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Quantum Beating Patterns Observed in the Energetics of Pb Film Nanostructures
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We have studied the nanoscale structural evolution of Pb films grown at 110 K on a Si(111) substrate as
they are annealed to increasingly higher temperatures. Surface x-ray diffraction from a synchrotron
source is used to observe the morphology evolve from an initial smooth film through various metastable
states before reaching a state of local equilibrium, at which point the coverage of different height Pb
structures is analyzed and related to the thickness-dependent surface energy. Rich patterns are seen in
the resulting energy landscape similar to the beating patterns heard from the interference of two
musical notes of similar pitch. The explanation is, however, very simple, as demonstrated by a model
calculation based on the confinement of free electrons to a quantum well.
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of various thicknesses onto a Si(111) substrate prepared
in an ultrahigh vacuum chamber custom built for surface

tailed structure of the film (i.e., the relative occupancies
of the atomic layers) was determined from the parameters
The fast approach of technological devices to sizes
comparable with their atomic constituents makes a fun-
damental understanding of how such nanoscale structures
behave in this realm of utmost importance. For instance,
electronic contributions have been shown to play a vital
role in the stabilization of various metallic nanoscale
structures, including atomically uniform films [1–3]
and uniform height self-organized islands [4–8]. Such
electronic effects can be calculated from first principles
[9,10], but obtaining empirical information about the
general energy landscape and the electronic contributions
thereto with which to compare such theoretical calcula-
tions is experimentally difficult. The technique of x-ray
diffraction is well equipped to provide such information
experimentally for thin film nanostructures. It measures
absolute thicknesses as opposed to surface properties as
it is with electron-diffraction and scanned-probe tech-
niques, and it provides a statistical sampling over a large
macroscopic area of the sample, eliminating any ques-
tions about statistical significance that are often present in
microscopy studies. With the thickness distribution of an
ultrathin film determined after annealing to attain local
equilibrium, one can deduce the relative thermodynamic
stability of different island heights from which details of
the surface energy can be determined.We have used x rays
from a synchrotron source to carry out diffraction studies
of epitaxial Pb nanostructures grown on a Si(111) sub-
strate that reveal details of the functional form of the
surface energy over a wide range of thicknesses in the
quantum regime. Beating patterns superimposed on rapid
oscillations are observed and attributed to quantum con-
finement effects in agreement with a free-electron model
calculation.

To explore the energetics of the system, Pb nanostruc-
tures were formed by the thermal evaporation of films
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x-ray diffraction at UNICAT (University-National
Laboratory-Industry Collaborative Access Team),
Advanced Photon Source, Argonne National Labora-
tory. The samples were prepared by annealing a clean
Si�111�-�7� 7� reconstructed surface with a 4.5 Å Pb
overlayer to 415 �C for 10 min. This process produces
the 1

3 -monolayer coverage commensurate Pb=Si�111�-
�

���
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�
���
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�R30�-� reconstructed surface [11,12], which
was verified by examining reflection high energy electron
diffraction patterns, in-plane x-ray superstructure peaks,
and the extended x-ray reflectivity. Pb films were then
deposited with the sample held at 110 K at a rate of
0:84 
A=min. Quoted temperatures are the average reading
of two thermocouples attached to tantalum mounting
clips at both ends of the sample. After deposition, the
samples were annealed to temperatures around 280 K by
slowly increasing a direct current.

