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We prove that for every Bell’s inequality, including those which are not yet known, there always
exists a communication complexity problem, for which a protocol assisted by states which violate the
inequality is more efficient than any classical protocol. Violation of Bell’s inequalities is the necessary
and sufficient condition for quantum protocol to beat the classical ones.
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Entanglement is the essential feature which distin-
guishes the quantum from the classical [1]. On one
hand, entangled states violate Bell inequalities, and thus
rule out local realistic explanation of quantum mechanics
[2]. On the other hand, they enable one to perform certain
communication and computation tasks with efficiency not
achievable by the laws of classical physics [3].

Communication complexity studies the amount of in-
formation that participants of a distributed system need to
exchange in order to perform a certain task [4]. Consider
two separated parties, Alice and Bob. She receives a data
input x and he an input y. They do not know the data of
the partner. The goal is for both of them to determine the
value of a certain function f(x, y). Before they start the
protocol, they are allowed to share classically correlated
random strings or any other local data, which may im-
prove the success of the protocol. The obvious method to
achieve the goal is that Alice communicates x to Bob, he
computes the function f(x, y), and communicates its value
back to Alice. It is the topic of communication complexity
to address questions such as: Could there be more com-
munication efficient solutions for some functions? What
are these functions?

This abstract problem has practical relevance for opti-
mization of distributed computation and computer net-
works. In very large circuit integrated chips, for example,
one wants to minimize energy use by decreasing the
number of electric signals required between the different
components during a distributed computation. For a sur-
vey of applications, see Ref. [5].

Generally, one can distinguish two types of communi-
cation complexity problems (CCPs), related to the follow-
ing two questions: (i) What is the minimal amount of
communication required for the parties all to determine
the value of the function with certainty? (ii) What is the
highest possible probability for the parties to arrive at the
correct value of the function if only a restricted amount
of communication is allowed? Here we consider the sec-
ond class of problems. In this case, the correct value of
the function does not have to be obtained with certainty;
an error is allowed. The parties try to compute the func-
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tion correctly with as high probability as possible. An
execution is considered successful if the value given by
all parties is correct.

From the perspective of quantum information the ques-
tion is: Are there communication complexity tasks such
that the parties can increase the success rate of solving
the problem if they share prior entanglement, rather than
classically correlated random strings [6—10]? Cleve and
Buhrman [6] showed that entanglement can indeed be
used to save on classical communication. In Ref. [7] is
presented a two-party CCP that can be solved with a
higher probability of success than classically if prior
shared entanglement is available. The quantum protocol
is based on the violation of Clauser-Horne-Shimony-Holt
(CHSH) [11] inequality by the maximally entangled state.
Similarly, the quantum protocols of multiparty problems
of Refs. [7,8,12] were based on the Greenberger-Horne-
Zeilinger (GHZ) [13] argument against local realism.

The question is which general states can lead to higher
than classical probability of success. Here we will show
that the necessary and sufficient condition for the quan-
tum protocols of Refs. [6—8,12] to have a higher success
rate than any classical protocol is that the state violates a
Bell inequality. This is based on the observation that the
quantum protocol can be seen as a modified test of Bell’s
inequality. The questions arise: Is this a general feature of
all Bell’s inequalities? Can one paraphrase every Bell’s
inequality in the context of CCPs?

The answers we give are positive: For every Bell’s
inequality, including those which are not known yet,
there always exists a CCP, for which the protocol assisted
by states which violate the inequality is more efficient
than any classical protocol. As an explicit example, we
will use the complete set of 22" of n-qubit Bell’s inequal-
ities for correlation functions [14,15]. This includes the
specific multiparty problems of Ref. [6—8,12] as special
cases.

One might object that the CCPs considered here are
(artificially) adapted to Bell’s inequality. This is true but
unimportant for two reasons: (i) Typical functions in the
problems are related to such as sine and cosine which are
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by no means artificial. (ii) From the quantum information
perspective, we are interested only in CCPs for which
quantum solution can have an advantage over the classi-
cal one. We show that, within the class considered, apart
from the problems which are adapted to Bell’s inequal-
ities, there are no other such problems.

