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Decoherence in Superconducting Quantum Bits by Phonon Radiation
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We discuss a fundamental limitation for the coherent operation of superconducting quantum bits
originating from phonon radiation generated in the Josephson junctions of the device. The time
dependent superconducting phase across the junction produces an electric field that couples to the
underlying crystal lattice via the piezoelectric effect. We determine the radiation resistance of the
junction due to phonon emission and derive substantial decoherence rates for the quantum bits, which
are compatible with quality factors measured in recent experiments.
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Decoherence is the main adversary of the unitary time
evolution governing the quantum systems that provide
the hardware for a future quantum information technol-
ogy. Solid state implementations of such ‘“quantum
hardware” based on superconducting structures have
undergone an amazing development during the last years
[1-7], thus underlying their potential for the construction
of quantum information processors. Key elements in this
type of hardware are the Josephson junctions with their
dynamics driving the quantum fluctuations in these de-
vices. In this Letter, we analyze the phonon radiation
emitted from these Josephson junctions and determine
the associated energy relaxation rate leading to the deco-
herence of the qubit’s quantum state.

Superconducting qubits come in three main varieties:
charge qubits [1,2,8,9] store the quantum information in
the charge states of a small Cooper pair box, while super-
positions of macroscopic ring currents with opposite cir-
culation assume this role in flux/phase qubits [3—5,10—
12]. Finally, Josephson junction qubits [6,7] store the
information in the internal state of a current biased
Josephson junction. The operation of these devices is
governed by two energy scales, the Josephson energy
E; = hl./2e associated with the current flow and the
capacitive energy E. = ¢*/2C due to charging effects;
here, 1. is the critical current and C denotes the capaci-
tance. The information is stored in quantum states |0) and
|1) residing at energies E; and E; separated by the opera-
tion frequency wg = (E; — Ey)/h, with hwy = E;
the Josephson energy in the charge qubit, iwg = A ~

w,(E;/Ec)"* exp(—+/aE,;/E) the coherence gap in the
flux/phase qubit (the numerical a depends on the qubit
design), and wy = w, ~ +/8ECE;/h the plasma fre-
quency in the Josephson junction qubit.

A superposed state |W) o [|0) + Be “0|1)] induces
oscillations in the phase ¢ across the junction.
Josephson’s relation V = fi¢/2e tells that an electric field
E = V/d appears in the junction insulator (of thickness
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d), which couples to the crystal lattice via the piezo-
electric effect; see Fig. 1. The junction then acts as an
antenna emitting phonons at the frequency wg;: we
show below that this radiation adds substantially to the
energy relaxation rate yz and thus to the decoherence of
the qubit [13].

For a pointlike junction with size L much smaller than
the wavelength A, = 27c,/ wg,; (¢, the sound velocity) the
situation is analogous to the familiar dipole radiation in
electromagnetism: the capacitive junction with contacts
separated by d defines a dipole D = dQ = dCV that
radiates the power Py = w*D?/3c3 = V?/2R,. This re-
sults in a radiation resistance Ry which is quantified
through the ratio Ro/Ry = (fic/6e*)(w~/dC/c)* with
Rq =1/ 4e? =~ 1 k() the quantum resistance.

The same junction dissipates energy through phonon
emission: the electric field E = V/d in the insulator
couples to the displacement field u via the piezoelectric
effect, producing a polarization density P = p(V - u) and
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FIG. 1. Phonon radiation from a Josephson junction (sche-
matic): The time dependent phase ¢(¢) induces a voltage V =
hi¢g/2e « cos(wyt) across the junction generating charges
+(Q = CV. The electric field E = Ve,/d polarizes the insu-
lator (dielectric screening) and induces displacements u via the
piezoelectric effect. In addition, displaced metallic ions in the
superconductor contribute ionic screening of the surface
charges Q. The oscillating displacement field u o« cos(w;?)
produces phonon radiation into the substrate, which contributes
to the energy relaxation or decoherence of the qubit.
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resulting in the energy &, =P-EAd = p(V-u)VA,
with p~e/a®>~1 As/m> a typical piezoelectric
constant, a the atomic distance, and Ad the junction
volume. The associated force density f = —09,&, =
(AeV/a?)V8(r) (approximated as a pointlike dipolar
drive) acts on the elastic medium, wV?u =~ f with u an
elastic constant, and produces a displacement field V -
u ~ (eV/a? ud)(Ad/r?). The emitted power is given by
the elastic energy accumulated within the near field
zone A}, P~ wu(V-u)?, A3 ~ (e*/a*u)(dCVw?)?/c}
with e?/a*u ~ 1 the ratio between the electrostatic and
the elastic energy density. As a result, we find an equiva-
lent inverse resistance Rq/R, ~ (fic,/e*)(e*/a*p) X

