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Experimental Confirmation of the Alhassid-Whelan Arc of Regularity
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Evidence is presented to show that a group of nuclei, spanning a range of structures, corresponds to a
previously proposed isolated region of regular behavior between vibrational and rotational structures
that was never before observed empirically. Nuclei predicted to show such regular spectra correspond to
Hamiltonian parameters that lie amidst those giving more chaotic spectra. We identify a key observable
that has a one-to-one correspondence to this arc of regularity and which therefore provides both an
empirical signature for it and a clue to its underlying nature.
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FIG. 1. Locus of the most regular part inside the Casten
triangle. Also shown are the three dynamical symmetries at
the vertices, and the 
 and 	 coordinates of the triangle.
The existence of regular (integrable) and chaotic be-
havior in many-body systems forms a major theme in
many branches of physics. Atomic nuclei provide an
important testing ground for such behavior because of
the variety of structures they exhibit and the dependence
of these structures on the number of constituent nucleons.
The interacting boson approximation (IBA) [1], which
describes collective nuclear excitations as an NB s; d
boson problem, where NB is the number of bosons (pairs
of valence fermions) of s (L � 0) and d (L � 2) type,
forms a versatile model to address this question that has
the appeal of being applicable to real systems, i.e., atomic
nuclei.

A decade ago Alhassid and Whelan carried out an
important study of the chaotic behavior in nuclei using
a simple 2-parameter IBA-1 Hamiltonian that spanned
the entire range of structures from vibrator to axial rotor
to �-soft rotor, including all intermediate cases [2]. As
expected, they found that the level spectra are regular at
and near the three dynamical symmetries U(5), SU(3),
and O(6) of the model and that chaotic behavior develops
as one moves away from the symmetries. There were two
exceptions to this behavior. The first happens between
U(5) and O(6) and is connected to the conserved O(5)
symmetry [3]. The most fascinating result, however, was
that there is a region of nearly regular behavior connect-
ing SU(3) to U(5) centered on an arc in the triangle (see
Fig. 1). This arc of regularity amidst chaos could not be
explained by a common subgroup. Apparently, along this
trajectory there is some hidden symmetry, perhaps cor-
responding to the emergence of an unidentified conserved
or partially conserved quantum number.

At the time, unfortunately, there were no identified
nuclei corresponding to this new regular region and this
finding therefore remained merely a fascinating theoreti-
cal curiosity that was thoroughly studied and confirmed
on theoretical ground [4–8] but was not understood in
detail nor explored empirically. It is the purpose of this
Letter to present evidence that certain atomic nuclei in
0031-9007=04=93(13)=132501(4)$22.50 
fact do exhibit this nearly regular behavior, to identify a
key observable that uniquely characterizes this region of
regularity, and to discuss other observables that identify
where along the arc of regularity a given nucleus lies.

Alhassid and Whelan found the quasiregular region
using the simple Hamiltonian:

Ĥ�N;	; 
� � c
�
	n̂d �

	� 1

NB
Q̂
 � Q̂


�
; (1)

where n̂d � dy � ~d is the d-boson number operator and
Q̂
 � �sy ~d� dys	�2� � 
�dy 
 ~d	�2� the quadrupole op-
erator. NB in the denominator stands for the total number
of bosons (integral of motion) and ensures a convenient
scaling. Control parameters 	 and 
 vary within the
range 	 2 �0; 1	 and 
 2 ��

���
7

p
=2; 0	. Finally, c is intro-

duced here as a scaling factor needed for comparison with
experimental data. The parameter space can be repre-
sented by the standard Casten triangle [9] (see Fig. 1)
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whose 	 � 1 vertex corresponds to the U(5) dynamical
symmetry (spherical shape), while the dynamical sym-
metries SU(3) (prolate rotor), O(6) (�-soft) are located on
the 	 � 0 side: SU(3) at the 
 � �

���
7

p
=2 vertex and O(6)

at 
 � 0. The nearly regular region found in Ref. [2] goes
from U(5) to SU(3) through the inner region of the
triangle and can be parametrized by the relation [8]:
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���
7

p
� 1

2
	�

���
7

p

2
: (2)

In the �	; 
� plane the location of the regular region is
independent of the angular momentum L, at low to mod-
erate L values [2], and of NB [8]. Figure 1 shows the
location of the nearly regular region in the Casten
triangle.

