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We examine k-essence models in which the Lagrangian p is a function only of the derivatives of a
scalar field ¢ and does not depend explicitly on ¢. The evolution of ¢ for an arbitrary functional form
for p can be given in terms of an exact analytic solution. For quite general conditions on the functional
form of p, such models can evolve to a state characterized by a density p scaling with the scale factor a
as p = po + py(a/ay) 3, but with a sound speed ¢2 < 1 at all times. Such models can serve as a unified
model for dark matter and dark energy, while avoiding the problems of the generalized Chaplygin gas
models, which are due to a non-negligible sound speed in these models. A dark-energy component with
¢y < 1 serves to suppress cosmic microwave background fluctuations on large-angular scales.
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L Introduction—The Universe appears to consist of
approximately 25% dark matter, which clusters and drives
the formation of large-scale structure in the Universe, and
70% dark energy, which drives the late-time acceleration
of the Universe (see Ref. [1] for a recent review, and
references therein). Since the nature of neither component
is known with certainty, it is reasonable to ask whether a
simpler model is possible, in which a single component
acts as both dark matter and dark energy. In this Letter,
we show that a certain class of scalar field models with
nonstandard kinetic terms, dubbed k essence, can serve as
such a unified model for dark matter and dark energy.

The idea of k essence was first introduced as a possible
model for inflation [2,3]. Later, it was noted that k essence
can also yield interesting models for the dark energy
[4-9]. It is possible to construct a class of such models
in which the k-essence energy density tracks the radiation
energy density during the radiation-dominated era, but
then evolves toward a constant-density dark-energy com-
ponent during the matter-dominated era [5,6], so the
coincidence problem is resolved by linking the onset of
dark-energy domination to the epoch of equal matter and
radiation. (Although see Malquarti et al [10], who argued
that the basin of attraction for models exhibiting the
desired behavior is quite small) A second interesting
characteristic of k-essence models is that they can
produce a dark-energy component with a sound speed
smaller than the speed of light. Such models can be ob-
servationally distinguished from standard scalar field
quintessence models with a canonical kinetic term (for
which ¢, = 1), and may provide a mechanism to suppress
cosmic microwave background (CMB) fluctuations on
large-angular scales [11-13].

In this Letter, we reexamine a particularly simple class
of k-essence models, in which the Lagrangian contains
only a kinetic factor, i.e., a function of the derivatives of
the scalar field, and does not depend explicitly on the field
itself. Equivalently, these models can be considered to
have a constant potential term. Such models were the first
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ones investigated in the context of inflation [2]. Here, we
are interested in such models as a model for dark energy
and dark matter. In the next section, we examine such
models in the generic case, and show that, for quite
general assumptions on the functional dependence of
the Lagrangian on the scalar field derivatives, these mod-
els naturally produce a density that scales like the sum of
a nonrelativistic dust component with equation of state
w = p/p = 0 and a cosmological-constant-like compo-
nent (w = —1). The other distinguishing characteristic of
these models is that they generically produce a low sound
speed, ¢ < 1, allowing the “dust”” component to cluster
as dark matter. Our results are summarized in Sec. III.

II. Purely kinetic k essence.—General solution: In gen-
eral, k essence can be defined as any scalar field with
noncanonical kinetic terms, but in practice such models
are usually taken to have a Lagrangian of the form

p = V(¢)F(X), (D
where ¢ is the scalar field, and X is
X =1V, pVHe. 2

The pressure in these models is simply given by Eq. (1),
while the energy density is

p = V($)[2XFx — F], 3)

where Fy = dF/dX. Therefore, the equation of state pa-
rameter, w = p/p, is just
F

= 4
YT OXFy—F @)

In defining the sound speed, we follow the convention
of Garriga and Mukhanov [3], who argued that the rele-
vant quantity for the growth of density perturbations is

CQ — (ap/aX) — FX (5)
s (Bp/aX) FX+2XFXX’
with FXX = sz/dXZ
© 2004 The American Physical Society 011301-1
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We work in a flat Robertson-Walker metric, in which
the equation for the k-essence field takes the form

. : v,

where V,, = dV/d¢, H is the Hubble parameter, given by

H?> = (p/3), (N

and we take 87G = 1 throughout. In Eq. (7), p is the
total density.