The two-party CCP of Ref. [7] is as follows. Alice
receives a two-bit string z; = (y;, x;) and Bob a two-bit
string z, = (5, x,), where y, y, € {—1, 1} and x;, x, €
{0, 1}. Their common goal is to compute the function (a
reformulation of the original function of Ref. [7]),

flz1, z2) = yiya(= 1)1, (1)

with as high a probability as possible, while exchanging
altogether only two bits of information. All input strings
are distributed with equal probability.

We will show that the quantum solution of this problem
will have a higher success rate than the classical one if
and only if one uses entangled states that violate the
CHSH inequality.

We first present a class of classical protocols (which we
prove to be optimal in the appendix). Alice calculates
locally any function a(x;, A,) and Bob calculates locally
any function b(x,, Ag). Here A4 and Ag are any other
parameters on which their functions a and » may depend.
They, e.g., may include random strings of numbers,
shared by Alice and Bob before they start the protocol.
Alice sends e, = ay; to Bob and Bob sends ep = by, to
Alice. Upon the receipt of e, and ey, they both give e,ep
for the value of the function f.

Before showing the maximal probability of success in
this protocol, we introduce its quantum competitor.
Suppose Alice and Bob share a pair of entangled qubits.
If Alice receives x; = 0, she will measure a two-valued
observable A, on her qubit. For x; = 1, she will measure a
different observable A;. Bob follows the same protocol. If
he receives x, = 0, he will measure observable B on his
qubit. For x, = 1, he will measure a different observable
B,. We ascribe to the two outcomes of the measurements
the values *1. The value obtained by Alice in the given
measurement will be denoted by a, whereas the one of
Bob’s by b (a and b play the similar role as in the classical
protocol). Alice sends bit ¢, = y;a to Bob, and Bob sends
bit ez = y,b to Alice. Finally, they both put e,ep for the
value of the function.

In both the classical and the quantum protocols, the
task is to maximize the probability P for the product ab
to be equal to (—1)*2. In the quantum case, this proba-
bility is given by

P = %[PAOBO(ab = 1) + PAOBl(ab = 1) + PAIBO(ab = l)
+ Py p,(ab = —1)], ()

where, e.g., Py p,(ab =1) is the probability that the
product ab is equal to one if Alice measures A, and

127901-2

Bob measures Bj. Recall that all four possible input
combinations occur with the same probability 1/4.

It is crucial to notice that the classical protocols intro-
duced above can be considered as local realistic models of
the quantum protocol (A are local hidden variables). Thus,
the success probability P, in the classical case is also
given by Eq. (2). However, there exists a local realistic
bound for P.. Indeed 4P = 3 is a version of the CHSH
inequality [11]. Thus, P, is bounded by 0.75. The quan-
tum protocol will have higher success rate P, than the
classical one P, if, and only if, the two-qubit state
violates the CHSH inequality. With the use of a maxi-
mally entangled state, one has P, =~ 0.85 [7].

Therefore, Bell’s theorem provides an efficient solution
of CCP of Ref. [7]. We now generalize this to an arbitrary
number of parties and to various functions.

Consider n separated parties and any Bell inequality
for correlation functions

1

Z glxy, ..

Here g is a real function, B(n) is a bound imposed by local
realism, and E(x,,..., x,) denotes the correlation func-
tion E(O,‘Cl,..., 0} ), for measurements on n particles.
The party i can measure one of the two dichotomic
observables O} and O!, each of spectrum *1.

Denote the outcome of the measurement obtained by
party i by a;. The correlation function is given by
E(xl, ..
where P, . ([];a; = =1) is the probability that the
product of local measurement results [[;a; = *1 if the
parties measure observables O}Cl, ..., 0% . It can be ex-
pressed as

E(xy, .. x,) = S[g][szl,...,xn(lj[ai - S[g])—l} )

L X)E(x, ..., x,) = B(n). 3)

where we introduce the sign function S[g] = g/lg| = =1
of the function g. Using Eq. (4), one can easily show that
the general Bell inequality (3) can be rewritten as

1 B(n)
(x, ..., x,)P, x< a; =S )S—+ ,
XIZ‘XHQ 1 LreeorXp H [g] 2 22 |g|
®)
where Q is a probability distribution defined by
lg(xy, ..., x,)l
Q(xl"'wxn) = 1 g ] . (6)
it =0 lg(xy, ..., x,)l

As we will see below, the left-hand side of inequality (5)
will be equal to the probability of success in a class of
CCPs adapted to the Bell inequality, whereas the right-
hand side of inequality (5) will define its classical limit.

