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Spectral Properties and Transport Mechanisms of Partially Chaotic Bounded Flows
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The spectral properties of the Poincaré operator associated with the advection-diffusion equation for
partially chaotic periodic flows defined in bounded domains are analyzed in this Letter. For vanishingly
small diffusivities (i.e., for the Peclet number tending to infinity) the dominant eigenvalue � exhibits
the scaling �� Pe��, where the exponent � 2 �0; 1� depends on the global property of the flow (shape,
geometry, and symmetry of quasiperiodic islands). The value of the exponent � is an indicator of
qualitatively different transport mechanisms and depends on the localization properties of the
corresponding eigenfunctions.
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this Letter is to provide a fairly comprehensive analysis of
the typical qualitative properties of dispersion and to

periodic functions in I . P admits the constant function
as a nondegenerate eigenfunction associated with the
The understanding of transport processes in chaotic
flows is a central issue in many fields of applied and
theoretical sciences [1]. By restricting our attention to
scalar fields and incompressible flows, the core of the
problem is the coupling between advection and diffusion,
described by the equation

@�
@t

� v � r� 	
1

Pe
r2�; (1)

where v is the velocity field (r � v 	 0) and Pe is the
Peclet number, representing the ratio of the characteristic
diffusion time scale to that of advection. The implications
of Eq. (1) go beyond fluid dynamics and mixing theory,
since (i) the advection-diffusion operator provides the
simplest example of linear non-self-adjoint operator,
ubiquitous in physical sciences, the qualitative properties
of which are not fully understood, (ii) Eq. (1) is one to
one with the evolution of dynamical systems driven by
noise, expressed as a Wiener process [2], and (iii) the
correspondence between Eq. (1) and the kinematic equa-
tions _xx 	 v�x; t� provides useful hints for approaching the
quantum-to-classical transition [3], by making use of
Wigner functions and the quantum Liouville equation,
and vice versa.

Results on the advection-diffusion dynamics have been
obtained by applying several different approaches [4–12].
These results refer to both bounded and unbounded flow
geometries, but significant physical and mathematical
differences occur between these situations.

Throughout this Letter, we focus exclusively on
bounded partially chaotic flows, which give rise in the
diffusionless Poincaré section to regions of quasiperiodic
motion intertwined by regions of chaotic kinematics. This
is the most suitable setting for analyzing the interplay
between stretching and folding, characterizing advection
and diffusion (i.e., the dispersion properties). The aim of
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highlight how these properties are related to different
transport mechanisms.

Owing to the linearity of Eq. (1), and to the bounded-
ness of the domain, spectral (i.e., eigenvalue or eigen-
function) analysis of the advection-diffusion operator (or
of the associated Poincaré operator in the case of time-
periodic flows) provides a complete characterization of
dispersion properties.

As a model of partially chaotic flows, the time-periodic
sine flow (TPSF), which has been widely referred to in
previous studies [13], is considered. The TPSF system is
defined as the periodic sequence of two steady sinusoidal
flows, v1�x� 	 �v1;x; v1;y� 	 � sin�2	y�; 0�, and v2�x� 	
�0; sin�2	x��, acting alternately for a time T=2 on points
x 	 �x; y� of the unit square I2 	 
0; 1� � 
0; 1� with
opposite edges identified. Figures 1(a)–1(d) show the
Poincaré section of the TPSF for several values of the
period T, corresponding to partially chaotic flows pos-
sessing different sizes and symmetries of the quasiperi-
odic islands.

By expanding the scalar field � with respect to the
eigenbasis of the Laplacian operator fe2	i�rx�sy�g1r;s	�1,
��x; t� 	

P
r;s�r;s�t�e

2	i�rx�sy�, the evolution equation for
the Fourier coefficients �r;s�t� reads

d�r;s

dt
	 �

4	2�r2 � s2�
Pe

�r;s � 	r��r;s�1 ��r;s�1�

(2)

for nT � t � �2n� 1�T=2, n 	 0; 1; . . . . The evolution
equation for the second half period is obtained by inter-
changing the subscripts r and s.

