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Theory of Excitonic Spectra and Entanglement Engineering in Dot Molecules
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We present results of correlated pseudopotential calculations of an exciton in a pair of vertically
stacked InGaAs=GaAs dots. Competing effects of strain, geometry, and band mixing lead to many
unexpected features missing in contemporary models. The first four excitonic states are all optically
active at small interdot separation, due to the broken symmetry of the single-particle states. We quantify
the degree of entanglement of the exciton wave functions and show its sensitivity to interdot separation.
We suggest ways to spectroscopically identify and maximize the entanglement of exciton states.
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The small size of semiconductor quantum dots [1]
drives speculations that they may provide a physical
representation of a quantum bit (qubit) that supports a
superposition of ‘‘0’’ and ‘‘1’’ [2–7]. Some proposed
representations of qubits include electron spin states [2]
and the presence or absence of an electron, hole, or
electron-hole pair (exciton) [8–11]. Registers of qubits
might be realized in coupled quantum dots, self-as-
sembled by strain-driven islanding of InGaAs on a
GaAs substrate [12]. In one possibility, an electron rep-
resents qubit A and a hole represents qubit B, and the
qubit states are the occupation of either the top (T) or
bottom (B) dot [8–11]. This quantum register must store
entangled states. Predicting entanglement requires a
theory of the electronic structure of the dot molecule,
including single-particle and correlation effects. Most
modeling of dot molecules has been done in single-band
effective-mass approximation [7,13–17]. For two equiva-
lent dots, this treatment leads to single-particle electron
and hole orbitals forming bonding and antibonding
combinations:
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where eT (eB) represents an electron in the top (bottom)
dot and hT (hB) represents a hole in the top (bottom) dot.
In this picture, as in an H�

2 molecule, the single-particle
bonding state energy Eb

e�d� decreases as the interdot
distance d decreases, while the bonding hole state energy
Eb
h�d� increases. Simple direct products of single-particle

states, e.g., j�b
e�

b
hi �

1
2 	jeThTi � jeBhBi � jeThBi �

jeBhTi
, are unentangled. In contrast, the desirable maxi-
mally entangled Bell states superpose either exciton or
dissociated states, but not both:
0031-9007=04=93(4)=047401(4)$22.50 
jai�
1���
2

p �jeBhBi�jeThTi�; exciton; bonding;

jbi�
1���
2

p �jeBhTi�jeThBi�; dissociated; bonding;

jci�
1���
2

p �jeBhTi�jeThBi�; dissociated; antibonding;
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p �jeBhBi�jeThTi�; exciton; antibonding: (2)

Recent optical experiments on vertically stacked
double dots [8,11] claimed to show entangled excitonic
states, but the evidence for entanglement is indirect and
based on a symmetric model underlying Eq. (1). Unlike
simple symmetric molecules like H�

2 , double-dot ‘‘mole-
cules’’ of stacked InGaAs dots are made of �105 atoms
and have complicated interactions such as alloy fluctua-
tions, strain, multiband (e.g., light-heavy hole), interval-
ley (�-X), and spin-orbit couplings not included in
the symmetric molecular case. To properly simulate
these double dots, we have performed detailed atomistic
pseudopotential calculations, including correlation, on
a realistic dot molecule. In this Letter we report on
new insights into the exciton state: all states are optically
active at short distances, entanglement is small except at a
critical dot separation dc at which the low energy exciton
is darkened, yielding a spectroscopic signature of entan-
glement.

To understand previous theoretical treatments of exci-
tons in a dot molecule and to set a reference to which our
atomistic results are compared, we describe a generic
two-site tight-binding Hamiltonian in the basis of prod-
ucts of the electron and hole single-particle states jeThTi,
jeBhTi, jeThBi, jeBhBi:
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(b) Simplified Model
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FIG. 1. Exciton energies as a function of the interdot separa-
tion for (a) our pseudopotential many-body results. (b) A
model calculation �E �
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ETTeh � "Te � "Th �UTTeh ; EBTeh � "Be �"Th �UBTeh ;

ETBeh � "Te � "Bh �UTBeh ; EBBeh � "Be �"Bh �UBBeh ��E:

