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We derive model-independent lower bounds on the CKM parameters �1 � ���� and ��� as functions of
the mixing-induced CP asymmetry S in B! ���� and sin2� from B!  KS. The bounds do not
depend on specific results of theoretical calculations for the penguin contribution to B! ����. They
require only the very conservative condition that a hadronic phase, which vanishes in the heavy-quark
limit, does not exceed 90� in magnitude. The bounds are effective if � sin2� � S � 1. Dynamical
calculations indicate that the limits on ��� and ��� are close to their actual values.
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ment on the main features of our analysis that differ from
In terms of the Wolfenstein parameters ��� and ��� the CKM
phase factors read
In the standard model CP violation is described by a
single complex phase in the Cabibbo-Kobayashi-
Maskawa (CKM) matrix of quark mixing. After the first
observation of CP violation with KL ! ���� decays in
1964 [1], the standard model scenario has passed a crucial
test with the recent discovery of a largeCP asymmetry in
B!  KS decays [2,3] in agreement with earlier predic-
tions [4]. Beyond this qualitative confirmation of standard
model CP violation, efforts are now increasingly directed
towards precision studies, which could reveal the exis-
tence of new physics. A large amount of experimental
data continues to be collected at current and future
B-meson facilities, both at dedicated e�e� colliders and
at hadron machines.

To be useful for precision tests of weak interactions the
observables must not depend on poorly understood had-
ronic quantities. Among the rather few observables that
are essentially free of such theoretical uncertainties is the
time-dependent CP asymmetry in B!  KS, which mea-
sures sin2� (where � is one of the angles of the CKM
unitarity triangle). Of comparable interest is the corre-
sponding CP asymmetry in B! ���� decays, which
we shall denote by S. However, a well-known problem
here are penguin contributions in the decay amplitude,
which introduce hadronic physics into the CP asymmetry
and spoil a straightforward interpretation in terms of
weak phases. A method to eliminate hadronic input based
on an isospin analysis [5] appears to be very difficult for a
practical implementation [6,7].

In this Letter we show how useful information on
CKM parameters can be obtained from the mixing-
induced CP asymmetries in B!  KS and B! ����,
in spite of the penguin contributions in the second case.
We derive lower bounds on the unitarity triangle parame-
ters �1 � ���� and ��� [8] that depend only on observables of
CP violation in these channels.

The subject of extracting information on weak mixing
angles from CP violation in B! ���� has already been
discussed extensively in the literature [9–19]. We com-
0031-9007=04=93(2)=021801(4)$22.50 
the approaches taken in previous work. In [9–19] impor-
tant aspects of the problem have been discussed and
suggestions were made to limit theoretical uncertainties.
Constraints on CKM parameters have been obtained,
usually in graphical form, depending on hadronic input
from the penguin contribution. This input has been deter-
mined for instance with the help of SU(3) arguments and
data from related B! �K decays [13,15,16] or from
dynamical calculations [14]. In the present Letter we
describe a new way of exploiting the information con-
tained in the CP violation observables S and sin2�. The
crucial elements are a definition of hadronic quantities r
and � independent of CKM parameters, the direct for-
mulation of weak phases in terms of the basicWolfenstein
parameters ���, ���, the combined use of B! ���� and
B!  KS asymmetries, the resulting analytical deter-
mination of the unitarity triangle and the exact, explicit,
and very simple dependence on the penguin parameters r
and �. This in turn greatly facilitates the analysis of
theoretical uncertainties and gives, in combination with
results based on the heavy-quark limit, direct determi-
nations of the unitarity triangle, or CKM bounds with
minimal hadronic input.

The time-dependent CP asymmetry in B! ����

decays is defined by

A��CP �t� �
B�B�t� ! ������ B� �BB�t� ! �����

B�B�t� ! ������ B� �BB�t� ! �����

� �S sin�	mBt� � C cos�	mBt�; (1)

where

S �
2 Im�

1 � j�j2
; C �

1 � j�j2

1 � j�j2
;

� � e�2i� e
�i� � P=T
e�i� � P=T

:

(2)
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e
i� �
���
 i ���������������������
���2 � ���2

p ;

e�2i� �
�1 � ����2 � ���2 � 2i ����1 � ����

�1 � ����2 � ���2 :

(3)

The penguin-to-tree ratio P=T can be written as

P
T

�
rei�������������������
���2 � ���2

p : (4)

The real parameters r and � defined in this way are pure
strong interaction quantities without further dependence
on CKM variables.