(w~/dC/cy)* due to sound radiation. With the sound ve-
locity ¢, much smaller than that of light (c), this phonon
radiation produces a small resistance R, and thus dissi-
pates a large power at fixed driving voltage V = li¢/2e;
in our analysis of recent devices we find quality factors
comparable to those reported in the experiments [1-7].
This suggests that phonon radiation is ultimately limiting
the performance of these qubits.

Numerous sources of decoherence have been analyzed
[14-16], among which the coupling to the electromag-
netic field has played the dominant role. While the deco-
herence due to photon radiation from the junction is
small, the device has to be protected from external ra-
diation sources, and appropriate measures such as filtering
or embedding in electromagnetic cavities are being dis-
cussed [17]. The decoherence through phonon radiation
[18] originates from within the junctions [19], and proper
protection requires their optimization, e.g., through ade-
quate choice of materials and geometry. While the piezo-
electric effect is absent in bulk dielectrics with inversion
symmetry, it is not possible to eliminate this coupling at
the superconductor-insulator boundary where this sym-
metry is always broken; these surface-induced effects are
sufficient to produce substantial decoherence.

Interestingly, decoherence through phonon radiation is
absent in qubits with degenerate computational states
[11,20,21], at least during idle time. Gate operations
pushing the energy levels apart induce decoherence
through phonon radiation during manipulation; keeping
the operation frequency wg; small reduces this residual
radiation and results in an optimization task balancing
decoherence due to phonon radiation and other sources.

In order to obtain a more accurate estimate for the
decoherence rate due to phonon emission, we analyze
the action § = S, + S, + Siy describing the Josephson
junction coupled to the phonon bath. Here,

ﬁ2
S, = fdt[@ ggbz - E;,(1 - cosgo)}
is the usual action for the junction with E; the Josephson
energy and C = gA/4d the junction capacitance (g is
the dielectric constant of the insulator, A = L? is the
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junction area, and d its width), and the action for the
phonon system reads [22]

_ s [P Atp o o M 2
Sph—fdtdr[zu 3V uP = 53 (o) }

with u(r) the displacement field, p the mass density, and
A, u the Lamé coefficients; modeling the medium as an
isotropic one simplifies the discussion. The interaction
between the phase ¢ and the displacement u derives
from the piezoelectric coupling S;, = [dt d*rP-E.
The piezoelectric effect relates the polarization density
P to the displacement field u via the piezoelectric tensor
Bijes Pi = Bijxdjuy. Here, E = (0,0, figp/2ed), and, using
the simple ansatz B3 = pd,; with p~e/a*~
1 As/m?, a typical piezoelectric constant, we obtain

Sin — gfdr¢fd3ra(r)(V-u> (1)

with the coupling g and a shape function o of the form
g~ hAp/e, o(r) = 8(z2) x4(R)/A; x4 is the characteris-
tic function of the junction area (ie., y4, =1 on
the superconductor-insulator interface and 0O else). In
addition to this “bulk” term residing in the insulator,
the two junction surfaces generate a coupling with
g~ l(Ae/ed)p;, and o(r) =[6(z—d/2) — 6(z +
d/2)]xa(R)/A. This contribution is due to the lattice
perturbation at the interface (generating a surface piezo-
electric constant p, ~ e/a) and the penetration of the
electric field into the metal, both extending over a dis-
tance of the order of an atomic separation a. The surface
term is driven by the total charge Q and thus is propor-
tional to the dielectric constant in the insulator when
expressed through the voltage V, while the bulk term
involves the bare electric field V/d; hence g,/g ~ ea/d,
and we expect both terms to be of similar magnitude.
The above action generates the dynamical equations
h? Ci . 3 1) —
7 @ + Ejsing +gfd ro@m)(V-u)=0 (2