In the case of the TPSF, the Poincaré operator P map-
ping ��n��x� 	 ��x; nT� over a period T, ��n�1��x� 	
P 
��n��x�� is given by P 
�� 	 eL2T=2 � eL1T=2, where
Li 	 �vi�x� � r � Pe�1r2, i 	 1; 2. The operator P
acts on the functional space L2

per�I
2� of square-summable

2
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FIG. 1. First column: Poincaré section of the TPSF. (a) T 	
0:4; (b) T 	 0:56; (c) T 	 0:8; (d) T 	 1:18. Second column:
contour plot of the dominant eigenfunction. Dark and light
correspond to negative and positive values, respectively.
(e) T 	 0:4, Pe 	 105, N 	 150; (f) T 	 0:56, Pe 	 105, N 	
150; (g) T 	 0:8, Pe 	 4� 104, N 	 140; (h) T 	 1:18, Pe 	
4� 104, N 	 140. Third column: contour plot of the gradient
norm of the dominant eigenfunction. Dark and light corre-
spond to small and high values of jr��x�j, respectively.
(i) T 	 0:4, Pe 	 105, N 	 150; ( j) T 	 0:56; Pe 	 105, N 	
150; (k) T 	 0:8; Pe 	 4� 104, N 	 140; (l) T 	 1:18, Pe 	
4� 104, N 	 140.
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eigenvalue 1. In the analysis of homogenization and dis-
persion, P can be defined in the space _LL2

per�I� of the
functions belonging to L2

per�I� and possessing zero
mean, i.e.,

R
I2 ��x�dx 	 0. Obviously, _LL2

per�I� is an in-
variant subspace for P . Spectral analysis of the Poincaré
operator is performed by considering its truncation PN
over the finite-dimensional subspace LN spanned by
fe2	i�rx�sy�gNr;s	�N . The generalized eigenspectrum of PN
forms a basis for LN , and the operator P is compact.
Owing to the compactness of P , the eigenvalues f�kg of
P can be ordered in a nonincreasing way, with respect to
their moduli. The greatest eigenvalue, say �1, dominates
the exponential scaling of the norm of ��x; t�, starting
from generic initial conditions. In a time-continuous
frame we refer to the dominant eigenvalue �, defined
as � 	 � logj�1j=T. This means that for generic initial
114101-2
conditions, the square-integral norm of ��x; t� scales as
k�kL2�t� � exp���t� for t! 1.

The eigenvalue or eigenfunction spectrum of PN is
obtained by applying the QZ algorithm, and the power
method in the case of real dominant eigenvalues. The
truncation order N is chosen, case by case, so as to ensure
the accuracy of the corresponding eigenvalues or eigen-
functions. While for Pe 	 103, N 	 60–70 is fully suffi-
cient, the truncation order N should be larger for higher
values of Pe, up to N 	 150 (corresponding to 1502

Fourier modes) for Pe 	 105.
Let us now consider the physical properties of disper-

sion, by analyzing the spectral structure of the Poincaré
operator. A first qualitative property of partially chaotic
flows is that the eigenvalue spectrum can be partitioned
into several distinct subsets (branches) each of which
being characterized by a different scaling behavior of
the eigenvalues with the Peclet number. More specifically,
two eigenvalue branches exist which are referred to as the
C(for cosine) and the S branch (for sine). Their respective
eigenfunctions  r;s are characterized by the property
Im
 r;s� 	 0 for the C branch and Re
 r;s� 	 0 for the
S branch. This naturally follows from the fact that the
coefficient matrix for the Fourier coefficients [see Eq. (2)]
possesses real entries. The two spectral branches are
shown in Figs. 2(b) and 2(b) for the TPSF at T 	 0:4
and T 	 0:8, respectively. In these figures �n 	
� logj�nj=T. The dominant eigenvalue of each branch
follows a power-law scaling with the Peclet number

�n � Pe��; (3)

and the exponents characterizing the C and the S branch
are in general different. When T 	 0:4, the dominant
eigenvalue belongs to the C branch, is real, and follows
a diffusional scaling �n � Pe�1, while the dominant ei-
genvalue of the S branch is complex and behaves as �n �
Pe�1=2. The latter scaling (i.e., � 	 1=2) also character-
izes the behavior of autonomous flows: it has been justi-
fied in [14] and named by Fannjiang and Papanicolau [12]
convection-enhanced diffusion. For T 	 0:8 [Fig. 2(b)],
the dominant eigenvalue in the range Pe 2 �102; 105�
belongs to the C branch and follows Eq. (3) with � 	
0:745. Conversely, the S branch possesses a dominant
eigenvalue that scales diffusively (i.e., � 	 1). However,
as can be extrapolated from the data depicted in Fig. 2(b),
for larger Peclet values (Pe > 106) a crossing between
the two eigenvalue branches will occur, and for such
high Peclet values the dominant eigenvalue will eventu-
ally scale diffusively. A comprehensive review of the
dominant-eigenvalue scaling for the TPSF is depicted in
Fig. 3, for several values of T in the range �0:4; 2:0�.While
the power-law scaling Eq. (3) is always fulfilled, the value
of the exponent � depends on the flow protocol. The case
� 	 0 occurs for T 	 1:6 (curve e) and characterizes
globally chaotic conditions, as discussed in [11]. For T 	
0:56 [curve b; see also Fig. 1(b)] � 	 0:865, while the
case T 	 1:18 [curve d; see also Fig. 1(d)] shows the value
114101-2