A variety of functional forms for F(X) and V(¢) ap-
pearing in Eq. (1) have been considered. For example,
Armendariz-Picon et al [5,6] concentrated on V(¢) of
the form V(¢) = 1/¢?. Tachyon fields correspond to the
choice [7] F(X) = +/1 — 2X. Here we consider one of the
simplest possible k-essence models: a purely kinetic
model in which

p=FX), ®)

so that V is set to a constant. As noted above, this simple
class of models was first investigated in Ref. [2] as a
model for inflation.

Note that the equation of state, w, and the sound speed,
2, do not depend explicitly on V(¢); their dependence on
the choice of the potential arises entirely through the
effect of V on the evolution of ¢ [Eq. (6)]. Taking V to
be a constant, we get a new equation for ¢:

(Fx + 2XFxx)¢ + 3HFx¢ = 0, )
which can be rewritten entirely in terms of X:
(Fy + 2XFyx)X + 6HFyX = 0. (10)

Changing the independent variable from the time ¢ to the
scale factor a gives

dX
(Fx+2XFxx)ad7+6FXx=O, (11)
a
which can be integrated exactly, for arbitrary F, to give
the solution

XF% = ka™$, (12)

where k is a constant of integration. This solution was
previously derived, in a slightly different form, by
Chimento [9]. Given any form for F(X), Eq. (12) gives
the evolution of X as a function of a, and this solution can
be substituted into Egs. (1) and (3)—(5) to determine the
evolution of all of the physical quantities of interest.

Evolution near an extremum in F: Suppose that F(X) is
a function with a local minimum or maximum at some
value X = X)), so that Fy(X,) = 0. For example, Chiba
et al. [4] examined Lagrangians of the form

p = K($)X + L(¢)X>. 13)

With K and L simply taken to be constants, K = K, L =
L, this Lagrangian can be thought of as a canonical
kinetic term plus a nonstandard correction. This
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Lagrangian has an extremum at X = —K,,/2L,. We con-
sider, however, the general case of an arbitrary function F
with an extremum at X,,.

Then Eq. (10) has the obvious solution X = X, i.e., a
constant value of X. This result is neither new nor re-
markable; it was first investigated in connection with k
inflation [2] and was shown to produce exponential in-
flation. Note that X, can be either a minimum or a
maximum of F(X); the function F(X) in Eq. (10) does
not correspond to a potential well. This solution is stable
against small perturbations; taking X = X, + €, and ex-
panding Eq. (10) out to order €, we obtain

€ = —3He. (14)

In the analytic solution given by Eq. (12), this solution
corresponds to taking k = 0 on the right-hand side.

Inserting this solution into Eq. (4), we find that w =
—1, so the solution behaves like a cosmological constant.
The behavior of the sound speed, however, is more inter-
esting: Eq. (5) gives ¢2 = 0. Thus, this solution corre-
sponds to an equation of state equivalent to a pure
cosmological constant, but with zero effective sound
speed. As noted in Refs. [11-13], the effect of ¢2 = 0 is
to suppress the integrated Sachs-Wolfe (ISW) effect at
large-angular scales, since the quintessence component
can cluster, reducing the decay of the gravitational po-
tental that causes the ISW effect.