for the Josephson phase ¢ and
[pii; = pV2u;] — (A + 1)a,(V-u) + gpd;o =0 (3)

for the displacement field u(r). In order to arrive at an
effective dynamical equation for the phase variable ¢, we
express the phonon field u(r) through the driver « ¢ with

the help of the appropriate Green’s function G?]h(r, r';t—

t') for the phonon system. The driven phonon field then
takes the form

ui(r, 1) = —g f i dr ()G, vt — 1)a,0 () (4)

and produces an additional dissipative term in the equa-
tion of motion for the junction,
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hCe I,s
2e

o4+ 0 /dt’x(r — () = 0.
®)

The kernel x describing the dissipative action of the
phonons assumes the form

K(t) = E f & [8,0m1GE 5 O[30 ()] (©6)

with the coupling energy E, = (2eg/h)*/C. Equation (8)
has the form of a Kirchhoff law adding the current
components across the junction, where the first and last
terms add up to the displacement current accounting for
the dielectric properties of the junction, the second term
is the supercurrent and the third term is an additional
dissipative shunting current, e.g., due to normal quasipar-
ticles, added for the sake of completeness.

Equation (5) is conveniently written in the (real) fre-
quency domain,

I,
~— Po

3 — ia)RQ[% —iw(l + K(w))C}pw =0, ()

we have linearized the supercurrent term and have intro-
duced the quantum resistance Ry = 71/ 4¢?; the quantity
1 + k(w) plays the role of an effective dielectric function.
The phonon radiation « adds another (parallel) imped-
ance Z(w) = 1/iwk(w)C to the usual resistively and
capacitively shunted junction circuit. Its damping then
involves the total shunt resistance [R™' + R; '], with
the radiation resistance R, defined through 1/R =
Re[1/Z,] = wk'C and k" = Im k. Assuming a high re-
sistance shunt R/RQ — o0, we find that the plasma fre-
quency picks up an imaginary part, @, + iyg/2 =
w,(1 —ik"/2), and we arrive at the quality factor

QJ = wp/yE = l/KU(a)p)' (8)

The result (8) quantifies the radiation-induced decoher-
ence of the Josephson qubit; the corresponding expres-
sions for the flux/phase and charge qubits read

Qo = Ec/Ax"(wy), Qy = E;/Eck"(w)).  (9)

These results follow from the estimate Eg =
$dtV?/2R; = (Ro/R)hw(8¢)* for the energy dissi-
pated during one cycle, where §¢ denotes the width of
the quantum state. The ratio fiw/E; then provides the
quality factor Q = (R,/Rq)/(8¢)?*; for the Josephson

qubit the phase is trapped in one valley, (8¢)> ~
J8E-/E;, and we recover (8). For a flux qubit the phase
is delocalized between two valleys and hence (§¢)> =
m7; the quality factor Qg then involves the coherence gap
A. For the charge qubit the sharp variable is the dimen-
sionless charge g = Q/2e oscillating by unity; replacing
in Ey the phase with the charge variable we find the
quality factor Q ~ E;/Eck".
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Next, we determine the response function «. For a
precise calculation, various specific device elements,
such as the junction material, its geometry, and its em-
bedding, have to be taken into account. These various
elements go into the determination of the Green’s func-
tion GPM describing the elastic properties of the device.
Furthermore, the surface drive involves two sources of
opposite sign placed a distance d apart, leading to a
partial compensation in the displacement fields u within
the superconductor. However, a hard insulator pinned at
the junction edges effectively decouples the two source
terms, and we concentrate on this situation. We proceed
with the analysis of the generic case with one §-function
drive embedded within an infinite homogeneous and iso-
tropic elastic medium. The calculation of the response
function is conveniently done in Fourier space,

d3
k(w) = Eg[(zﬂ_q)3

and involves only the longitudinal part Gl.lj(a), q =
(9:9;/d)[Q2u + N)g* — pw?]™! of the elastic Green’s
function GPP. We assume a circular junction with an
area of radius R, for convenience. For the imaginary
part of the response function, we find the result

Kll E w 1 —
20T A/ pAnc,

~q)q,[Gl:(w, @)g;o(q). (10)