Here f"Te ; "Be ; "Th; "
B
h g are the electron and hole on-site

energies, fte; thg are the tunneling matrix elements, and
fUTTeh ; U

TB
eh ; U

BT
eh ; U

BB
eh g are the electron-hole Coulomb ma-

trix elements. The extra parameter �E will be used later
in entropy discussion; initially we set �E � 0. A simpli-
fication, followed in Refs. [8,10,11], is to set te � th � t,
"Te � "Be , and "Th � "Bh , with intradot Coulomb energy
UTTeh � UBBeh � U, and neglecting interdot terms. The
Hamiltonian of Eq. (3) now yields, in increasing order
of energy,
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We see that in the simplified model states j2i and j3i are
fully entangled Bell states [viz. Eq. (2)] that are spatially
antisymmetric (antibonding) and therefore optically dark.
In contrast, states j1i and j4i are not fully entangled and
have some symmetric (bonding) character making them
optically allowed. Assuming that the tunneling integral
t�d� decays with interdot separation d, the simple model
gives the level order shown in Fig. 1(b). In the simple
model, the exciton j1i shifts to the red as d decreases, and
the separation of the two bright states j1i and j4i increases
as �E �

����������������������
�4t�2 �U2

p
. Furthermore, the order of the lev-

els is j1i � bright! j2i � dark! j3i � dark! j4i �
bright. This is in apparent agreement with experiments
that show the same qualitative behavior [8,10,11], spur-
ring hope that the theoretically predicted high degree of
entanglement in this system could be experimentally
realized to the benefit of quantum computing.

There are reasons to doubt the simple homonuclear
diatomiclike analogue of dot molecules of Eq. (1) and
Fig. 1(b). Actual self-assembled quantum dots contain
�105 atoms, while the dots themselves are strained by
the host matrix and subjected to random alloy fluctua-
tions. Thus, a ‘‘molecule’’ made of two dots does not
necessarily behave like homonuclear H2, but could
behave like a heteronuclear molecule (e.g., HF) since
strain and alloy fluctuations distinguish the dots, "T �

"B. Furthermore, the electronic properties of such dots
cannot [18] be accurately modeled by simple single-band
effective-mass approaches: coupling between a large
number of bands alters electron and hole localization,
changing the Coulomb matrix elements. Finally, the
assumption of equal tunneling for electron and hole,
te � th, is questionable given the large mass ratio,
me=mhh � 1=6, of electrons and heavy holes in the
GaAs barrier between the dots. In fact, we see below
that band mixing even changes the sign of th. Thus, a
more complete theoretical treatment is warranted.
047401-2
We simulate the InGaAs=GaAs dot molecule at a range
of interdot spacings, using a computational approach that
successfully describes single InGaAs=GaAs dots [19].
Specifically, we describe the single-particle properties
with an atomistic empirical pseudopotential method
[20], with the wave functions expanded in a set of Bloch
states of the constituent materials over many bands and
wave vectors [20]. The theory includes multiband and
multivalley coupling, spin-orbit interaction, and aniso-
tropic strain effects. To calculate correlated e-h states, we
include excitonic effects in a low-order configuration
interaction expansion, as in Ref. [21], calculating all
Coulomb and exchange integrals explicitly from the
single-particle wave functions. The dot geometry has
been chosen to resemble the experimental system studied
by Bayer et al. [8]. As shown in Fig. 2(b), the dots are
12 nm� 2 nm truncated-cone shaped, with a linear com-
position gradient varying from In0:5Ga0:5As at their bases
to pure InAs at their tops. Figure 3 shows the calculated
single-particle energies and wave functions. We plot our
calculated correlated e-h energies, Fig. 1(a), and corre-
sponding absorption spectra, Fig. 2.

By projecting our numerically calculated correlated
e-h energies vs d onto a generalized form of H, Eq. (3),
we have determined the effective distance-dependent
Hamiltonian parameters, shown in Fig. 4. These represent
realistic values for the simplified model parameters con-
templated in Ref. [2]. Inspection of the parameters from
Fig. 4 and the comparison within Fig. 1 show that our
results differ in crucial ways from the simple assumptions
made in Refs. [8,10,11]. We next discuss the salient fea-
tures of these differences and their physical implications.

(i) The energies of exciton j1i and j2i blueshift as d
decreases, in contrast with the redshift expected from the
simple model.—Two effects are responsible for this sur-
prising blueshift. (a) From a single-particle view, Fig. 3
shows that as the interdot separation decreases, the energy
of both hole states h0 and h1 move to lower values, while
047401-2
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FIG. 4. Effective parameters for the two-site Hamiltonian,
Eq. (3), distilled from our pseudopotential calculations.
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FIG. 2 (color online). (a) Emission spectra in a pair of ver-
tically stacked InGaAs=GaAs dots, calculated with pseudo-
potential theory. (b) The chosen dot geometry, including a
two monolayer (0.56 nm) InGaAs wetting layer and graded
composition profile.
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the molecular bonding-antibonding picture of Eq. (1) pre-
dicts that the bonding h0 level will move to higher en-
ergies. The downward shift of the single-particle hole
level h0 with decreasing d contributes to the upward shift
of the lowest excitons j1i and j2i observed in Fig. 1(a).
The reason that the single-particle states h0, h1 move to
lower energies as d decreases is their symmetry broken
character: h0 is localized on B and h1 on T, as seen in the
densities, Fig. 3. This localization is reflected in the small
tunneling matrix element for holes th, in Fig. 4, and is due
to the heavier hole mass and the strong strain-induced
potential barrier [22] between the dots. In contrast, the
light-mass electrons have a large tunneling matrix ele-
ment te and follow the bonding-antibonding picture of
Eq. (1), as evidenced by the calculated density, Fig. 3,
exhibiting delocalization on both dots. (b) From an inter-
acting-particle view, the blueshift of j1i and j2i with
decreasing d is caused by the decrease in the Coulomb
elements UTTeh and UBBeh with reduced interdot separation
[shown in Fig. 4(c)], due to delocalization of the exciton
on both dots.