Although the final stable attractor solution in this case
corresponds to a field with w = —1 and ¢? = 0, consider
how this state is reached. For X near X, we assume that
F(X) can be expanded about its minimum or maximum in
the form

F(X) = Fo + F,(X = Xo)*, (15)

where F, and F, are constants. Substituting this form for
F(X) into Eq. (12) gives

4F3(X — Xo)*X = ka5, (16)
where k is a constant. Now suppose that X is near the
extremum of F(X), so that

X —Xy)/Xy < 1. 17)
In this case, the solution in Eq. (16) reduces to
X = X1+ €(a/a)’] (18)

where we have rewritten the solution in terms of the new
constants €; and a;. Note that we must have

€(aja) 3 <1 (19)

to satisfy Eq. (17). This gives the physical meaning of €,
and a;: our solution will be valid [i.e., Eq. (17) will be
satisfied] for @ > a,, provided that €; < 1.

The evolution of the density from Eq. (3) is

p =4F,X(X — Xy) — Fy — F,(X — X,)>. (20)
Substituting the evolution of X from Eq. (18) into this
011301-2
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equation for the density gives
p = —Fy + 4F,X5e (a/a,) 7 + 3FXgl € (a/ay) T
2D

Note that our condition in Eq. (19) implies that the third
term in Eq. (21) is negligible compared to the second
term, but it implies nothing about the relative sizes of the
first and second terms. Hence, we have

P = _FO + 4F2X(%61(61/a1)73. (22)

In order for this density to be positive at late times, we
require Fy <O0.

Equation (22) implies that the k-essence energy density
evolves as the sum of a constant term and a term that
evolves as nonrelativistic matter. Now consider the effec-
tive sound speed for this fluid. Substituting Eq. (15) into
Eq. (5), we get

i = (X — X0)/(3X — Xo), (23)

and using our solution for the evolution of X [Eq. (18)],
we get

i =z€i(a/a) . (24)

Thus, Egs. (19) and (24) indicate that ¢ < 1 for the
entire range of validity of our solution. Therefore, the
k-essence fluid in this case behaves like a low sound-
speed fluid with a density that evolves like the sum of a
“dark matter” (DM) component with p < a3 and a
“dark energy” (DE) component with p = const. The
only difference from a standard ACDM model is that in
this k-essence model, the dark-energy component has
2.

In practice, the observational constraints on ppy and
ppe sharply constrain the allowed parameters in this
model. The value of a; is determined by the fact that
the k essence must begin to behave like dark matter prior
to the epoch of equal matter and radiation. Therefore,
a; < aeq, Where aqq is the scale factor at the epoch of
equal matter and radiation, given by a.q/ay = 3 X 1074,
where ag is the value of the scale factor today. At the
present time, the component of p corresponding to the
dark energy in Eq. (22) must be roughly twice the com-
ponent corresponding to dark matter, so

_FO = 8F2X%€1(00/a1)_3. (25)
Substituting a; < a.q into this equation, we get

X2 < 8€(aeq/ap)?, (26)

< 2X 10710, 27)

If X, is of order unity, this means that —F,/F, < 2 X
1071°, a somewhat unnatural fine-tuning.

When Eq. (17) is not satisfied, i.e., for a < a;, we can
say nothing about the evolution of X and p, since we have
assumed nothing about F(X) other than that it has a local
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minimum that can be expanded as a quadratic. However,
it is also interesting to consider what happens if F(X) is
truly a quadratic function. In this case, the solution to
Eq. (12) when X — X is not small compared to X is

X oca? (28)
which gives, in Eq. (3),
pocat (29)

Thus, in this case, the k essence evolves first like radia-
tion, then like dark matter, and finally like dark energy.
This resembles the phenomenological model proposed by
Cardone et al [14]. Note, however, that there is nothing
desirable about having a radiationlike behavior at early
times. Indeed, extra relativistic energy density at early
times is severely constrained by primordial nucleosyn-
thesis (see, e.g., Ref. [15]). Of course, an early radiation-
like behavior is not a generic prediction of this model,
and, for the case of a quadratic potential, the parameters
can be tuned so that the contribution of the k-essence
density when it behaves like radiation can be made
negligible.