It has often been thought that real nuclei were located
on the edges of the Casten triangle. In the last few years,
however, starting with studies in shape or phase transi-
tion regions, in which equal weight was given to repro-
ducing the properties of low lying 0� states, significantly
revised parameters have been identified that markedly
improve the fits of the same IBA-1 Hamiltonian to the
data on transitional and deformed nuclei. The most recent
of these new studies contains an extensive set of IBA-1
fits to nuclei in the rare-earth region [10] and locates
these nuclei in the triangle. In that work the Hamiltonian
[11]:

Ĥ�N; �; 
� � a
�
�1� ��n̂d �

�
4N

Q̂
 � Q̂


�
; (3)

was used, where � and 
 are parameters and a is a scaling
factor of no structural interest in the present context, but
needed for comparison with the experimental data. The
parametrizations of Eqs. (1) and (3) are related by:
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FIG. 2. Location of the fitted parameters (from Ref. [10]) for
the 12 selected nuclei. Structure varies highly nonlinearly
along the arc: these nuclei vary from near vibrator to near
rotor (R4=2 
 2:3 to 3.24).
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Using the new parameter values we have searched for
nuclei fulfilling Eq. (2), and identified 12 rare-earth
nuclei which are located at or near the regular region
(see Fig. 2). They are 156Gd, 158Gd, 156Dy, 156Er, 158Er,
170Yb, 170Hf, 172Hf, 176W, 178W, 178Os, and 180Os (several
other W, Os nuclei are also quite close to this region).

In Fig. 3 we compare the structure of several of these
nuclei with the theoretical description. The overall agree-
ment is good and extends to most of the E2 transition
rates [10]. The discrepancies are typical of most IBA
calculations using the Hamiltonian of Eq. (3), namely,
an expanded scale for energies within the first excited 0�

band. The slightly enhanced staggering in the � band is a
compromise to fit a wide variety of observables.

The question arises what are the essential distinguish-
ing features of nuclei in or near the regular region. One
clue is seen in the middle row in Fig. 3, namely, the close
spacing between the 2�2 state, here the � bandhead, and
the 0�2 state, forming the bandhead of the first excited
K � 0� band. This can be extended to the other nuclei
identified as candidates for the regular region, as seen in
Fig. 4, which shows the energy difference between the 2�2
and 0�2 states for all nuclei studied in [10]. Note that this
condition sometimes refers to states of different intrinsic
FIG. 3. Comparison between the experimental and theoretical
level schemes for 156Er, 158Er, 156Gd, 170Yb, 176W, and 178Os.
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FIG. 4. The energy difference E�2�2 �-E�0
�
2 � plotted against

neutron number N for the nuclei studied in [10]. Nuclei close to
the regular region are shown with solid dots.
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structure but in other cases to members of the same rota-
tional band or phonon multiplet.

In the context of the commonly used 2 parameter
Hamiltonian of Eq. (1), which accounts quite well for
structure throughout the nuclear chart, the near degener-
acy of the 2�2 and 0�2 states is, in fact, a unique indicator
of the regular region and is its most obvious character-
istic. Indeed, as shown in Fig. 5, the locus of the regular
region in the triangle and the locus of near degeneracy of
the 0�2 and 2�2 states are almost identical. This figure
shows the region of the Casten triangle for which the
two states are nearly degenerate, jE�2�2 � � E�0�2 �j=
E�2�2 � � 0:025. One observes a very strong correlation,
yielding a clear experimental signature. We note that the
regular region does not correspond to an exact degeneracy
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FIG. 5. Comparison between the location of the nearly regu-
lar region described by Eq. (2) (solid line) and the part of the
parameter space in the Casten triangle for which the second 2�

and 0� are almost degenerate (diamonds).
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but to close lying 2�2 and 0�2 states and that, in the region
of the triangle where the 12 nuclei are located, this energy
difference is slightly positive. Thus, in Fig. 4 , the few
nuclei with small negative energy differences between
N � 92 and 96 are, in fact, to the right of the regular
region in Fig. 2.

We stress that, with Eq. (1), no other region of the
triangle shows this degeneracy. Therefore, identification
of nearly degenerate 0�2 and 2�2 states is tantamount to
identifying collective nuclei near the regular region. The
coincidence of the regular region and this near degener-
acy is remarkable. This kind of degeneracy of states
belonging to two different spin classes is, in fact, typical
of dynamical symmetries such as U(5) or O(6) and there-
fore may provide clues as to the nature of the underlying
quantum number(s) that may be approximately valid in
the regular region.

