
P H Y S I C A L R E V I E W L E T T E R S week ending
9 APRIL 2004VOLUME 92, NUMBER 14
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The usual Kondo effect is associated with the formation of a many-body ground state that contains a
quantum-mechanical entanglement between a (localized) fermion and the free fermions. We show,
however, that also a bosonic form of the Kondo effect can occur in degenerate atomic Fermi gases near a
Feshbach resonance, if the energy of the diatomic molecular level associated with the Feshbach
resonance approaches twice the Fermi energy of the atoms.
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usefulness of these Feshbach resonances for degenerate
atomic gases was first pointed out theoretically [12,13]
and then confirmed experimentally in a Bose-Einstein

We consider here only the case of an equal number
of atoms in every hyperfine state, and hence there is
only one chemical potential �. To avoid Bose-Einstein
Introduction.—The Kondo effect is an intricate many-
body phenomenon that was originally put forward to
explain the anomalous resistance minimum of metals
contaminated with magnetic impurities. Today the
Kondo effect is known to be also responsible for the
existence of heavy-fermion materials [1], and is specu-
lated to play an important role in the physics of high-
temperature superconductors [2]. Moreover, a particularly
clear manifestation of this effect occurs in semiconductor
quantum dots [3,4]. In all these examples the Kondo
effect is associated with the formation of a many-body
ground state that contains a quantum-mechanical en-
tanglement between a (localized) fermion and the free
fermions. Here we show that a new version of the Kondo
effect can occur in the degenerate atomic Fermi gases
with a so-called Feshbach resonance that have recently
been created [5–8]. In contrast to the usual fermionic
version, the many-body ground state of the atomic gas
shows coherence between bosons, in fact bosonic mole-
cules, and the free fermions in the gas. We show that this
bosonic Kondo effect occurs if the energy of the mole-
cule is somewhat larger than twice the Fermi energy
of the atoms. We also discuss how it can be observed
experimentally.

To be concrete we consider a homogeneus degenerate
Fermi gas of 3Li or 40K atoms near a so-called Feshbach
resonance [8–11]. A Feshbach resonance in the scattering
amplitude of two alkali atoms arises when the energy of
the two colliding atoms is close to the energy of a di-
atomic molecular state that is coupled to the incoming
atoms. Since the coupling is provided by the hyperfine
interaction between the electron and nuclear spins of the
atoms, the magnetic moment of the molecule is not equal
to twice the atomic magnetic moment. As a result, the
Zeeman interaction leads to an energy difference between
the incoming atoms and the molecule, and therefore to an
effective interaction strength between the atoms, that is
tunable by means of an external magnetic field. The
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condensate of 23Na atoms [14]. Feshbach resonances ap-
pear to be particularly useful for ultracold Fermi gases
because of the possibility to achieve a Bose-Einstein
condensation of Cooper pairs at experimentally acces-
sible temperatures in this way [15–17]. For our purposes
it is most important to realize that, due to the nearby
location of a molecular state, the atomic gas can develop
coherence between atoms and molecules. In a degenerate
Bose gas the atom-molecule coherence has last year been
demonstrated experimentally by Donley et al. [18]. It is
the purpose of this Letter to point out that in the case of a
degenerate Fermi gas it leads to Kondo physics.

Atom-molecule model.—In a dilute gas at low tempera-
ture only s-wave scattering is important. In a gas of
fermionic particles, resonant interaction effects can
therefore only be observed if we consider a mixture of
two hyperfine states, denoted by j"i and j#i. Close to
resonance the gas is then described by an effective
atom-molecule action [19]. In this action atoms in differ-
ent hyperfine states are coupled to molecular bosons with
twice the atomic mass m. In the absence of the coupling,
the energy of the molecules relative to the two-atom
continuum threshold is equal to the magnetic-field depen-
dent detuning energy ��B�. The coupling terms describe
processes in which two fermionic atoms form one bosonic
molecule or the bosonic molecule breaks up into two
fermionic atoms. The effective coupling strength g cor-
responds physically to the bare atom-molecule coupling
dressed with ladder diagrams to take into account all
two-body processes. According to this renormalization
procedure, the parameters g and ��B� of the effective
atom-molecule theory can be expressed solely in terms
of the experimentally known location of the Feshbach
resonance B0, its width 
B, the associated magnetic mo-
ment difference 
�mag, and the nonresonant scattering

length abg. In detail we have g � �h
������������������������������������������
4	abg 
B
�mag=m

q
and ��B� � 
�mag�B� B0� [19].
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condensation of the molecules, we consider a positive
detuning that is larger than twice the chemical potential
� of the atoms. In this case no stable molecular state
exists, and the molecule always has a short lifetime
because it can decay into two free atoms. This finite
lifetime is incorporated by the imaginary part of the
molecular self-energy as we show next.

