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Estimating the Memory Time Induced by Exciton-Exciton Scattering

V. M. Axt and T. Kuhn
Institut für Festkörpertheorie, Westfälische-Wilhelms Universität, Wilhelm-Klemm-Strasse 10, 48149 Münster, Germany

B. Haase,* U. Neukirch,† and J. Gutowski
Institut für Festkörperphysik, Universität Bremen, P.O. Box 330440, D-28334 Bremen, Germany

(Received 3 September 2003; published 14 September 2004)
127402-1
It is shown that lower bounds for the effective memory time induced by two-pair correlations can be
estimated by monitoring changes of the shape of excitonic four-wave-mixing spectra. Experimentally
we demonstrate a memory time of at least 540 fs for a ZnSe single quantum well. Microscopic
calculations reveal that this lower bound is not sharp. Interactions retarded by more than 800 fs are
shown to influence the dynamics, reflecting the presence of a long time tail in the memory kernel.
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Recent studies have clearly revealed that correlations
arising from the scattering of two excitons by no means
can be considered as small corrections to the nonlinear
response of semiconductor nanostructures [1–18]. For
example, the huge increase of the gain up to 5000 ob-
served in microcavities after insertion of large numbers
of quantum wells [19] has been explained by exciton-
exciton scattering correlations [16]. These correlations
also contribute significantly to a change of the sign of
the optical Stark shift [11]. Without them the excitonic
emission in four-wave-mixing (FWM) signals is over-
estimated by more than an order of magnitude compared
with the biexcitonic emission [13]. In view of their deci-
sive role for these and other features it is worthwhile to
have a closer look on how two-pair correlations affect
nonlinear optical signals. In fact, the storing of part of the
excitation in two-pair correlations effectively supplies a
kind of reservoir which can act back on the optically
visible polarizations as long as it prevails [17]. Unlike a
thermal reservoir no equilibrium or quasiequilibrium is
established. In contrast, the properties of the reservoir are
to some extent tunable by varying the excitation condi-
tions. The possibility of acting back at later times is
equivalent to providing a memory for the polarization.
Typically, past values of the polarization have a lesser
influence on the present dynamics the longer they are
retarded. This implies that there is a characteristic time
scale indicating how long a retardation can be before no
further impact on the current dynamics is detectable. We
shall refer to this time scale as the effective memory time
of the scattering process. Another way to express the
same basic physics is to state that exciton-exciton scat-
tering processes are not instantaneous as assumed, e.g., in
Boltzmann type theories that make use of the Markov
approximation [20]. Instead, they have a finite duration of
the order of the memory time. Although the existence of a
memory structure has been shown to be of utmost im-
portance [10,11,13–16] and in spite of the principal physi-
cal relevance of the retarded nature of interaction
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processes, memory times induced by exciton-exciton
scattering have not yet been experimentally determined
for any semiconductor structure.

In this Letter it is explained how a lower bound for the
memory time induced by two-pair correlations can be
derived by monitoring the delay time dependence of the
line shape of FWM spectra. By using our scheme we are
able to obtain for the first time an experimental measure
indicating for how long retarded parts of the exciton-
exciton interaction can have a substantial effect on the
present dynamics.

The theoretical basis for our analysis is a microscopic
density matrix theory where the polarization is expressed
in terms of single-pair transition amplitudes defined as
Yj‘ � hŶj‘i � hdjc‘i, cj (dj) being the destruction opera-
tors for electrons (holes) in Wannier states. Two-pair
correlations are described by the correlated two-pair
amplitudes �Bjj
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j0