The class of our CCPs is as follows: (i) There are n
parties. The ith party receives a two-bit input string
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(x;, ¥;). (For convenience the values of the bits are
encoded as follows: x; =0 or 1, and y; = —1 or 1). (ii)
The values of y; are distributed randomly, whereas those
of x; in accordance with a probability distribution
Q(xy, ..., x,). Thus, the inputs xi, ..., x, can in general
be (classically) correlated. (iii) After receiving the input
strings, each party is allowed to broadcast only one bit of
information (denoted as ¢;). It may reveal, e.g., a part
of the received string, or some locally produced result
of computation or measurement. (iv) Finally, each
party attempts to give a value for the function
flxy, oo, X Vb -+ yu) = 1, given by

X)) )

The execution of the protocol is successful when all
parties arrive at the correct value of f. Their joint task
is to maximize the probability of success. Various prob-
lems considered in Refs. [6-9,12] are particular cases
from our class of problems with specific numbers n of
parties and function g.

The optimal class of classical protocols (see appendix
for the proof of optimality) is a generalization of the one
discussed previously for the two-party problem. The
party i calculates locally any function a;(x;, A;), where
A; (i=1,...,n) again is a random string of variables
shared among the parties before they start the protocol.
Next, she/he broadcasts e; = a;y;. After the broadcast, all
parties put as the value of f the number [];e; = [],v;a;
which is equal to the actual value of function f in a
certain fraction of cases (see below).

Let us introduce a quantum competitor to the class of
classical protocols considered above. The parties share n
entangled qubits. Each of them can perform measure-
ments of a two-valued observable on the local qubit.
The quantum protocol reads (Fig. 1): If party i receives
x; = 0, she will measure observable O} on her qubit. For
x; = 1 she measures a different observable O’ . The value
obtained by party i is denoted again by a;. The party

=y vaSlg(xy, x, ..

ofi v, yiai

X, Xi

Tel o —1 [l
29| L/ \ | e

a, a;

Source

10| = =1 [1®
1M1® \ / 10 |D

a, an
C:]:'Jy131 Ynanlzbﬂ

FIG. 1. Multiparty quantum communication complexity pro-
tocol based on Bell’s experiment with n qubits. Party i receives
a two-bit input string (x;, y;). Depending on the value of x;,
party i chooses to measure one of the two dichotomic observ-
ables O} or O}. The measurement result obtained by party i is
a; = *1. Each party broadcasts ¢; = y;a;.
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broadcasts ¢; = a;y;. Finally, all parties put as the value
of f the number [];e; = [],via;-

The probability of success in both the classical and the
quantum protocols is equal to the probability P for the
product [ ];a; to be equal to S[g]. Thus, in both cases it can
be expressed by the left-hand side of inequality (5), i.e.,
P = Z.xl,.‘.,x,,Q(xl’ .

The classical protocols are again equivalent to local
realistic models of the quantum protocol because the A
can be considered as local hidden variables. The proba-
bility of success in classical protocols is bounded by the
inequality (5). In the quantum protocol, however, this
limit can be exceeded. This will be the case if, and only
if, the n-qubit state violates Bell’s inequality.

Let us show some examples. The set of 22" Bell’s
inequalities of the form (3) was obtained in
Refs. [14,15]. There the class of functions g is given by
gy, x) =0 1 S(sy,...,8,)s)" sy, where
S(sp,...,s,) ==*1 is a sign function and the bound
B(n) = 2". There are 2%" different sign functions and,
thus, 2" different functions g. Below, we give two ex-
plicit functions g from this class. We give only the final
results, as they follow from the general proof given above.

Consider Syqq = +2cos[(s; + - +s,) 7] for n odd
and  Seyen = cos[(s; + -+ +5,)F] for n even. This
implies goqq = v2"* ' cos[Z (x; + -+ - + x,)] for n odd,
whereas for n even one has geyen = \/7005[% () + -+
x,)]. The probability distribution Q(xy, ..., x,) is such
that only inputs x; which satisfy the condition that x; +
- -+ + x, is even are distributed (with equal probability).
This type of problem was first considered in Refs. [7,8].
The quantum protocol rests on the violation of the
Mermin inequality [16,17]. The maximal probability
of success in the classical protocol is PF** = %(1 +
1/v/2"71) for n odd, and PR =1(1 +1/v/2"72) for n
even. In the quantum case, with the use of n qubits in a
GHZ state, the task can be performed with certainty, i.e.,
Pré‘a" = 1. This contrasts both classical cases, where in the
limit n — o0 one has P& — 0.5, just as for a random
choice.