At multiple points during the annealing process, the
morphology of the film was examined by quenching the
system back to 110 K and scanning the extended x-ray
reflectivity. Such data are shown in Fig. 1 for a sample
with an initial coverage of 11 atomic layers (AL) of Pb.
The data points represent the integrated intensity for
perpendicular momentum transfers l � 3–12, where l is
in Si reciprocal lattice units (1 r:l:u: � 0:668 
A�1), mea-
sured by collecting a series of parallel line scans in
reciprocal space around the specular condition to achieve
both integration and background subtraction. Although
data were collected every 5–10 K, only a small subset of
the data is shown in Fig. 1 to illustrate the major mor-
phological changes. To fit the data, we constructed a
standard kinematic model [13,14], taking into account
interference with the substrate, the internal lattice relaxa-
tions of the Pb film due to interface-induced Friedel
oscillations [15], and a partial coherence factor. The de-
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FIG. 2. Coverage of different thicknesses on the surface ex-
tracted from fits to each curve in Fig. 1. The surface morphol-
ogy evolves from an initial thickness of 11 AL, through various
‘‘preferred thickness’’ states, and finally into a state of local
equilibrium. Oscillations in the values are readily apparent in
the high-temperature states, which correspond to variations in
the relative surface energy of the system. Multiple nodal points
in these oscillations are also evident at which the preference for
even or odd thicknesses changes. These points are due to a
longer-wavelength beating pattern in the surface energy.
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FIG. 1. Extended x-ray reflectivity of a sample with an initial
thickness of 11 AL after annealing to the temperatures indi-
cated. Curves are fits that reveal the relative coverage of differ-
ent film thicknesses present on the sample surface. The sharp
peaks at l � 3; 9, and 12 are Bragg peaks from the Si(111)
substrate, and the broad peaks at l � 3:3; 6:6, and 9.9 are Bragg
peaks from the Pb(111) overlayers.
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pN , defined as the fractional surface area that is covered
by N atomic layers of Pb, which were ultimately fit as free
parameters. The fit for each temperature was started from
the best fit of the previous temperature, effectively fol-
lowing the film morphology as the physical system
evolved with continued annealing. The uniqueness of
the solution was verified by performing multiple fits
from different initial conditions and checking that nearly
the same solution was obtained (the fractional deviation
found was less than 10% of each pN). The resultant pN
values for each temperature are shown in Fig. 2 for each
corresponding curve in Fig. 1.

At low temperatures, the system is known to follow a
nearly layer-by-layer growth mode [15]. After film depo-
sition at 110 K (bottom curve in Fig. 2), the surface is
covered by a closed film with an average thickness of
11 AL and a very small roughness of 3.2 Å (rms). The
next two curves in the figure show that as the film is
annealed to 200 K, the film bifurcates into the neighbor-
ing thicknesses of 10 and 12 AL, which as will be seen are
036103-2
energetically more favorable than 11 AL. As the tempera-
ture increases further to near 250 K, the surface atoms
have enough mobility to yield a broader thickness distri-
bution with a single dominating thickness at 12 AL. The
system in this range of temperatures is in the metastable
‘‘preferred height’’ phase that reflects mostly the local
energy landscape and kinetics near the initial thickness.
Since the preferred height is larger than the initial film
coverage, the surface morphology consists of uniform-
height islands on top of a wetting layer, similar to the
nanoislands seen in previous microscopy studies of simi-
lar systems [5,6]. At even higher temperatures, the system
has enough thermal energy to escape the local energy
minimum at the preferred height to explore the broader
energy landscape and a corresponding roughening of the
film occurs. By 280 K, the preference for 12 AL has
disappeared and the film thickness distribution becomes
036103-2
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very broad (rms roughness of 27.7 Å). At this point, the
system has presumably reached a state of local equilib-
rium, in which each particular thickness N is in equilib-
rium with its neighboring thicknesses, N 	 1. The rapid
fluctuationlike variations in pN , superimposed on the
broad distribution, indicate correspondingly rapid varia-
tions in the energy landscape.

An experimental measure of the relative stability of
each thickness can be obtained by comparing the surface
coverage of that thickness with its neighbors:

pN �
pN�1 
 pN
1

2
� �

1

2
p00
N; (1)

where p00
N is the discrete second derivative of pN . That is,

thicknesses for which the local curvature of pN is nega-
tive are relatively stable and correspond to an excess of pN
relative to the local average value based on its neighbors.
The quantity p00

N for the 280 K data in Fig. 2 is shown in
Fig. 3(a) as solid circles. Bilayer oscillations are seen
indicating an energetic preference for either even or odd
film thicknesses, with alternation between the two every
9 AL or so. This effect is analogous to the beating pattern
that results from the interference of two sinusoidal func-
tions of similar frequency.
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FIG. 3. (a) The discrete second derivative of the 280 K curve
in Fig. 2 (filled circles) and a fit to the data (open circles) as
described in the text. Lines are guides for the eye. The envelope
function for the fit is also shown, highlighting the beating
pattern in the oscillations. (b) The corresponding relative
surface energy, which also shows the presence of a beating
pattern decaying with increasing thickness. This effect arises
from the quantization of electronic states in the Pb nanostruc-
tures due to quantum confinement.
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The beating pattern can be attributed to the effects
of quantum confinement of the electrons in the Pb film.
The confinement results in a film energy that depends
sensitively on the thickness. Since Pb is a simple free-
electronlike metal, a model based on a free-electron gas
confined to a quantum well should capture the essential
physics of the system, including the seemingly complex
appearance of the beating pattern. This is indeed the case,
as demonstrated below. A straightforward numerical cal-
culation of a quantum well filled with free electrons at the
Pb density yields a surface energy that can be well
described by the Friedel form