‘0 i � Yj‘Y
j0

‘0 � Yj
0

‘ Y
j
‘0 . A closed set

of equations for Y and �B is obtained by invoking the
dynamics controlled truncation (DCT) scheme [21] and
concentrating on coherent dynamics at low densities.
Points to note are (i) the DCT equations in the coherent
limit for Y and �B yield a representation of the semicon-
ductor response that is exact up to third order in the
applied laser fields provided that incoherent bath interac-
tions, e.g., with phonons, can be neglected [21]; (ii) �B
accounts for all types of two-pair coherences including
biexcitonic transitions and transitions to correlated
exciton-exciton scattering states; (iii) the equations are
nonperturbative with respect to the Coulomb interaction
and thus avoid divergences that occur in the perturbative
approach based on the second Born approximation [9].We
shall use the memory kernel representation of the equa-
tions in the form derived in Ref. [3], where the effect of �B
on Y is captured by a memory kernel, thus highlighting
most clearly the memory structure induced by two-pair
correlations. Written in the basis of pair wave functions
(i.e., wave functions for bound and unbound excitons) the
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resulting equations read [3]
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where �h!� is the energy of an optical transition to the pair
state � and y� is the corresponding component of Y. B
are blocking matrix elements while Mp

� represent the
components of the dipole matrix elements in the direction
of the polarization vector of the pth applied pulse with
amplitude Ep. � is a phenomenological damping account-
ing for residual interactions with the environment.
Finally, the Coulomb induced sources QCoul

� are given by
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where the kernel K	�
 takes into account the memory and
correlation effects resulting from transitions to two-pair
states. K	�
 can be determined without having to inte-
grate Eq. (1) from an integral equation [3]. V H and V F

denote the Hartree-Fock Coulomb matrix elements. They
represent the mean field (MF) Coulomb nonlinearities.
The MF parts are instantaneous interactions and thus do
not establish a finite memory time. Only the two-pair
correlations lead to retarded interactions coupling the
transition density y at time t to its values at all earlier
times. Apart from �, there are no phenomenological
parameters in the theory.

To connect the memory with the behavior of FWM
spectra we shall analyze a standard two-pulse FWM
signal emitted in 2k2 � k1 direction where k1 and k2

denote the directions of the incident pulses. We will
show that Eq. (1) implies that under suitable excitation
conditions the shape of FWM spectra measured at nega-
tive delays �t < 0, i.e., the k2 pulse arrives first, can
substantially depend on �t only provided that j�tj &

�mem � tpulse, where �mem (tpulse) is the effective temporal
extent of the memory kernel (pulses). To this end we
consider a selective excitation of the 1s exciton by short
laser pulses and assume low excitation densities such that
a perturbative analysis is justified. According to Eq. (1)
the linear response contains under these conditions
only the 1s component which for a pulse approaching
the sample at t � t0 is given by ylin

1s 	t� t0
 �
e�	i!1s��
	t�t0
f	t� t0
. For ultrafast excitations f	t�
t0
 takes, apart from a constant prefactor, the form of
the step function �	t� t0
. When allowing for a finite
pulse duration tpulse, necessary to ensure the selective
excitation, the step function is smoothed such that f	t�
t0
 is essentially a constant f0 if t� t0 * tpulse=2 and zero
for t� t0 & �tpulse=2. For negative delays larger than the
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pulse overlap we can concentrate exclusively on the
Coulomb source QCoul

� in Eq. (1) because then the block-
ing terms do not contribute to the FWM response.
Considering a k1 (k2) pulse approaching the sample at
t � 0 (t � �t) we can evaluate the source QCoul

� for the
FWM signal in 2k2 � k1 direction by substituting in
Eq. (2) the k1 contribution ylin�

1s 	t
 for y���	t
 and the k2

contributions ylin
1s 	t� �� �t
2 for y�0 	t� �
y ��0 	t� �
.

Because of the factor ylin�
1s 	t
 the sourceQCoul

� is essentially
nonzero only for times t * �tpulse=2. In addition, the
effective temporal extent of the kernel K	�
 is limited
by the memory time �mem which restricts the integration
in Eq. (2) to � & �mem. Combining both restrictions we
effectively have to consider only arguments of ylin

1s 	t�
�� �t
 limited to t� �� �t * �tpulse=2 � �mem � �t.
Assuming now a sufficiently large negative delay satisfy-
ing �t & �	�mem � tpulse
 we obtain t� �� �t *

tpulse=2. This implies that for all times t and � which
give a noticeable contribution to the Coulomb source
in Eq. (2) we can replace ylin