Next, suppose that the number n of parties is even
and consider S, = \/icos[% + (s; + -+ +s,) 7] This
implies  ghyen = V2" cos[Z(x; + -+ +x,) + 7. The
quantum protocol is now based on the violation of the
Ardehali inequality [18,17]. The maximal probability of
success in a classical protocol is PR = 1(1 + 1//2"),
whereas in the quantum protocol with the use of the GHZ
state this probability reads P§™ = ;1 +1/ \2). Thus, in
this case one does not have certainty. Nevertheless, be-
cause Bell’s inequality defined by gL,., is violated by the
GHZ states by a higher factor than the one defined by
Zeven» the quantum protocol is more resistant to noise
admixture to the GHZ states.

One can generalize our results to Bell’s inequalities
with higher-dimensional systems and more measurement
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settings. If the inputs x; have m possible values, then the
quantum protocol should be adapted such that each party
has a choice to measure between m measurement settings.
Similarly, if the inputs y; have d possible values and
function S[g] is replaced with one which has d possible
values, then the quantum protocol should be based on the
violation of Bell’s inequalities for d-dimensional quantum
systems [19]. Recently, one such protocol using entangled
qutrits was proposed [20].

One can extend the notion of contradiction with local
realism to include also the cases of violation of Bell’s
inequalities only after local operations and classical com-
munication (LOCC) [21]. However, the states which vio-
late Bell’s inequalities only after LOCC cannot give any
advantage over classical protocols in the class of CCPs
considered here. Simply, LOCC transformation requires
more communication than is permitted by the problems.
However, if one extends the class of the problems by
allowing more communication, such states could give
an advantage.

M. Z. is supported by the Professorial Subsidy of the
Foundation for Polish Science (FNP). The work is sup-
ported by the Austrian FWF Project No. F1506, and by
the European Commission, Contract No. IST-2001-38864
RAMBOQ, and is a part of the Austrian-Polish Program
“Quantum Communication and Quantum Information.”

Appendix.—Proof that the class of classical protocols
considered in the main text is the optimal one.

For convenience, redefine the bit values x; as %; =
(=1)*" = =1. In general, the bit ¢; = *1, broadcast by
the party i, is a function of both local inputs X; and y; and
has the general form

e(X;, y;) = a;(%;) + bi(%;)y;, (8)

where|a;(%;)| + |b;(x)| = 1,and |a;(%)I, |b;(%;)] = 0or 1.
One can introduce the ‘“answer” function, A, that
Alice (say, partner 1) can use to give her best choice
for the value of f. As the only data that she has are x;,
vy, and e,,...,e,, function A must be of the form
A%, v, e2(Z2, v2), . .., €,(%,, v,,)). Furthermore, as A is a
function of n + 1 bits, it can be decomposed as follows

n
~JjoJ1 Ji
S A By el ©
=2

Joseoin=0,1

A%y, y1, €9, ..., €,) =

where the expansion coefficients are given by

1 B PR
AJO]n = 2n+1 Z A(XI,...,en)x{Oyjll l_[e{l.
X1,y1,€2,me,=%1 i=2
(10)
Since the allowed values for A are =1, one has |A | =1.

Jo"""Jn
As a measure of fidelity of function A with respect to f,
we introduce their “weighted” scalar product
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(f’A)E Z 21_HQ(5‘:1>""il)f(jél’"'Jyn)A(il""’en);

leyl:"'vxnryn=il
(1D

where 1/2"Q(%,, ..., X,) is the probability of the given
sequence of inputs. The probability that Alice gives the
correct value of f is given by P = 3[1 + (f, A)]. Inserting
the values of e; as given by Eq. (8) into A and using
definition (7) for f, one obtains

1 n
S el > gE e &) Ao+ Ay &) [ ] bilx)
85, = i=2

(12)

for (f,A). Using Eq. (10), one can easily show that
|Agi...; + Ajp...1% | = 1. Thus, due to Bell’s inequality
(3), the maximal possible value of (f, A) is given by
B(n)/ > |gl. Finally, since the classical protocol in the
main text reaches this value for (f, A), it is optimal. QED
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