ES�N� � A
cos�2kF�N 
�N�t0


�N 
 �N��

 B; (2)

where kF � 1:59 
A�1 is the Fermi wave vector for
Pb(111), t0 � 2:84 
A is the thickness of each AL, � �
0:938, and the parameters A and B are constants. The
parameter �N is included to account for the fact that the
effective width of the quantum well may be slightly larger
than Nt0 due to charge spillage effects [15]. Namely, the
Pb film does not have an infinite potential barrier at the
boundaries, and the electrons can tunnel outward some-
what. This parameter is equivalent to an adjustable
boundary phase shift. Equation (2) describes a damped
sinusoidal function with a Friedel oscillation wavelength
equal to half the Fermi wavelength [16]. In the present
case, it is equal to � � �=kF � 0:691t0. Since the surface
energy is sampled at only integer values of N, the oscil-
lations appear to have a period of 3�, or approximately
2 AL, riding on an envelope ‘‘beating’’ function with an
internode distance of �=�3�� 2� � 9 AL.

The connection between pN and the surface energy
should follow a Boltzmann distribution

pN / e�ES�N�=kBT; (3)

where kB is Boltzmann’s constant and T is the tempera-
ture of the system, which is taken to be the annealing
temperature. However, the proportionality of Eq. (3)
strictly holds only if the system is in a state of global
equilibrium. In the present case, we have attained only
a state of local equilibrium in which the ‘‘constant’’ of
proportionality in Eq. (3) is a slowly varying function
of N. To avoid this nonspecific function that depends
on the annealing history, we consider instead the self-
normalized local variations in pN:

�pN �
pN � pN

pN
; (4)

where pN is a local average of pN . �pN does not depend
on the proportionality constant as long as pN is calculated
using only a small local set of pN’s. Such a local average
corresponds to the smoothly varying background under-
lying the oscillations in the pN data shown in Fig. 2. A
reasonable choice for the local average is to use a bino-
mial filtering algorithm [17],
036103-3
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pN �
pN�1 
 2pN 
 pN
1

4
; (5)

which has the added benefit that �pN is simply related to
the discrete second derivative of pN

�pN �
�p00

N

4pN
; (6)

as discussed in connection with Eq. (1). Calculations of
�pN using Eqs. (2) and (3) were performed to fit the
experimental values of p00

N . There were only two adjust-
able parameters in the fit, A and �N, since the constant B
cancels out of �pN .

Figure 3(a) displays the results of the fit, shown by open
circles, to the experimental values of p00

N , shown by filled
circles, using the function

�p00
N�theory � �4�pN�expt��pN�theory; (7)

where �pN�expt is calculated from the experimental data
using Eq. (5). The fit reproduces the data remarkably well
considering that the model contains only two adjustable
parameters, and it clearly captures the oscillatory behav-
ior as well as the proper beating superperiod. The corre-
sponding relative surface energy calculated using Eq. (2)
with the fitted parameters (and B set to zero) is shown in
Fig. 3(b), which also displays beating patterns with the
same nodal points as the experimental data. The fitted
value for the charge spillage parameter, �N � 0:30	
0:02 corresponds to an expansion of the quantum well
by 0:87	 0:06 
A, a very reasonable value. The overall
energy scale of the surface energy curve is also consistent
with the results of recent first-principles calculations for
related systems [9,10].

In the classical limit, in which the spectrum of allowed
electronic states approaches a continuum, the relative
surface energy is a constant, with no energetic preference
for one thickness over another. However, when confine-
ment of the itinerant electrons in the metallic structure is
taken into account, oscillations in the surface energy of
the form Eq. (2) arise, leading to a relative preference of
certain thicknesses over others. It is seen that a smooth
film represents a metastable state which, upon anneal-
ing, evolves through preferred or magic structures to a
thermodynamically more stable, highly roughened state.
X-ray diffraction allows an accurate determination of the
statistical distribution of the heights, from which varia-
tions in surface energy can be deduced. The beating
patterns observed in the data are a direct consequence
of this quantum confinement, providing another dramatic
example of the importance of quantum effects in the
design and properties of metallic nanoscale objects.
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