1s 	t� �� �t
2 by
f2

0e
�2	i!1s��
	t����t
. Thus, for all delays �t & �	�mem �

tpulse
 the delay dependence of QCoul
1s 	t;�t
 reduces to a

factor e2�t	i!1s��
. Because of the linear structure of
Eq. (1) this also holds for the polarization. Obviously
such a t-independent factor has no influence on the shape
of the corresponding spectra.We conclude that changes of
the spectral shape of the FWM emission after selective
excitation of the 1s resonance in the low density regime
are not possible provided the delay is negative and larger
than �mem � tpulse. Thus a lower estimate for the memory
time �mem can be obtained by identifying a negative delay
�tchange where substantial line shape changes occur and
using the inequality �mem > �tchange � tpulse.

Dramatic changes of the 1s line have indeed been
reported in Ref. [13], where FWM spectra for a few
negative values of �t were recorded and a good agreement
with calculations based on Eq. (1) was found. The largest
changes occurred for colinear excitation where a sharp
dip was observed. The occurrence of the dip can be
qualitatively understood from the competition of emis-
sions with different spectral widths whose respective
weights and relative phases are determined by the two-
pair memory kernel [13]. It was shown that all line shape
deformations disappear when the contribution of exciton-
exciton scattering states is disregarded [13]. To estimate
the memory time we have performed a more systematic
study of the delay time dependence of the spectra taking
care that the assumptions made in the above analysis are
fulfilled.

Our experiments were performed at a temperature of
1.8 K on a high quality 4:8 nm ZnSe single quantum well.
The sample has been characterized in Ref. [22] revealing
a hh-lh splitting ofElh-hh � 20 meV and binding energies
for the exciton and the biexciton of 25 and 6:6 meV,
respectively. To ensure a selective excitation of the 1s
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transition we have used pulses tuned �4 meV below the
1s line of 160 fs full-width-half-maximum (FWHM) of
the field amplitude. To accurately calibrate the zero of the
time delay stray light from individual pulses has been
cross correlated with a reference pulse. By recording the
intensity dependence of the FWM signals it was verified
that the �	3
 theory is applicable. FWM spectra measured
in the vicinity of the 1s resonance are shown in Fig. 1(a)
for a series of negative delays. Clearly, varying the delay
induces dramatic changes of the spectra. The shape
evolves from an almost symmetric line centered at the
1s resonance for �t � 0 fs into a strongly asymmetric
line with more oscillator strength at higher energies. A
further increase of j�tj to larger negative values produces
a sharp dip. Then the shape again becomes asymmetric
but now with more spectral weight on the low energy side.
Even when concentrating on the most striking features,
substantial changes of the line shape can be attested at
least until �t � �700 fs. The pulse duration can be esti-
mated from the FWHM of the field amplitude to tpulse �

160 fs. According to our theory this implies a lower
bound for the memory time of �mem > 540 fs which can
be estimated solely from the measured data.

To illustrate the applicability of our theory we have
solved numerically Eq. (1) for conditions matching the
experiment. The resulting FWM spectra [cf. Fig. 1(b)]
show a good overall agreement with the experiment.
Substantial line shape changes can be read off from the
theoretical curves, too, at least until �t ’ �700 fs imply-
ing the same estimate for a lower bound of the memory
time of 540 fs as obtained from the experiment.

It should be noted that our sample exhibits only a
moderate inhomogeneous broadening (IB). Otherwise a
FIG. 1. Excitonic FWM spectra after colinear excitation at
negative delay times from �t � 0 ps (top) in steps of ��t �
�0:05 ps. (a) Experiment (b) theory. Parameters: damping � �
1=	2:4 ps
; pulse area A � 0:02; pulse duration 160 fs FWHM
of the field amplitude; inhomogeneous broadening � 1 meV.
The zero of energy in (b) is at the exciton resonance.
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more careful analysis would be needed to unambiguously
extract the exciton-exciton memory time. This can be
seen from a common IB model where a Gaussian en-
semble of gap energies is considered with correlated
shifts of single- and two-pair energies. For low intensities
and not too long pulses this results essentially in a multi-
plication of the unbroadened FWM emission by a factor
� exp���	t� 2�t
2� � exp	��t2
 exp	�4��t2
�
exp	4�t�t
, where � determines the width of the IB. The
factor exp	��t2
 obviously cannot induce a �t depen-
dence as it does not contain �t; exp	�4��t2
 only scales
the emission without changing the shape, but exp	4�t�t

describes a linear increase of the line width for �t < 0.
Thus, IB can lead to �t dependent line shape modifica-
tions typically consisting of changes of the width. In our
case IB is small and apart form its contribution to the
width no impact on the line shapes can be discerned.