For any given values of r and � a measurement of S
defines a curve in the ( ���, ���) plane. Using the relations
above this constraint is given by the equation

S�
2 ���� ���2 � ���2 � r2 � ����1� r2�� � ���2 � ���2 � 1�rcos��

��1� ����2 � ���2�� ���2 � ���2 � r2 � 2r ���cos��
:

(5)

The current experimental results for S and C are (see
Refs. [20,21])

S �

�
�0:02 
 0:34 
 0:05 �BABAR�;
�1:00 
 0:21 
 0:07 �Belle�;

(6)

C �

�
�0:30 
 0:25 
 0:04 �BABAR�;

�0:58 
 0:15 
 0:07 �Belle�:

A recent preliminary update from BABAR gives [3]

S � �0:40 
 0:22 
 0:03;

C � �0:19 
 0:19 
 0:05:
(7)

The present results are still somewhat inconclusive, but
the accuracy should improve in the near future. In the
remainder of this Letter we will focus our attention on S
and will not need C. We note, however, that both quanti-
ties always fulfill the inequality S2 � C2 � 1. The impli-
cations of C will be considered elsewhere [22].

The hadronic parameters r and � can be computed
using QCD factorization in the heavy-quark limit [14,23].
A recent analysis gives [22]

r � 0:107 
 0:031; � � 0:15 
 0:25; (8)

where the error includes an estimate of potentially im-
portant power corrections. We quote these values in order
to give an indication of the typical size of r and �.
However, we will not make use of the detailed prediction
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(8). Instead, we allow for an arbitrary value r  0 and
shall only assume that the strong phase � fulfills

�
�
2
� � �

�
2
: (9)

This is well justified since QCD factorization in the
heavy-quark limit implies that the strong interaction
phase � is systematically suppressed, either by �s, for
perturbative, hard rescattering, or by �QCD=mb for soft
corrections. We note that also the positive sign of r is
justified by the heavy-quark limit [14]. In addition the
same sign is obtained, independently, in the limit of QCD
with a large number N of colors. In this case the result is
similar to the one found using the phenomenological fac-
torization of hadronic weak decay matrix elements, both
giving r > 0. Uncalculated power corrections from the
large tree-level transition b! u �uud cannot affect the
penguin part, because they belong to a component of
the decay amplitude with a different weak phase [see
Eq. (2)]. The contributions to r from b! c �ccd are sup-
pressed since the charm quarks have to annihilate in a
loop process and they are also subleading in 1=N. The
effect is computable in the heavy-quark limit [14], where
it is a small contribution. We finally note that the con-
dition r cos� > 0 could be tested [22,24] by measuring
CP violation in Bs ! K�K�, the U-spin counterpart of
Bd ! ���� [25].

After these preliminaries we now turn to the con-
straints on the CKM parameters ��� and ��� that can be
derived from CP violation in B!  KS and B! ����

decays. The angle � of the unitarity triangle is given by

! � cot� �
sin2�

1 �
�����������������������
1 � sin22�

p ; (10)

where sin2� is measured directly and with negligible
theoretical uncertainty [6] from the mixing-induced CP
asymmetry in B!  KS. A second solution with a posi-
tive sign in front of the square root in (10) is excluded
using other constraints on the unitarity triangle, such as
jVub=Vcbj [7]. The current world average [3]

sin2� � 0:739 
 0:048 (11)

implies

! � 2:26 
 0:22: (12)

Given a value of !, ��� is related to ��� by

��� � 1 � ! ���: (13)

The parameter ��� may thus be eliminated from S in (5),
which can be solved for ��� to yield
��� �
1

�1 � !2�S
��1 � !S��1 � r cos�� �

�����������������������������������������������������������������������������������������������������������������
�1 � S2��1 � r cos��2 � S�1 � !2��S� sin2��r2sin2�

q
�: (14)

If S  0, the coefficient of r2sin2� under the square root is negative; hence
021801-2



FIG. 1 (color online). Lower bound on ��� as a function of S for
various values of sin2� (increasing from bottom to top).

