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We consider critical models in one dimension. We study the ground state in the thermodynamic limit
(infinite lattice). We are interested in an entropy of a subsystem. We calculate the entropy of a part of the
ground state from a space interval (0, x). At zero temperature it describes the entanglement of the part of
the ground state from this interval with the rest of the ground state. We obtain an explicit formula for the
entropy of the subsystem at any temperature. At zero temperature our formula reproduces a logarithmic
formula, discovered by Vidal, Latorre, Rico, and Kitaev for spin chains. We prove our formula by means
of conformal field theory and the second law of thermodynamics. Our formula is universal. We illustrate
it for a Bose gas with a delta interaction and for the Hubbard model.
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Conformal field theory [1,2] is useful for the descrip-
tion of the low temperature behavior of gapless models in
one space and one time dimensions. Critical models are
classified by a central charge ¢ of the corresponding
Virasoro algebra. A formal definition of the central
charge is given the Appendix. Roughly speaking, the
central charge counts the number of gapless degrees of
freedom. Conformal field theory is closely related to the
Luttinger liquid [3] approach. We are interested in the
specific entropy s (entropy per unit length). Let us start
with a specific heat C = Tds/dT. This low temperature
behavior was obtained in [4,5]:
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Here c is a central charge and v is Fermi velocity. We
put both Planck and Boltzmann constants equal to kp =
h = 1. Later in the paper we shall use

c
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We are more interested in the specific entropy s. We can
integrate the equation and fix the integration constant
from the third law of thermodynamics (s = 0 at T = 0).
For the specific entropy we have the same low tempera-
ture behavior:

as T—0. (D)
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For quantum spin chains, this formula agrees with [6].
To formulate the problem precisely, let us consider a
Bose gas with delta interaction. The Hamiltonian of the
model is

T — 0. 2)

H= f dx(oyt oy, + gyt wty) 3)

Here ¢ is a canonical Bose field and g > 0 is a coupling
constant. The model was solved in [7]. The physics of the
model is described in a book [8]. First, let us consider the
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model at zero temperature and in infinite volume. The
ground state is unique |gs). We consider the positive
density case. We are interested in the entropy S(x) of the
part of the gas present on the space interval (0, x).
Formally, we can define it by means of the density matrix

p = tr(lgs)gs). )

Here we traced out the “‘external” degrees of freedom:;
they describe the gas on the rest of the ground state: on the
unification of the intervals (—oo, 0) and (x, c0). The den-
sity matrix p describes gas on the interval (0, x). Now we
can calculate von Neumann entropy S(x) of the part of the
gas on the interval (0, x):

S(x) = —tr,plnp. (5)

Here we are taking the trace with respect to the degrees of
freedom representing the part of the gas on the interval
(0, x). In the major textbooks, it is shown that the laws of
thermodynamics can be derived from statistical mechan-
ics (see, for example, [9,10]). The second law of thermo-
dynamics states that the entropy is extensive parameter:
the entropy of a subsystem S(x) is proportional to the
system size x:

S(x) = sx at T > 0. (6)

Thermodynamics is applicable to the subsystem of
macroscopical size, meaning large x. Here the specific
entropy s depends on the temperature. For small tempera-
tures the dependence simplifies [see (2)]:

wTc 1
S(x) 3 " x>0 @)
Let us try to find out how S(x) depends on x for zero

temperature. It is some function of the size
Sx)=f(x) at T=0. )

Now let us apply the ideas of conformal field theory (see
[2,4,5] and also Chap. XVIII of [8]). We can arrive at
small temperatures from zero temperature by conformal
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mapping exp(27Tz/v). It maps the whole complex plane
of z without the origin to a strip of the width 1/T. This
replaces zero temperature by positive temperature 7. The
conformal mapping results in a replacement of variable x
by (v/#@T) sinh(77Tx/v). The entropy of the subsystem at
temperature 7 is given by the formula

T

S(x) = f(i smh[H D at T>0. (9
T v

In order to match this to formula (7), we have to consider

an asymptotic of large x. The formula simplifies:

S(x) = f< exp(@ ))

Here 7Txy/v = — In(v/27T).

Formulas (7) and (10) should coincide. Both represent
the entropy of the subsystem for small positive tempera-
tures. This provides an equation for f:

Tx — .  (10)

(en{e ) -

This formula describes the asymptotic for large x, so we
added —x, to the right-hand side. We are considering the
region x > 1/T and xy ~ In(1/T), so x > xy at T — 0. In
order to solve the equation for f, let us introduce a new
variable y = exp[7T(x — x)/v]. Then Eq. (11) reads

fly) = glny- (12)

(x—x). (D)

We found the function f in (8). Now we know that at zero
temperature the entropy of the gas containing on the
interval (0, x) is
S(x) = glnx as x— oo, (13)

Let us recall that for a Bose gas the central charge ¢ = 1
(see [8]). Our result agrees with the third law of thermo-
dynamics. The specific entropy is a limit of the ratio
S(x)/x as x — oo, The limit is zero.

