame-
ter and the two binding energies are comparable for wide
NTs. Assumption of similar Coulomb parameters in
SWCNTs and phenyl-based �-conjugated polymers gives
smaller binding energy for the former. We estimate 0.3–
0.5 eV binding energy for the wide SWCNTs. We ascribe
the low QE of the PL in SWCNTs to the occurrence of
optically forbidden excitons below the optical exciton,
which in turn is a consequence of the splitting of the
degeneracy that exists in the one-electron limit by e-e
interactions. A similar degeneracy splitting should also
occur between the states to which optical excitations
transverse to the NT axis occurs.
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Note added.—Forbidden excitons below the lowest op-
tical exciton in zigzag SWCNTs have been discussed
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recently [29]. Recent work has also claimed that the
origin of the ratio problem is the Coulomb self-energy
[30], in agreement with the work presented here.
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