FIG. 2 (color online). Lower bound on � as a function of S for
various values of sin2� (decreasing from bottom to top).

FIG. 3 (color online). Region in the � ���; ���� plane constrained
by sin2� � 0:739 
 0:048 (shaded sector) and various possible
values for S. The allowed area is the part of the shaded sector
to the left of a given line defined by S. These lines correspond,
from bottom to top, to S � �0:6, �0:3, 0, 0:3, 0:6, and 0:9. The
bound becomes stronger with increasing S. The result of a
standard unitarity triangle fit (dotted ellipse) is overlaid for
comparison.
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��� 
1 � !S�

��������������
1 � S2

p

�1 � !2�S
�1 � r cos��: (15)

If � sin2� � S � 0, the same bound is obtained so that
(15) holds for the entire range � sin2� � S � 1. We note
that this bound is still exact and requires no information
on the phase�. (The only condition is that �1 � r cos�� is
positive, which is no restriction in practice.)

Assuming now (9), we have 1 � r cos�  1 and

��� 
1 � !S�

��������������
1 � S2

p

�1 � !2�S
if � sin2� � S � 1: (16)

This constraint is the main result of this Letter. We
emphasize that the lower bound on ��� depends only on
the observables ! and S and is essentially free of hadronic
uncertainties. It holds in the standard model and it is
effective under the condition that S will eventually be
measured in the interval �� sin2�; 1�. Since both r and �
are expected to be quite small, we anticipate that the
lower limit (16) is a fairly strong bound, close to the
actual value of ��� itself. We also note that the lower bound
(16) represents the solution for the unitarity triangle in
the limit of vanishing penguin amplitude, r � 0. In other
words, the model-independent bounds for ��� and ��� are
simply obtained by ignoring penguin contributions and
taking S � sin2� when fixing the unitarity triangle from
S and sin2�. (The term model independent is employed
here in the sense of relying only on a qualitative condi-
tion, r cos� > 0, which holds in the heavy-quark limit.)

Let us briefly comment on the second solution for ���,
which has the minus sign in front of the square root in
(14) replaced by a plus sign. For positive S this solution is
always larger than (14) and the bound (16) is unaffected.
For � sin2� � S � 0 the second solution gives a negative
���, which is excluded by independent information on the
unitarity triangle [for instance from indirectCP violation
in neutral kaons ("K)]. Because we have fixed the angle�,
or !, the lower bound on ��� is equivalent to an upper bound
on ��� � 1 � ! ���. The constraint (16) may also be ex-
pressed as a lower bound on the angle �
021801-3
� 
�
2
� arctan

S� !�1 �
��������������
1 � S2

p
�

!S� 1 �
��������������
1 � S2

p (17)

or a lower bound on Rt

Rt �
������������������������������
�1 � ����2 � ���2

q


1 � !S�
��������������
1 � S2

p

��������������
1 � !2

p
S

: (18)

In Figs. 1 and 2 we represent, respectively, the lower
bound on ��� and � as a function of S for various values
of sin2�. From Fig. 1 we observe that the lower bound on
��� becomes stronger as either S or sin2� increase. The
sensitivity to sin2� is less pronounced for the bound on �.
Similarly to ���, the minimum allowed value for � in-
creases with S. A lower limit � � 90� would be reached
for S � sin2�.

Figure 3 illustrates the bound in the ( ���, ���) plane. The
standard unitarity triangle fit from [7] is indicated by the
elliptical region.
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To summarize, we have demonstrated that theoreti-
cally clean information can be extracted from CP viola-
tion in B! ���� decays in the form of stringent limits
on ��� and ��� even in the presence of penguin contributions,
requiring only condition (9). In order to make an optimal
use of these bounds, the quantities sin2� and S should be
measured as precisely as possible. We hope that the analy-
sis suggested in this article will facilitate a transparent
interpretation and an efficient use of future data on CP
violation in B! ����. Further discussions on this and
related topics will be given in a separate publication [22].

This work is supported in part by the Deutsche
Forschungsgemeinschaft (DFG) under Contract No. BU
1391/1-2.
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