(ii) At large d > 10 nm the order of excitons j1i, j2i, j3i,
and j4i is bright, bright, dark, and dark, in contrast with
the simple model predicting the order bright,
dark, dark, bright.—The large d behavior of our
pseudopotential calculations can be understood in the
tight-binding language: differences in on-site energies
�"Te � "Th� � �"Be � "Bh � are greater than hopping elements
te and th (Fig. 4). With these assumptions, the exciton
states, in increasing order of energy, are given by j1i �
jeThTi, j2i � jeBhBi, j3i � jeThBi, j4i � jeBhTi. States
j1i and j2i are bright (the simple model predicts bright
and dark, respectively) since they are symmetric and have
047401-3
large e-h overlap. In contrast, states j3i and j4i are dark
(the simple model predicts dark and bright) since they are
not symmetric and have low e-h overlap. These four
eigenstates are obviously not entangled, while the simple
model predicts full entanglement.

(iii) Excitons j1i and j2i anticross at the critical dis-
tance dc at which point j1i becomes dark; however, all
excitons are bright at d < dc.—This can be understood as
follows. At dc ( ’ 8:5 nm for our specific case) the basis
states jeThTi and jeBhBi are nearly degenerate. Now hop-
ping elements te and th split this near degeneracy into
047401-3
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symmetric and antisymmetric combinations j2i � jai
and j1i � jbi, respectively. Whether the ground state is
symmetric or antisymmetric is decided by the respective
signs of te and th. If they have opposite signs, the sym-
metric e-h state has lower energy. This is the case in the
single band effective mass approximation [16] where the
single-particle hole and electron states have pure S-enve-
lope-character creating Vss� bonds [23] with positive th
and negative te. However, in a realistic case, the presence
of interband mixing [18] (S-P as well as heavy and light-
hole) leads to a Vpp�-like hole bond, with th < 0. In fact,
the confining potential for holes attracts the light-hole
P-like component of the hole states to the bonding region
between the dots. If te and th have the same sign [viz. our
Fig. 4(b)], the antisymmetric state (dark) is below the
symmetric (bright) state.

(iv) The degree of entanglement reaches a maximum at
a critical interdot separation dc.—Since j1i and j2i ap-
proach Bell states jai and jdi at d � dc, we expect high
entanglement. We quantify the degree of entanglement
versus distance directly from our pseudopotential e-h
density matrix, using the von Neumann entropy of en-
tanglement [24],

S � �Tr�elog2�e � �Tr�hlog2�h; (5)

where �e and �h are the reduced density matrices of the
electron and hole, respectively. For exciton j1i we find
S � 0% for d > 10 nm and a pronounced peak at dc with
S � 80%. dc is determined by a balance between interdot
strain coupling and intrinsic dot energy differences (alloy
fluctuations, in our calculations). To generalize our results
to a class of dots we allow in Eq. (3) a generic fluctuation,
�E � 0. We have calculated S�d;�E�, as shown in Fig. 5,
using our fitted model Hamiltonian, Eq. (3) and Fig. 4.
This shows how various degrees of entanglement can be
engineered. We note that the specific case dc � 8:5 nm
arises from our intrinsic dot energy separation �E �
"Te � "Be � 2:9 meV.
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Extracting the entanglement from this exciton state for
use in quantum computing may require the separation of
the electron and hole while maintaining phase coherency.
This experimental challenge might be accomplished by
driving the particles to nearby dot molecules using an in-
plane electric field.

In conclusion, we find that the entanglement entropy
reaches a maximum value (of 80% in our case) at a
critical interdot separation and decays abruptly to zero
at smaller and larger separations. We suggest that the
distance dc can be identified using photoluminescence
spectra, by noting two closely spaced exciton peaks
with a darker lower energy peak.
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