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Equilateral-Triangular Shape in 14C
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An equilateral-triangular shape of three � clusters surrounded by excess neutrons is suggested for
14C, based on the molecular-orbit model. It is found that the attractive interaction between an excess
neutron and an � particle stabilizes the K� � 0� and 3� rotational bands, which demonstrates an
equilateral-triangular symmetry. This K� � 3� band at 3 MeV below the 10Be� � threshold energy
corresponds to the experimentally observed band built on top of the second 3� state. A positive-parity
rotational band (0�, 2�, 4�) arises similarly. These two bands suggest a molecular 3-� structure
stabilized by the excess neutrons and can be viewed as a realization of the � crystallization in the dilute
nuclear medium.
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model, where wave functions of these neutrons can be
spread as needed and yet the antisymmetrization with

where G ~RRm
represents a Gaussian wave function cen-

tered at ~RRm.
Atomic nuclei have been known to have not only a
spherical shape but also various deformed shapes, for
instance, ellipsoidal shapes. However, it has been a
long-standing dream of nuclear structure physicists to
find an equilateral-triangular shape.While various cluster
structures with different shapes have been considered in
light exotic nuclei [1–5], the triangular shape still re-
mains beyond the explored frontiers.

When the system has an equilateral-triangular configu-
ration comprised of three � clusters (3�), a rotational
band structure with K� � 3� should appear, in addition
to K� � 0�. In 12C, a 3� state has been observed at Ex �
9:6 MeV [6]. This state may correspond to the band head
of the above-mentioned K� � 3� rotational band [7].
However, this 3� state is already above the 3� threshold
by about 2 MeV, suggesting that no bound system can be
expected with a triangular configuration. Moreover, a
large resonance width is expected for such 4� and 5�

states, making their observation extremely difficult. Thus,
it is unlikely that one can study the triangular shape by
studying 12C. On the contrary, we demonstrate that in
neutron-rich C isotopes this band becomes bound owing
to the attraction produced by excess neutrons around the
3� core.

In this Letter, we start by introducing a microscopic
model, in which the �-cluster degree of freedom is ex-
ploited to predict quantitatively the level structure of the
cluster band up to the 15-MeV region. The model space is
�� �� �� n� n. It seems crucial to incorporate the
5-body dynamics properly, while the �-breaking effect is
included at the level of the antisymmetrization. Since the
neutrons around the three � clusters are weakly bound,
and may move over the whole region of the triangular
configurations, we employ the molecular-orbital (MO)
0031-9007=04=92(14)=142501(4)$22.50 
constituents of the � clusters is fulfilled. The MO method
has been successfully applied to the structure of systems
with two � clusters and excess neutrons [5,8].

The total wave function of 14C is given by a super-
position [i.e., generator coordinate method (GCM)] of
basis states (with coefficients fcKijg). Each nucleon is rep-
resented by a Gaussian wave packet and is fully antisym-
metrized with all others including those in � clusters:
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The sum is taken over the K quantum number, positions
of � clusters (i), and configurations of the neutrons (j).
The amplitudes fcKijg are determined by diagonalizing the
Hamiltonian matrix after the projection of the angular
momentum. Each of the three� clusters (����

k , k � 1; 2; 3)
consists of two protons and two neutrons:
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Here, the central parameters of the three � clusters (G ~RR�1
,

G ~RR�2
, and G ~RR�3

) describe the form of the triangular con-
figuration, and � represents the spin-isospin eigenfunc-
tion. The oscillator parameter �� � 1=

������
2�

p
� is set equal to

1.46 fm. The wave function of each excess neutron [ �n�
l �l,

l � 1; 2 in Eq. (1)] is expressed by a linear combination of
local Gaussians fG ~RRm

g with coefficients fdlmg,

 �n�
l �l �

X
m

dlmG ~RRm
�l; (4)
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The main aim of this Letter is to investigate a certain
type of state as discussed below. The effective interaction
is chosen so that one can describe reasonably well a
system comprised of � clusters with relative distances
of a few fm and weakly bound neutrons. This means that
the interaction must reproduce low-energy �-� and �-n
scattering but should be simple enough for treating the
relevant many-body dynamics. Thus, we adopt theVolkov
version No. 2 interaction [9] with the exchange parame-
ters M � 0:6 (W � 0:4), B � H � 0:125 for the central
part, and the spin-orbit term of the so-called G3RS
interaction [10] for the spin-orbit part as in [8]. All the
parameters of this interaction were determined from the
�� n and �� � scattering phase shifts and the binding
energy of the deuteron [11].