FIG. 2. (a) Dominant eigenvalues of the C and S branch vs Pe
at T 	 0:4. Dots (�) refer to the C branch: the first, second, and
third eigenvalues (see the arrow) are depicted. Dots (�) refer to
the S branch. Curve (a) represents �n	4	2=Pe, curve (b) �n	
A=

������
Pe

p
. (b) Dominant eigenvalues for the two spectral branches

(C and S) at T 	 0:8 vs Pe. The solid lines represent the
scalings �n � Pe�� (C branch) with � 	 0:745, and �n 	
�1=Pe (S branch), respectively. (c) Reaction interface length
L0�t� vs time t of the solution ��x; t� of Eq. (1) at T 	 0:4, Pe 	
5� 103, starting from ��x; 0� 	 cos�2	x� (label C), and from
��x; 0� 	 sin�2	x� (label S). (d) Length Lr0 of the zero-level
set of the gradient norm G�x� 	 jr �x�j � hjr �x�ji of the
dominant eigenfunction vs t=T for T 	 0:8. The C bundle refers
to the C branch, the S bundle to the S branch. The arrows
indicate increasing values of Pe 	 5� 103, 104, 4� 104.
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� 	 0:55. An interesting case occurs for T 	 2:0. The
Poincaré section of the stroboscopic kinematics is seem-
ingly globally chaotic. A more accurate analysis reveals
the existence of small islands that include the two elliptic
points located at �1=4; 1=4� and �3=4; 3=4�. The scaling of
the dominant eigenvalue of the advection-diffusion
Poincaré operator is very sensitive to the lack of globally
chaotic conditions and is characterized by the value � 	
0:37, which is different from the value � 	 0 obtained for
global chaos. The exponent � is not a monotonic function
FIG. 3. Dominant eigenvalue � vs Pe for the TPSF system.
The dominant eigenvalue follows the scaling Eq. (3). (a) T 	
0:4, � 	 1:0; (b) T 	 0:56, � 	 0:865; (c) T 	 0:8, � 	 0:745;
(d) T	1:18, � 	 0:55; (e) T 	 1:6, � 	 0:0; (f) T 	 2:0,
� 	 0:37.
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of T. For example, at T 	 0:8, the dominant exponent for
large Pe becomes � 	 1. Spectral results indicate that the
exponent � may be different from 1 for arbitrarily large
Pe values. A typical case is represented by T 	 1:18 for
which both the C and the S branches follow an identical
power-law scaling, characterized by the exponent � 	
0:55. The differences between the dominant solutions of
the two branches are related to the symmetries of the
corresponding eigenfunctions. The values of the exponent
� reported above refer to the asymptotic scaling of the
dominant eigenvalue for large Pe. The departure from the
diffusive scaling � 	 1 is the fingerprint of an emerging
and effective, if nontrivial, coupling between advection
and diffusion.

An open question is what determines the occurrence of
multiple spectral branches and the values of �. The
‘‘multibranch’’ phenomenon occurs for partially chaotic
flows and for two-dimensional autonomous flows [11] but
is absent in pure diffusion in the presence of a constant
velocity field, and for globally chaotic flows [11]. It is
reasonable to argue that the presence of multiple spectral
branches is a consequence of the lack of global ergodicity
in the kinematic equations of motions _xx 	 v�x; t�. In fact,
autonomous and partially chaotic flows are not globally
ergodic (since the invariant Lebesgue measure on I2 is
not ergodic), while globally chaotic flows possess this
property.

It is more difficult to give a simple and intuitive answer
for the factors determining the values of the exponent �.
A definitive answer can be obtained for simple two-
dimensional autonomous flows v�x� 	 
0; vy�x��, such as
the autonomous sine flow (and extended qualitatively to
generic two-dimensional autonomous flows in bounded
domains). For these flows, the value � 	 1=2 is the con-
sequence of the local quadratic behavior of the velocity
vy�x� near the local maxima or minima [15]. For par-
tially chaotic flows, we may argue that the values of � are
determined by the global dynamic properties (expressed
by structure of the kinematic Poincaré section). This
observation is suggested by the structure of the eigen-
functions, which closely mimic the kinematic Poincaré
sections for Pe ! 1. This observation can be looked at
the other way around: the spectral analysis of the linear
advection-diffusion equation (1) for Pe ! 1 may be an
alternative way for addressing global dynamic properties
of the finite-dimensional nonintegrable nonlinear system
_xx 	 v�x; t� (such as the occurrence of quasiperiodic or
chaotic regions) without performing explicit numerical
simulations of it.

