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Capillary Waves at the Transition from Propagating to Overdamped Behavior
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We measure the dispersion relation of capillary waves on a liquid surface by heterodyne x-ray photon
correlation spectroscopy near the transition from propagating to overdamped dynamic behavior. A
strong deviation of the propagation frequency from the small-damping result !p / k3=2 is observed long
before the actual transition where �@!p=@k�< 0 and !p tends to zero. This behavior is successfully
described by expressions derived within linear response theory.
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temperature it is possible to observe the crossover from
propagating to overdamped waves in the experimentally

and could be varied by changing �f, the takeoff angle
of the beam scattered into the detector (�f > �i, vertical
Every liquid surface is subject to fluctuating displace-
ments caused by thermally activated capillary waves [1].
Capillary waves are harmonic waves with the surface
tension acting as a restoring force and their presence
has indirectly been verified by diffuse x-ray scattering
and reflectivity measurements on the surface of various
liquids [2–5]. The value of the measured roughness ex-
ceeds the intrinsic roughness caused by the liquid mole-
cule size and hence yields an indirect proof of a height
disturbance that makes the surface fuzzy. However, such
roughness measurements are time averaged and cannot
reveal the dynamic behavior of the waves. To probe the
dynamics, photon correlation spectroscopy experiments
have been performed with visible laser light on various
liquids, gels, and polymer solutions [6–9]. A capillary
wave is identified by its wave vector k and complex
frequency f � !p � i�, where the real part reflects the
propagation frequency and the imaginary part the damp-
ing. The wave can be either propagating or overdamped
depending on k, the surface tension 	, the dynamic
viscosity 
, and the density � of the liquid. On a simple
liquid surface the propagating modes become unstable as
the damping is increased and at the transition from
propagating to overdamped behavior f becomes purely
imaginary; i.e., !p � 0. Such a crossover from inelastic
to quasielastic behavior has also been predicted within
the two-fluid model by Harden et al. [10] for systems with
marked elastic properties and observed by light scattering
in gel and polymer systems [9]. Recently, the coexistence
of elastic Rayleigh modes and usual capillary modes has
been reported when a soft-gel surface is electrically
excited [11]. In the work reported here, we study the
dynamics of thermally activated capillary waves near
the transition from propagating to overdamped behavior
by x-ray photon correlation spectroscopy (XPCS) [12–
16] in a mixture of water and glycerol. Glycerol is a
prototypical glass forming liquid and its viscosity in-
creases rapidly upon cooling [5,12]. Hence, by tuning the
0031-9007=04=92(9)=096104(4)$22.50 
accessible q range. The aim of this work is to study the
dispersion relation of capillary waves in the vicinity of
this transition.

For the experiments we prepared a sample as a mixture
of water and glycerol with 65% weight concentration of
glycerol. Glycerol is a hygroscopic liquid and fully mis-
cible with water. The sample had a large flat surface and
was kept in a trough in an evacuated sample cell which is
described in detail in Ref. [15]. The cell provides accurate
control of the sample temperature through a combination
of a resistive heater and a cryogenic cooling device con-
trolled by a feedback system. The residual gas pressure
above the surface was some tens of millibars determined
by the vapor pressure of the liquid. By x-ray reflectom-
etry it was verified that the sample did not phase separate
nor exhibited any layering effects. The XPCS measure-
ments were performed at the TROÏKA beam line ID10A
of the European Synchrotron Radiation Facility with
an x-ray energy of 8.05 keV (
 � 1:54 �A) selected by a
single bounce Si(111) monochromator operating in hori-
zontal scattering geometry. By tilting the Si crystal the
monochromatic beam was deflected down to impinge on a
Pt coated quartz mirror. The incident angle on the mirror
was chosen such that higher order light was suppressed in
the reflected beam. By a proper collimation employing
two slit assemblies (upstream of the monochromator) and
a 10 �m pinhole aperture inserted in the monochromatic
beam after the mirror, the beam was made (partially)
coherent. Parasitic scattering from the pinhole was re-
moved by careful positioning of a guard slit. The beam
reflected from the mirror was directed down towards the
horizontal sample surface. The incidence angle �i of the
coherent x-ray beam was kept constant at 0:1�, which is
below the critical angle of total external reflection. In this
case, the 1=e penetration depth of the evanescent wave in
the sample is around 100 �A making the experiment
highly surface sensitive. The momentum transfer parallel
to the surface is given by q � 2��cos�i � cos�f�=
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scattering plane). Scattered photons were detected by a
fast avalanche photo diode (APD) and the output signal
from the APD was processed online by a FLEX auto-
correlator from Correlator.comTM to calculate the time-
correlation function g��� at the given q.

Figure 1 displays three correlation functions taken at
the same q but at different temperatures, 5, 12, and 30 �C,
respectively. While the high temperature correlation
function clearly shows an oscillating behavior, character-
istic for propagating capillary waves, the low temperature
data follow an exponential decay indicating overdamped
waves. For the intermediate temperature this distinction
is not obvious. In grazing incidence surface XPCS experi-
ments an optical mixing takes place close to the specular
reflected beam (i.e., for small scattering vectors q parallel
to the surface) [16]. Hence, the measured time-correlation
function g�q; �� is obtained as a combination of hetero-
dyne and homodyne terms and

g�q; �� � �Refg1�q; ��g � �g2�q; �� � �; (1)