Now we can go back to our formula (9) and substitute
the expression for f, which we found:

S(x) = §1n<% sinh[”TTx D (14)

This formula describes crossover between zero and large
temperature.

The proof presented here is universal. It is also appli-
cable to quantum spin chains; for example, to the XXZ
spin chain. The Hamiltonian of the model is

—Z{a‘ja‘j&rl + oo, + Adioi,, + 2hai).
J

s5)

It describes the interaction of spins 1/2. Here o are Pauli
matrices. The model can be described by a conformal field
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theory with the central charge ¢ = 1 in a disordered
regime: —1 =< A <1 and magnetic field & is smaller
than critical A, (see [8]). For a magnetic field larger
than critical, the ground state is ferromagnetic (all spins
are parallel). The ferromagnetic state does not have any
entropy or entanglement.

For the spin chains, the formula (13) was discovered in
[1,11]. Vidal, Latorre, Rico, and Kitaev emphasized the
role of the entropy of a subsystem in quantum computing.
The entropy of the subsystem S(x) describes the entan-
glement of the subsystem and the rest of the ground state.

The formula (13) describes the entropy of a large sub-
system x — 00 at zero temperature; the first correction to
this formula is a constant term:

X — 00,

S(x)=£lni as
3 Xo

The constant term defines the scale x,. It does not depend
on x, but it does depend on the magnetic field and anisot-
ropy. Reference [12] showed that the magnetic field in-
creases x and reduces the entanglement.

Thus far, we have discussed the entropy of entangle-
ment for critical models. For noncritical (gap-full) mod-
els, we expect that the asymptotic of S(x) will be a
constant, according to Ref. [1].

Hubbard model—The Hamiltonian for the Hubbard
model H can be represented as

_ t
H = _Z(Cj,gcjﬂ,zr + CJ+1 o ]0') + ”Z”JT”H

=1l

- hZ(nj,T —nj). (16)
j=1

Here c;r is a canonical Fermi operator on the lattice

(operator of creation of an electron) and n; , = c;r[,c o 18
an operator on the number of electrons in cite number j
with spin o. Summation in the Hamiltonian goes through
the whole infinite lattice. The coupling constant u > 0,
and the magnetic field /4 is below critical. We are consid-
ering the model below half filling (less than one electron
per lattice cite). The model was solved in [13]. A collec-
tion of important papers on the model can be found in
[14]. Charge and spin are separate in the model. The
model is gapless. Both charge and spin degrees of free-
dom can be described by Virasoro algebra with central
charge equal to 1 (see [15]):

c.=1 and c¢,=1 17)

Also, Fermi velocities are different for spin v and charge
v, degrees of freedom. Both spin and charge degrees of
freedom contribute to the specific entropy s. For small
temperatures, we have

T «wT
= + . 18
s 3v, 3w, (18)
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For small positive temperatures, the entropy of the
subsystem is proportional to the size of the system (sec-
ond law):

T T
S(x) = (”— + ”—>x. (19)
3v, 3w,
Now we have to apply conformal arguments separately to
spin and charge degrees of freedom. The results add up:

S(x) = glnx. (20)

This describes the entropy of electrons on the interval
(0, x) in the infinite ground state at zero temperature. This
is actually an asymptotic for large x. In the case of the
Hubbard model, the crossover formula (which mediates
between zero and large temperature) looks like this:

S(.)C) = l11‘1|:i Slllh<7T—TX>i|+ lln[&mnh(WTx >:|
3 7T Uy 3 T U_C
(21

The approach developed here is universal. It is appli-
cable to other models of strongly correlated electrons (see
[14]). For example, formulas (20) and (21) describe en-
tropy in the #-J model as well.

In this Letter, we described the universal properties of
the entropy in one dimensional gapless models. We
studied the entropy of the subsystem. We considered scal-
ing of the entropy in spin chains, the Hubbard model, and
a Bose gas with delta interaction. We discovered a cross-
over formula for the entropy of the subsystem (see (14)
and (21). It describes the entropy of a large subsystem at
any temperature; it mediates between a logarithmic func-
tion for zero temperature and a linear function for large
temperature. In the case of zero temperature, we proved
the logarithmic formula (13) discovered in [1]. We think
that the renormalization group approach developed in
[16—22] will be useful for further analysis of entangle-
ment. It is based on perturbed conformal field theory.

We are grateful to A. Abanov, D. Averin, E Essler, P. A.
Grassi, H.B.Q. Jin, S. Lukyanov, and B. McCoy for
discussions. The paper was supported by NSF Grant
No. PHY-9988566.

Appendix.—An important characteristic of conformal
field theory is central charge. It can be defined by con-
sidering an energy-momentum tensor 7, ,(z). Here z is a
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complex space-time variable z = x + ivtand v is a Fermi
velocity. The component of energy-momentum tensor
with u = v = z is denoted by T,, = T. The correlation
function of this operator has a singularity:

(T()T(0)) = Z%

The coefficient ¢ is the central charge.
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