The estimate derived above provides a lower bound for
the memory time. To get more insight into the relation
between the memory time and line shape changes we
have performed calculations where we have truncated
the upper limit of the memory integral in Eq. (2) at a
given cutoff time �cut. Figure 2(a) [2(b)] shows corre-
sponding results for �cut � 800 fs [�cut � 600 fs]. First,
we note that Figs. 2(a) and 2(b) confirm numerically that
changes of the line shape occur only for delay times that
stay in the above derived bounds. However, it might have
been expected that taking the cut at �cut � 800 fs, i.e., at
a value much larger than the estimate for the memory
time, should have little effects on the results of Fig. 1(b).
In fact, we still see characteristic changes of the line
shape in Fig. 2(a). But, compared with Fig. 1(b) they
occur at earlier delays and also deviate from the shapes
found in Fig. 1(b). This indicates that interactions actually
retarded by more than 800 fs do still have a noticeable
FIG. 2. Excitonic FWM spectra calculated for conditions as
in Fig. 1(b) but with a memory time cut to (a) �cut � 0:8 ps, (b)
�cut � 0:6 ps. Dashed curves correspond to delays larger than
the truncated memory time.
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FIG. 3. Absolute value of the memory kernel for exciton-
exciton scattering. Shown is the component relevant for cou-
plings of 1s transition amplitudes after colinear excitation.
Inset: frequency representation (imaginary part).
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influence. Moreover, the strong line deformations almost
completely disappear when the memory time is further
restricted by setting the cutoff to �cut � 600 fs [cf.
Fig. 2(b)]. This demonstrates directly that rather long
memory times are needed for explaining the observed
line shape deformations.

In the theory we have direct access to the memory
kernel and can see how the estimates obtained from the
analysis of experimentally accessible data compare with
the actual temporal profile of the kernel. Plotted in Fig. 3
is the absolute value of the memory kernel for exciton-
exciton scattering. Shown is the component relevant for
couplings of 1s transitions after colinear excitation. The
kernel exhibits a strongly nonexponential decay with
superimposed modulations. The decay can be roughly
divided into two stages: a rapid initial drop by about 2
orders of magnitude within �170 fs and a subsequent
decay on a longer time scale. Obviously, it is the slow
component which determines the effective memory time
deduced from the line shape analysis. And indeed, this
component decays by 1 order of magnitude within a time
of the order of 800 fs in good agreement with our con-
clusions derived from Fig. 2. In frequency space the
kernel exhibits a broad bandlike continuum (cf. inset of
Fig. 3) with a tendency that the fast (slow) temporal
component is mostly determined by the spectral behavior
above (below) the maximum. Estimates for materials
other than ZnSe can be obtained by noting that written
in excitonic Bohr units and assuming strong confinement,
the memory kernel essentially depends only on the ratio
of the electron and hole mass [23]. Thus for materials
with identical mass ratios the memory times and exciton
periods should have the same ratio provided in Bohr units
the well widths and dampings � coincide.

In conclusion, we have demonstrated that a lower
bound for the effective memory time induced by two-
pair correlations can be obtained by monitoring changes
127402-4
of the line shape of FWM spectra when the delay time is
varied. The measurements reveal, in very good agreement
with theory, that dramatic line shape deformations do
occur for rather long delays. From our data we are able
to demonstrate a memory time of at least 540 fs for a
ZnSe single quantum well. To the best of our knowledge
this is the first experimental estimate for this fundamen-
tally important quantity. A detailed numerical analysis
suggests that the strict lower bound of 540 fs is not sharp.
Instead, interactions retarded by more than 800 fs notice-
ably influence the spectra.
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