We first survey the intrinsic density distribution of
an excess neutron, which gives us a basic picture. An
equilateral-triangular configuration of three �’s is as-
sumed for simplicity. In Fig. 1, the intrinsic density of
one excess neutron before the angular momentum projec-
tion is presented by integrating along the z direction
going through a given point on the xy plane. Note that
the centers of three �’s are on the xy plane. The distance
between the centers of � clusters is set to 3 fm, the most
appropriate value for a clustering structure as seen below,
while wave functions with various ~RRm values in Eq. (4)
are superposed. Figure 1 shows that, while the highest
integrated density is at the center of gravity of the 3�
triangle, the excess neutron is located also between two
�’s, and its density spreads farther outside the 3� triangle.
Consequently, the neutron density distribution comes up
with an inverse triangular shape, which can be contrasted
with a possible naive expectation that the neutron density
FIG. 1 (color). The density distribution of the excess neutron
on the xy plane before the angular momentum projection The
spheres show the positions of the � clusters. The distance
between the centers of the � clusters is set to 3 fm. The density
is integrated over the z axis.
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distribution has the same triangular shape as the three
� clusters.

Having the above basic picture, we evaluate energies
more precisely, by implementing the angular momentum
projection. Similar to the above calculation, we include
about 200 wave functions with different values of ~RRm
before the projection for the two excess neutrons, keeping
the �-� distance to 3 fm. Since the description of the two
excess neutrons appears to be almost complete within the
present model space with the fixed �-� distance, we call
this calculation a ‘‘full neutron configuration.’’ After the
J� projection, the energies turn out to be �100:5 and
�91:0 MeV for the 0� states and �91:6 MeV for the 3�

(K � 3) state.
In order to clarify the mechanisms responsible for the

stabilization of the triangular configuration, we introduce
a model for the excess-neutron configurations. Therefore,
next, we compare this full neutron configuration calcu-
lation with such model results.

In the model being considered, the lowest orbit for the
excess neutron is the p wave in the z direction (pz),
assuming that the three �’s are on the xy plane. In this
model, this wave function is approximated by a linear
combination of two spherical Gaussians, whose centers
are shifted in the z direction by b and �b:

 z � Gb~eez �G�b~eez : (5)

This state yields a neutron density distribution concen-
trated near the center of the 3� and is especially relevant
to the description of yrast states with relatively small �-�
distances. Figure 2 exhibits the 0� and 3� (K � 3) en-
ergies for this �pz�2 configuration of excess neutrons. The
equilateral-triangular shape is assumed for the three �’s,
while their distance is varied. Similar quantities are
shown for comparison for 12C, where no excess neutrons
are present.
FIG. 2. The 0� and 3� �K � 3� energies of 12C (dashed lines)
and 14C (solid lines) as a function of the �-� distance. The
equilateral triangular configuration of 3� is assumed. The solid
lines represent 14C with the �pz�2 configuration for the excess
neutrons, and the dashed lines represent 12C.

142501-2



P H Y S I C A L R E V I E W L E T T E R S week ending
9 APRIL 2004VOLUME 92, NUMBER 14
Regarding the 0� states, the ground state of 14C has the
energy minimum at a smaller distance (�2 fm) than in
the 12C case. This suggests that the above �pz�2 configu-
ration for the neutrons is dominant in the ground state.
After superposing the states with different distances, the
energy of 14C becomes �99:8 MeV, lower than that of
12C by about 13 MeV (experimental value is 13.1 MeV).
For the 3� state, the equilateral-triangular shape of 3� is
similarly stabilized in energy. The optimal �-� distance
of 14C (K � 3) is about 2.5 fm (�84:6 MeV), a little
smaller than the value for 12C, and the energy is lower
than that of 12C by about 10 MeV. However, this 3� energy
is still much higher than the full neutron configuration
result, and thus it is difficult to describe the 3� state by
the �pz�

2 configuration alone. It is therefore necessary to
include a neutron configuration of a different type.

As a second type of excess-neutron state, we now
introduce the ‘‘bond’’ basis state ��B�.We start with ��
10Be (�� �� 2n) as a building block of 14C:

��B� � PJMKA	��10Be�����
3 
; (6)

��10Be� � ����
1 ����

2 � 1�1�� 2�2�: (7)

In the subsystem 10Be, the two excess neutrons ( 1�1 and
 2�2) are rotating about the �-� axis, where the spin-
orbit interaction acts attractively [8]. Because of the anti-
symmetrization and angular momentum projection, in
14C, the pair of two excess neutrons between two �’s is
distributed equally among the three ‘‘molecular’’ bonds,
and they are indistinguishable.

By superposing states with many �-� distances and
different triangular shapes, the energy levels of the nega-
tive parity states of 14C are calculated as presented in
Fig. 3, where K mixing is performed. Not only �pz�2, but
also the �pz; 2s� and �2s�2 configurations for the excess
neutrons, are included. Here, the 2s orbit for the excess
neutron is described as a linear combination of Gaussians,
similar to the p orbits. Furthermore, more essentially for
FIG. 3. The energy levels of 14C (negative parity states). The
energy is measured from the 10Be� � threshold energy.
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3� states, the bond base [��B�] is also incorporated.
Figure 3 shows results of these calculations in comparison
with the experiment. The energy is measured from the
10Be� � threshold (obtained to be �88:1 MeV), which
corresponds to Ex � 12:01 MeV, experimentally. There
are two 3� states below the threshold energy. The
�-cluster wave function of the first 3� state is dominated
by components with smaller distances, and its nature is
basically that of an octupole vibration on top of the shell-
model-like ground state. On the other hand, the 3�2 state
consists of cluster wave functions of larger distances
(�3 fm) and appears to be a distinct example of a trian-
gular cluster structure. Note that a large distance means a
lower density. The energy levels of the 3�2 , 4�1 , and 5�

states display a rotational pattern as shown in the 4th
column of Fig. 3. The levels put in the 5th column are
calculated 3�, 4�, and 5� states of another nature.