Spectral weight function.—Because we are mostly
interested in the density of states of the molecules, we
focus here on the spectral properties of the molecu-
lar Green’s function and, in particular, how they are
affected by the presence of the Fermi sea of atoms.
According to quantum many-body theory, the molecu-
lar density of states is related to the spectral func-
tion �m�q; !�, which is found from the retarded Green’s
function or propagator by means of �m�q; !� �
�Im	G�
�

m �q; !��=	 �h and obeys the sum ruleR
1
�1 d� �h!� �m�q; !� � 1. The exact molecular retarded
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propagator is G�
�
m �q;!� � �h=	�h!
 2����B�� �q=2�

�h��
�
m �q;!��, where �q � �h2q2=2m and �h��
�

m �q; !� is the
exact retarded self-energy. The problem thus reduces to
the evaluation of the self-energy of the molecule. In the
presence of a degenerate Fermi gas at temperatures far
below the Fermi temperature, a zero-temperature ap-
proximation to the Fermi gas can be adopted. For the
low-energy Kondo physics of interest to us, the energy
dependence of the coupling constant g can be neglected
as well. Moreover, we have checked that, within the
weak-coupling limit of the Kondo effect that we only
consider here, it is appropriate to consider the fermionic
propagators as free and neglect mean-field effects due to
interactions between the fermions in different spin states.
In the ladder approximation the self-energy is determined
by a Feynman diagram that physically describes the
process of a molecule decaying into two atoms and sub-
sequently recombining into a molecule again. Summing
over all ladder diagrams ultimately yields
�h��
�
m �q; !� � � �i
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where � � g2m3=2=4	 �h3.
The bosonic spectral function for two different values

of the detuning ��B� is shown in the insets of Fig. 1. In the
upper inset the detuning is much larger than the Fermi
energy, or more precisely � � �

�������
2�

p
. In that case there is

essentially no Kondo effect, and the spectral function
shows just a single broad peak centered around the detun-
ing. This is the expected situation for a single molecular
state with a finite lifetime. In the lower inset the detuning
is much closer to twice the Fermi energy and, apart
from the broad feature around the detuning, the spectral
density now also shows slightly above and below zero
frequency two sharp peaks. This is the Kondo effect.
Physically these two sharp peaks are a pure many-body
effect due to a logarithmic singularity in the self-energy
that is induced by the Fermi surface. They signal the
formation of a molecular resonance that contains a
quantum-mechanical entanglement between the bosonic
molecule and the free fermions. The situation is reminis-
cent of the Anderson model for a quantum dot, with a
localized electron level located just below the Fermi
energy of the leads. In that model the on site Coulomb
repulsion on the quantum dot removes the symmetry be-
tween scattering to and from the dot and leads to a loga-
rithmic singularity in the self-energy. In our case no
Coulomb blockade is required and the formation of the
Kondo resonance is the result of the fact that the molecule
consists of two atoms. If a molecule breaks apart, it adds
two particles to the Fermi sea. As a result our Hamil-
tonian is not quadratic in creation and annihilation opera-
tors and contains much more physics than the Anderson
model without on site Coulomb interaction, i.e., the Fano-
Anderson model which has no Kondo resonance. The role
of the localized fermion is now played by the bosonic
molecular state above the two-particle Fermi surface, and
the Kondo resonance appears slightly above twice the
Fermi energy because otherwise the equilibrium situation
would be a Bose-Einstein condensate of molecules.