The 12 nuclei span a range of structures along the
regular region (note that structure varies nonlinearly
with position within the triangle so that the nuclei in
Fig. 2 actually differ significantly). Thus the physical
nature of the 2�2 and 0�2 changes along the regular region.
For the deformed nuclei one obtains degenerate band-
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FIG. 6. The theoretical energy ratio E�0�2 �=E�2
�
1 � (a) and

B�E2; 2�2 ! 0�1 �=B�E2; 2
�
1 ! 0�1 � ratio (b) for NB � 14. The

solid line in each panel shows the locus of the regular region
and the symbols indicate the locations of the six most deformed
nuclei by their fitted 	 and 
 values.
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heads for the � band and the K � 0�2 band, i.e., for 156Dy
up to 172Hf (see Fig. 3), while in the less deformed nuclei,
i.e., 176W up to 180Os, the spacing concerns the two lowest
members of the quasi-K � 0� band. Finally in the nearly
spherical nuclei, i.e., 156Er, the spacing concerns more the
two phonon triplet.

We notice in Fig. 5 that a near degeneracy of the � band
and the K � 0�2 band is also characteristic of SU(3). In
fact, this is a well known signature of SU(3). Therefore
the question arises as to what experimental features dis-
tinguish the nuclei we have been discussing (which lie in
the interior of the triangle) from those near SU(3). More
generally, while the 2�2 =0

�
2 degeneracy marks the regular

region, what other observables pinpoint where a nucleus is
along the arc of regularity? In fact, the fits of Ref. [10]
took account of a variety of data in order to pinpoint the
parameters of any given nucleus. Here we will illustrate
this with two examples. In Fig. 6(a) the energy ratio
E�0�2 �=E�2

�
1 �, calculated with the Hamiltonian of

Eq. (1), is plotted. The contours correspond to constant
values of this ratio and the line sloping up from lower left
marks the trajectory of the regular region. In SU(3), this
ratio is linear in boson number NB: for boson numbers
typical of deformed nuclei (NB 
 14) it takes on values
near 30. The six deformed nuclei that are candidates for
the regular region in the deformed A
 150–170 region
are located in Fig. 6(a) using the fit parameters obtained
in Ref. [10]. It is observed that their energy ratios range
from 
5 to 
13, far from the SU(3) value. Of course,
arbitrary SU(3) energy ratios can be obtained by adding
an L:L term to Eq. (1). Since this would perhaps be
artificial and would produce large discrepancies for other
states, it is therefore worthwhile identifying an additional
signature.

Figure 6(b) shows the B�E2� ratio, B�E2; 2�2 !
0�1 �=B�E2; 2

�
1 ! 0�1 �, which relates interband to intra-

band transitions and is therefore generally small. It van-
ishes rigorously in SU(3) but for the area of the triangle
where the locus of the regular region crosses the group of
six nuclei, it is on the order of 
0:02 to 
0:03. Given the
high collectivity of the rotational B�E2� value in the
denominator, such ratios correspond to collective inter-
band transitions, again, in distinction to SU(3). Note that
the nucleus 156Dy is at the same time close to both X�5�
[e.g., E�0�2 �=E�2

�
1 � � 4:9 compared to 5.67 in X�5� [12] ]

and close to the regular region.
Finally, the presence of nearly regular behavior can

also be observed in another feature of the experimental
spectra, namely, in the very small spacing between some
higher excited J� states, which are only a few tens of keV
apart [13] (see the highly excited 0� states in the theo-
retical spectrum of 156Gd shown in Fig. 3). Although this
is only observed in 172Hf, closely spaced experimental
132501-4
states with the same spin and parity are a physically
interesting signature for regularity: they imply little or
no mixing and therefore imply nearest neighbor level
spacings that can be small, as is characteristic of a
Poisson distribution. A similar experimental signature
involving clustering of levels was recently observed in
odd-A nuclei around 195Pt revealing the presence of a
pseudo-orbital symmetry [14]. It may be that the
J�-state clustering points to a new symmetry in the
regular region.

To summarize, we have identified atomic nuclei lo-
cated close to the regular region of the Casten triangle
noted by Alhassid and Whelan. A dozen possible candi-
dates, spanning the whole range from well deformed to
spherical nuclei, were selected using a recent fit of rare-
earth nuclei. A unique correlation was discovered be-
tween the locus of near degeneracy of the 2�2 and 0�2
states and the regular region. Finally, experimental sig-
natures pinpointing nuclei along the arc of regularity
were identified.
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