The different values of the scaling exponent � are
indicative of the occurrence of different transport mecha-
nisms. In general, the dominant eigenfunction in par-
tially chaotic flows is ‘‘localized’’ for large Pe within
the quasiperiodic islands; see Figs. 1(e)–1(h). This is par-
ticularly evident from the contour plot of the dominant
eigenfunction at T 	 0:56, Pe 	 105 [Fig. 1(f)], which is
closely similar to the archipelagolike structure of smaller
114101-3



FIG. 4. Zero-level set for the rescaled gradient norm G�x�
associated with the dominant eigenfunctions of the TPSF at
T 	 0:8, Pe 	 104 (N 	 80). (a) C branch. (b) S branch.
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islets, characterizing the Poincaré section of this flow
[Fig. 1(b)]. However, a strict eigenfunction localization
within the quasiperiodic islands occurs exclusively in the
cases in which the eigenvalue branch follows a diffu-
sional scaling (i.e., � 	 1). In this case, the influence of
chaotic advection is negligible, and for Pe ! 1, the sup-
port of the eigenfunctions approaches the structure of
the quasiperiodic islands. This phenomenon occurs for
the dominant-eigenvalue branch at T 	 0:4 and for the
S branch at T 	 0:8 and can be fully appreciated by
considering other geometric indicators. Figure 2 shows
the length L0�t� of the reaction interface [10], i.e., the
zero-level set of the function ��x; t� solution of Eq. (1),
for T 	 0:4, Pe 	 5� 103 for two different initial con-
ditions: a cosine function (exciting the C branch) and a
sine function (exciting the S branch). For the C-branch
solution, approaching the dominant diffusive eigenfunc-
tion, the reaction interface saturates asymptotically to-
wards a constant low value which for Pe ! 1 converges
towards the perimeter length of the separatrices of the
two main quasiperiodic islands. An analogous feature can
be observed in Fig. 2(d), which depicts for T 	 0:8 the
length Lr0 of the zero-level set of the rescaled gradient
norm G�x� 	 jr �x�j � hjr ji, �hjr ji 	

R
I2
�@x �2 �

�@y �2�1=2dx of the dominant eigenfunctions of the two
branches. For the diffusional branch (S branch), the
length Lr0 does not practically change with Pe, since
the zero-level set ofG�x� approaches the external perime-
ter of the quasiperiodic islands [Fig. 4(b)]. Conversely,
Lr0 grows monotonically with Pe for the C branch. This
implies that the latter case is characterized by a geomet-
rically convoluted boundary layer, deeply located within
the chaotic region, and whose perimeter length diverges
from Pe ! 1. The latter phenomenon is clearly evident
from the contour plots of the gradient norm jr j for T 	
0:56, 0.8, and 1.18 [Figs. 1(j)–1(l)], and for the zero-level
set of the eigenfunction [Fig. 4(a)] at T 	 0:8. The bound-
ary layer on which gradients are localized resembles a
system of flamelets penetrating the chaotic region. This
boundary layer is responsible for the occurrence of an
exponent � less than 1, and for this reason the transport
mechanism associated with this situation can be referred
to as interisland chaos-mediated diffusion: the concen-
tration field is mainly localized within the regular is-
lands, but homogeneization is controlled by the leaking
114101-4
of material entity from the islands into the chaotic region
and therein rapidly dispersed by chaotic advection.

The results obtained in this Letter can be summarized
as follows: (i) the occurrence of an exponent � less than 1,
and the spectral multibranch behavior in partial chaotic
flows seems to be a consequence of the lack of global
ergodicity, and depends upon the complex structure of
the kinematic Poincaré sections; (ii) spectral hetero-
geneity (occurrence of different eigenvalue branches) is
related to the coexistence of different transport mecha-
nisms (diffusional or chaos-mediated transport) within
one and the same flow; (iii) the localization properties of
the eigenfunctions depend on the transport mechanism:
in particular, diffusional (� 	 1) and chaos-mediated
eigenfunctions behave differently.
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