111 Discussion and comparison with other models.—
As noted in the previous section, the purely kinetic
k-essence model, with a local extremum in the
Lagrangian p = F(X), has an evolution that looks like
the sum of a dark-matter component (with w = 0) and a
dark-energy component (with w = —1), but with a sound
speed in both components that satisfies ¢ << 1. Thus, it is
distinguishable from a standard ACDM model in that the
latter model has a purely nonclustering dark-energy com-
ponent. Dark energy with an equation of state w = —1,
but with a negligible sound speed, is prevented from
clustering by the Hubble expansion after the dark-energy
component begins to dominate, but such a model predicts
a very different behavior for the large-angular scale CMB
fluctuations [12]. In fact, such a model is favored (albeit at
a low significance level) by the CMB observations [13].

Other models proposed as unified dark matter can also
be distinguished from this model. In the generalized
Chaplygin gas model [16], the equation of state has the
form

A
P=" b (30)
which gives the density evolution
B 1/(0+a)
p= [A + a3(1+a)i| &)

In this model, the density interpolates between dark-
matter-like evolution at early times and dark-energy-
like (i.e., constant-density) evolution at late times, but
in a different manner than in the model presented here.
(The original Chaplygin gas model [17,18] corresponds to
the case o = 1.)

The sound speed in the generalized Chaplygin gas
model is [19]
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2= a[l + (32)

B/A 71
In this model, the sound speed is small at early times
(when a is small) and becomes larger at late times. It has
been argued that this behavior is problematic, since the
large sound speed at late times leads to either blowup of
the perturbations (for negative «) or excessive damped
oscillations (for positive «), with a resulting limit of a <
1073 [20]. (However, nonlinear clustering may signifi-
cantly alter the evolution of density perturbations in this
model [21-23].)

Our model will not suffer from this particular prob-
lem, since the sound speed can be made arbitrarily small
during the epoch of structure formation by decreasing the
value of €; in Eq. (24). On the other hand, nonlinear
clustering will certainly modify this model. The treat-
ment in Sec. II assumes that spatial gradients can be
neglected in Eq. (2), which will not be the case when
the clustering is nonlinear.

A related model, also based on purely kinetic k es-
sence, was proposed by Chimento [9]. This model as-
sumes a special form for F(X), namely,

F(X) = A\VX — AyX©, (33)

where A, A,, and « are constants. The resulting density
evolution is of the form

B 2a/Qa-1)
:| . (34)

p= [A + P
This solution asymptotically approaches p = const, for
exactly the same reason that our more general models do.
There is, however, a fundamental difference between the
two models: the evolution of the Chimento model at early
times is based on the large-X evolution of the field,
whereas the a3 behavior in our model is a transient
effect, which shows up only over a limited range in the
evolution of X.

Finally, we mention another model proposed for uni-
fied dark matter, based on a tachyon field [24]. This model
assumes a scale-dependent equation of state, so that the
field behaves like pressureless dark matter on small scales
and like smoothly distributed dark energy on large scales.

The model presented here has both positive features
and drawbacks. On the positive side, it arises from a very
simple version of the k-essence model (indeed, perhaps
the simplest possible version) and can be achieved with
very general assumptions about the behavior of F(X). It
produces unified dark matter with an equation of state
identical to that of ordinary dark matter plus a cosmo-
logical constant, but with the distinguishing feature that
the effective sound speed is small at all times. This last
characteristic avoids the damping problems associated
with the generalized Chaplygin gas models, and damps
CMB fluctuations on large scales. On the negative side,
since the dark-matter-like evolution in this model is a
transient phenomenon, the parameters of the model must
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be fine-tuned. It is also far from clear whether a model
with ¢2 < 1 in the dark-energy component is consistent
with other observations.

I thank C. Armendariz-Picon and M. Malquarti for
helpful discussions.

Note added—W hile this Letter was in press, the author
became aware of Ref. [25], which presents some similar
ideas.
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