& JI(ZwRo/cS)} (11)

with ¢, = /(2u + X)/p the (longitudinal) sound velocity
and J; a Bessel function. Inserting the expression for the
coupling energy E, = (2eg/h)*/C, we can write the final

result for the large junction Ry, > ¢,/ in the form

p 27 <pa 2¢%/e wd
2+)\/,LL a*tp  cg

for a small junction with Ry < ¢,/ this result is reduced
by the factor (wR/cs)*/2. The expression (12) applies to
the bulk drive (1); the surface contribution is obtained
with the substitution p — pe/d. The dissipative re-
sponse (12) defines the frequency dependent radiation
resistance via Ry/R = (iw/8E)k" = w* for a pointlike
radiation source and = w? for a planar source.

Let us estimate the damping coefficient «” for a typical
Al/AlOQ, junction. Using standard parameters for Al (u =
28 GPa, A = 62 GPa, ¢, = 6.6 X 10° cm/s, a = 2.5 A)
and & = 8.5, d = 20 A for the insulator, we find that the
ratio between the electrostatic and elastic energy densities
assumes the value e¢?/ea*u =~ 0.25. With typical opera-
tion frequencies in the range of vy, ~ 10 GHz we obtain
the ratio wq;d/c, = 1/50, hence «” = 1072 (pa?/e)>.

The parameter p is difficult to estimate. First, the bulk
drive is expected to be small due to symmetry reasons.
Second, we estimate the surface contribution arising from
the field penetration into the metal. We make use of the

electron-phonon interaction energy vAeg [drng(V - u),

; 12)
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TABLE I. Parameters and radiation-limited quality factors
Qo for Josephson (J), flux/phase (®), and charge (g) qubits; the
junction size L is measured in wm (we use L> = 7R3 and the
expression for pointlike junctions for the flux/phase and charge
qubits); energies and frequencies are measured in Hz.

Qubit L E; E¢ Vo Oph
J[71 10 103 3 X 10° 7X10°  7X10%/A
d[51 02 3x10" 7x10° 6X10°  4X10*/A
g[2] 01 2x10° 1.5x10% 1.5x10" 10*/A

where A denotes the dimensionless electron-phonon
coupling (of order unity in bulk Al) and &g is the
Fermi energy. With the electronic density n, =
(Q/eA)8(z) x4(R) accumulated at the superconductor-
insulator interface, we find a surface piezoelectric cou-

pling p, = V/Aep/4me. Using parameters for Al (ep ~
12 eV, e?>/a = 6eV) we obtain the estimate pa/e =

0.2v/X, hence k" =2 X 107*X. This result is in rough
agreement with an experiment on Sn/SnO, junctions
[23], where the phonon radiation was found to produce a
radiation resistance Ro/R; = 2 X 10°. Using appropriate
parameters for the Sn/SnO, system, we find a value k" =
10721 (¢*/ea*n = 0.1, pea/e ~0.2/X for Sn and
wd/cy = 1 in the experiment of Ref. [23]), and hence
Rq /Ry = 3 X 10° X. Furthermore, evidence for a substan-
tial electric field penetration into the metal derives from
the observation of an additional surface capacitance in
experiments on Al/AlO, thin film capacitors, where an
interface capacitance corresponding to a surface layer of
thickness dg,¢ = 3 A has been found [24] (the thickness
dy = 50 A in [24] corresponds to a penetration depth
deyt = dp/2€). On the other hand, surface reconstruction
may change the electron-phonon coupling A, hence an
accurate value for p¢ has to be found via an independent
measurement of phonon radiation on Al/AlO, junctions,
e.g., using techniques as in Ref. [23].

An estimate of the quality factors for Josephson, flux/
phase, and charge qubits has to account for the specific
type of qubit and the junction parameters; Table I
summarizes these results assuming parameters used in
experiments. These numbers uncover a substantial deco-
herence due to phonon radiation and point to the impor-
tance of an independent and accurate measurement of the
effective piezoelectric coupling in the Al/AlO, system.
Knowledge of this important device parameter will be
helpful in the development of new junction designs ex-
ploiting geometric and elastic properties reducing the
effect of phonon radiation. Experiments probing the en-
ergy relaxation vy (and its relative importance as com-
pared to phase decoherence) may provide first indications
confirming or refuting the presence and relevance of
phonon radiation.
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