In the weak-coupling limit the resonant molecular
state with zero momentum has exactly the same form as
the wave function underlying the Kondo effect in the
Anderson model. In the latter case we have [20]
j�K;�i �
����
Z

p
fy�j�Fi 


X
jkj>kF

ukc
y
k;�j�Fi 


X
jkj<kF

vkf
y
�f

y
��ck;��j�Fi; (2)

where j�Fi is the filled Fermi sphere, kF is the Fermi momentum, and cyk;� and fy� are the creation operators for the
conduction electrons and the electrons on the dot, respectively. The only difference with the Anderson model is that in
our situation fermions are created above and below the Fermi sea in pairs. Hence we have
140402-2
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FIG. 2. Fraction of molecules in the gas as a function of
temperature. The solid line shows the result for the parameter
��B�=�

�������
2�

p
� 5=

���
2

p
and

�������
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���
2

p
. The dashed line

shows the maximum number of molecules that can be achieved
without many-body effects. In the inset the fraction of mole-
cules at zero temperature is plotted as a function of the detun-
ing for two different values of the chemical potential. The solid
and the dashed lines show the result when
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FIG. 1. The phase diagram for the bosonic Kondo effect.
Above the solid line the Kondo effect is for all practical
purposes invisible, whereas below this line there appears a
Kondo resonance in the molecular spectral function. The
dashed line found from kBTK � 2� marks the crossover to
the strong-coupling regime. In the insets we show the zero-
momentum molecular spectral function in units of 1=�2 and as
a function of frequency, for two different values of the parame-
ters ��B�=�
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j�Ki �
����
Z

p
by0 j�Fi 


X
jkj>kF

ukc
y
k;"c

y
�k;#j�Fi



X

jkj<kF

vkb
y
0b

y
0ck;"c�k;#j�Fi; (3)

where by0 and cyk;� are our bosonic and fermionic creation
operators. In the two-atom limit, where the Fermi sea
j�Fi becomes the vacuum state and no Kondo effect is
present, the hole amplitude vk vanishes and the molecular
wave function has only contributions from the bare mo-
lecular state, with amplitude

����
Z

p
, and from the two-atom

continuum, with particle amplitudes uk. This wave func-
tion indeed describes exactly the dressed molecule of the
Feshbach resonance that exists for negative detuning.
When the Fermi surface is present, pairs of fermionic
atoms with opposite spin tunnel back and forth from the
Fermi sea into the molecular state. The coherent addition
of many of such events produces the Kondo effect. It is
important to realize that because the molecules are bo-
sons, the negative peak below the Fermi energy and the
positive peak above the Fermi energy are both physically
associated with the same molecular state. The presence of
140402-3
the negative peak just indicates that molecular states are
populated even at zero temperature.

Kondo temperature.—The energy of the Kondo reso-
nance is equal to kBTK, where TK is the so-called Kondo
temperature. This temperature plays an important role
because in the Kondo regime it is possible to express all
the temperature effects as universal functions of T=TK.
Moreover, it is the temperature to which the Fermi gas
needs to be cooled experimentally to observe the Kondo
effect. In the weak-coupling limit it is given by TK �
8�
e2kB

e�	=2��
�����
2�

p
=��e��	=2�	��B�=�

�����
2�

p
� . This nonperturbative

result is, apart from the prefactor, identical to the Kondo
temperature of the Anderson model in the weak-coupling
limit that is given by TK / ��=kB�e

��=g2N�0�, where � is
the energy difference between the state on the quantum
dot and the Fermi level, g is the hopping parameter
between the conduction electrons and the dot, and N�0�
is the density of states at the Fermi level.

The Kondo temperature makes it possible to classify
two different limits. When kBTK � 2�, the system is in
the weak-coupling regime. Otherwise we are dealing
with a strong-coupling situation. The dashed line in the
phase diagram shown in Fig. 1 marks this separation in
the parameter space. The theory presented here allows for
a full description of the weak-coupling limit, while for a
strong-coupling treatment an improved approximation in
the calculation of the molecular self-energy is needed. In
particular, it will be necessary to consider the resonant
interactions between the fermions, which lead to the
creation of particle-hole pairs in the Fermi sea.
140402-3
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Experimental signature.—In order to observe the
Kondo effect, its associated resonance must contain suf-
ficient spectral weight. Using that the integrated weight
of the Kondo peaks in the spectral function is propor-
tional to kBTK=�

�������
2�

p
, the solid line in Fig. 1 gives a

quantitative estimate of the lower limit for the visibility
of the effect. Using typical parameters of 6Li and 40K, we
have checked that the Kondo regime is indeed experimen-
tally accessible. The direct experimental measurement of
this Kondo effect can be accomplished by looking at the
enhancement in the density of molecules even for rela-
tively large detuning. For example, the recently devel-
oped spectroscopic method for sensitive detection of
molecules in cold atomic gases could be used for this
purpose [21]. Note that this method indeed measures the
density of (bare) molecules because the different spin
state of the closed channel of the Feshbach problem
provides a selection rule for the optical transition used
in this experiment. Also, the projection technique intro-
duced by Regal et al. [22] is a method to determine the
(bare) molecule content of the gas.