It is remarkable that experimental counterparts of these
rotational states have been observed about 2 MeV below
the 10Be� � threshold, as shown in the 1st column. The
situation is much different from 12C. In 12C, 3� is already
above the 8Be� � threshold by 2 MeV and 4� and 5�

have not been observed. In 14C, the candidate for the band
head of this band corresponds to the observed second 3�

state. It has been shown experimentally that members of
this band are easily excited by � transfer, which strongly
suggests the �-cluster structure of this band [12]. On the
other hand, the first 3� state is well excited by a neutron-
transfer reaction from the 13C nucleus, contrary to the
second 3� state.

The energy levels of positive-parity states with re-
spect to the 10Be� � threshold energy are presented in
Fig. 4. The calculated ground-state and second 0� ener-
gies are �103:1 and �92:8 MeV, respectively. The three
states (0�2 , 2�2 , and 4�2 ) around the 10Be� � threshold
plotted in the 5th column have a band structure. In this
energy region, the corresponding states have been ob-
served experimentally, as shown in the 2nd column. The
FIG. 4. The energy levels of 14C (positive parity states). The
energy is measured from the 10Be� � threshold energy.
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calculated electromagnetic transition probabilities prove
that these states are members of a rotational band. The
B�E2 : 4�2 ! 2�2 �3:4 MeV�� and the B�E2 : 2�2 ! 0�2 �
values are found to be 6.2 and 4.7 W.u., respectively,
which are quite large for Z � 6.

In Fig. 4, the calculated first 0� and 2� levels are
presented in the 4th column. The calculated energy spac-
ing between them is too small (2.9 MeV), in comparison
with the observed value of 7.01 MeV (1st column), which
suggests other effects, for instance, the �-breaking effect
already discussed for 12C [13,14].

The appearance of the 0� and 3� rotational bands is
one of the characteristic features of the triangular shape.
In the case of the parity doublet seen in nuclei with
octupole deformation, nearly degenerate 0� and 1� states
appear [15]. Such a 0�-1� doublet is seen also, if an
� cluster is weakly coupled, near the threshold energy
like 12C� � [16]. In the present case, however, the
�-clustering mechanism is different from the threshold
case, and three �’s are rather firmly fixed at the three top
positions of the triangle. Excess neutrons are not local-
ized to an �, but move over the three �’s. Thus, the
situation is similar to a crystal. The kinetic energy of
the relative motion of three �’s is large, but the binding
energy produced by the excess neutrons overcomes it.
Because of this binding energy, the band heads come
well below the threshold energy, in contrast to the thresh-
old clustering. Thus, the clustering in exotic nuclei
with excess neutrons can be characterized by the crystal-
lization of clusters and by its stabilization due to the
excess neutrons moving over those clusters like bond
electrons. It has been known that the� clustering emerges
in dilute nuclear matter [17]. We stress that this low-
density clusterization can be realized in bound states of
a real nucleus owing to excess neutrons. We note the rms
radii are large (about 2.6 fm) for the 0�2 and 3� states of
14C. Such a stable triangular configuration may be viewed
in terms of the D3h symmetry [18,19]. The electromag-
netic transition probability of calculated rotational bands
[B�E4 : 4�2 ! 0�2 � � 177 e2 fm8, B�E3 : 3�2 ! 0�2 � �
28 e2 fm6] compares with those for the yrast band of
12C by an algebraic model [18,19] within about a fac-
tor of 2.

As we go farther away from the �-stability line, there
are more excess neutrons. These excess neutrons yield
additional binding energies, and one can expect bound
clustering states in such heavier exotic nuclei. For in-
stance, in the present approach, the cluster rotational
band arises in 16C as bound states. Experimental and
theoretical studies along this line will be intriguing.

In summary, in 14C, a K� � 3� rotational band struc-
ture, which reflects the equilateral-triangular shape of the
142501-4
3�, appears well below the 10Be� � threshold. The states
correspond to an experimentally observed 3� state
(9.80 MeV) and a 4� state (11.67). A positive-parity
band (0�, 2�, and 4�) of a similar nature also appears
well below this threshold energy. The results suggest a
new mechanism for the appearance of the bound cluster
states in neutron-rich exotic nuclei with a rather dilute
density distribution, having � clusters at almost fixed
relative positions and excess neutrons moving over them
as well as near the triangle center.
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