The influence of the Kondo effect on the total number
of molecules in the gas can be easily calculated. At
temperatures T � �=kB, it is consistent to calculate the
total density of the bosonic molecules in the gas by multi-
plying the zero-temperature molecular spectral function
with the Bose distribution function N�x� � 	ex � 1��1

and integrating over all momenta and frequencies, i.e.,
nB�T� �

R

1
�1 d� �h!�

R
	dq=�2	�3� �m�q; !�N� �h!=kBT�:

At zero temperature and without many-body effects, the
number of molecules is exactly zero because the detuning
is larger than the Fermi energy. When the Kondo reso-
nance is included, even at zero temperature a nonzero
number of molecules is obtained. The inset of Fig. 2 shows
the molecular fraction in the gas at zero temperature for
different values of the detuning. The thermal effects on
the number of molecules are also shown in Fig. 2. Notice
the enormous enhancement in the number of molecules
due to the Kondo effect. It is also interesting to observe
that without the many-body effects the maximum number
of molecules goes to zero as T3, whereas with the Kondo
effect it saturates to a nonzero constant only as T2. Since
our calculations are valid within the weak-coupling limit,
results are shown only for this regime.

It is important to realize that the Kondo temperature
found above is always larger than the critical temperature
of the Bose-Einstein condensation of Cooper pairs and,
therefore, more easy to obtain experimentally. In the
weak-coupling limit this critical temperature is known
in terms of the s-wave scattering length a�B� [15] as
TBCS � �8e#�2�=	kB�e

	=2kFa�B�, where # is Euler’s con-
stant. Using the fact that the resonant part of this scatter-
ing length is given by �g2m=4	 �h2��B� allows us to
express the Kondo temperature in terms of the BCS
critical temperature as TK � 	e�	=2��

�����
2�

p
=���# TBCS,

which is indeed always larger than the BCS critical
140402-4
temperature. Nevertheless, it must be pointed out that
since only the parameters of the resonant part of the
interaction play a role for the Kondo effect, TK is physi-
cally quite distinct from TBCS. In particular, we can have
the situation of a positive total scattering length with no
Cooper pairing at any temperature but with the Kondo
effect still present.
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Magalhães, S. J. J. M. F. Kokkelmans, G.V. Shlyapnikov,
and C. Salomon, Phys. Rev. Lett. 91, 020402 (2003).

[12] W. C. Stwalley, Phys. Rev. Lett. 37, 1628 (1976).
[13] E. Tiesinga, B. J. Verhaar, and H. T. C. Stoof, Phys. Rev. A

47, 4114 (1993).
[14] S. Inouye, M. R. Andrews, J. Stenger, H. J. Miesner, D. M.

Stamper-Kurn, and W. Ketterle, Nature (London) 392,
151 (1998).

[15] H.T. C. Stoof, M. Houbiers, C. A. Sackett, and R. G.
Hulet, Phys. Rev. Lett. 76, 10 (1996).

[16] M. Holland, S. J. J. M. F. Kokkelmans, M. L. Chiofalo,
and R. Walser, Phys. Rev. Lett. 87, 120406 (2001).

[17] Y. Ohashi and A. Griffin, Phys. Rev. Lett. 89, 130402
(2002); Phys. Rev. A 67, 033603 (2003).

[18] E. A. Donley, N. R. Claussen, S. T. Thompson, and C. E.
Wieman, Nature (London) 417, 529 (2002).

[19] R. A. Duine and H.T. C. Stoof, J. Opt. B 5, S212 (2003);
cond-mat/0312254.

[20] G. D. Mahan, Many Particle Physics (Plenum, New York,
1990).

[21] C. Chin, A. J. Kerman, V. Vuletic, and S. Chu, Phys. Rev.
Lett. 90, 033201 (2003).

[22] C. A. Regal, M. Greiner, and D. S. Jin, Phys. Rev. Lett. 92,
040403 (2004).
140402-4