where �, �, and � are q-dependent (but time-
independent) functions and g1�q; ��, g2�q; �� are the first
and second order correlation functions of the surface
fluctuation spectrum [16]. If the reference signal (specu-
lar reflection) is very intense compared to the diffuse
scattered signal, the heterodyne term g1 in Eq. (1) may be
dominating, and this is the case in grazing incidence
geometry [16]. g1�q; �� equals ~SS�q; ��, the time Fourier
transform of the dynamic structure factor of the surface,
and if S�q;!� is a simple Lorentzian which peaks at
! � !0 with a HWHM of �0, then Refg1�q; ��g �
exp���0�� cos�!0��. This holds in the limit of small
damping (low viscosity and/or small q). However, in
general S�q;!� cannot be regarded as a simple
Lorentzian, and thus the correlation function takes a
more complicated form. To determine the dynamic struc-
ture factor all taken correlation functions were inverse
FIG. 1. Time-correlation functions of the scattered intensity
at q � 5:6
 10�6 �A�1 taken at different temperatures. The
data have been shifted along the ordinate.
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Fourier transformed and the fitted peak position and
width (HWHM) of S�q;!� define the propagation fre-
quency !p and damping constant � of the waves. In the
following we concentrate on the measurements at 30 and
12 �C. The data taken at T � 30 �C all indicate propagat-
ing waves (!p � 0) and in Fig. 2(a) the extracted values
of !p (circles) and � (squares) are shown versus q. The
dashed lines show the dispersion relations !0 �
q3=2

����������
	=�

p
and �0 � 2
q2=� valid for the propagation

frequency and damping constant in the limit of small
damping [1]. These expressions do not model the data
very well. The agreement between the small-damping-
limit model and the data taken at lower temperatures is
even worse. Figure 2(b) shows data taken at T � 12 �C
and in striking contrast to the model prediction (dashed
lines) the measured propagation frequency (circles)
falls to zero at approximately q � 8
 10�6 �A�1. This is
FIG. 2. Experimentally determined dispersion relations of
the propagation frequency !p (circles) and the damping con-
stant � (squares) for the water=glycerol mixture at (a) 30 �C
and (b) 12 �C. The data deviate significantly from the small-
damping expressions !0 � q3=2

����������
	=�

p
and �0 � 2
q2=� [
 �

9:1 cP, 	 � 0:047 N=m, � � 1156 kg=m3 (30 �C) and 
 �
23:7 cP, 	 � 0:050 N=m, � � 1156 kg=m3 (12 �C)] at both
temperatures. At T � 12 �C a crossover (!p � 0) is evident
at q � 8
 10�6 �A�1. In the overdamped region (q >
8
 10�6 �A�1) a clear offset of the data (squares) from the
strong-damping result � � 	q=�2
� (dotted line) is observed
in (b).
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FIG. 3. The dynamic structure factor S�q;!� calculated at
k � 1; 2; . . .
 10�6 �A�1 (top to bottom). The inset shows the
crossover behavior of the center frequency !p (circles) and the
HWHM � (squares) where !p is well described by Eq. (5)
(solid line). The dashed lines in the inset show !0 � k3=2

����������
	=�

p

and �0 � 2
k2=�. The dotted line illustrates the strong-
damping result � � 	q=�2
�.
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indicative of a transition from propagating to over-
damped behavior of the capillary waves. The dotted
line in Fig. 2(b) shows the dispersion relation � �
	q=�2
� derived in the strong-damping limit [1].
Obviously, this limit neither applies since it clearly under-
estimates the measured damping constant � (squares) for
overdamped waves (q > 8
 10�6 �A�1).

To understand the complex behavior of the measured
quantities !p�q� and ��q� in this transition region we turn
to linear response theory by which the response of a
liquid surface to an external force may be evaluated. A
calculation [17] of the dynamic susceptibility � of verti-
cal surface displacements for an incompressible visco-
elastic medium, including the effect of gravity, yields
��k;!� � k��1=D�k;!�. Here, D�k;!� is given by

D�k;!� � gk� 	k3=�� �!� 2i�k2�2

� 4�2k4�1� i!=��k2�
1=2; (2)

where � � 
=� is the kinematic viscosity. According to
the dissipation theorem, the spectrum of the surface
fluctuations S�k;!� (dynamic structure factor) is deter-
mined by the imaginary part of the susceptibility and one
finds [17]

S�k;!� � �2kBT
k
�!

ImD�k;!�

jD�k;!�j2
: (3)

This expression is equivalent to that derived by Bouchiat
and Meunier [6] and by Loudon [18] in the absence of
any bulk contribution. Jäckle and Kawasaki [17] dis-
cuss Eq. (3) in the case of small damping (propa-
gating modes) where continuum theory is valid (small
k) and the effect of gravity is negligible and find

S�k;!� � 8kBT
k3

�
�

�!2 �!2
0�

2 � �4!�k2�2
; (4)

where !0 � k3=2
����������
	=�

p
is the capillary wave propagation

frequency in an ideal incompressible fluid in the limit of
small damping. The damping constant can be estimated
from Eq. (4) and in the small-damping limit the HWHM
of the peak at ! � !0 is given by �0 � 2
k2=� as
anticipated. In the transition region from propagating to
overdamped capillary waves that is considered here, the
dispersion relation of the propagation frequency !p can
be numerically approximated from Eq. (3) and we find

!p � 2
3Ref�!

2
0 � 5�2k4=4�1=2g: (5)

It is noteworthy that !p deviates from the limiting case
!0 by a factor which is viscosity and wave-vector depen-
dent, and hence one expects the relation !p�k� / k3=2 to
break down gradually as the damping increases. The
critical wave vector kc at which the transition from propa-
gating to overdamped waves takes place �!p � 0� can be
derived from Eq. (5) to give
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kc �
4	�

5
2 : (6)

The kc that we determine here is more than a factor of 2
smaller than previously estimated [1,7]. To illustrate this
we have calculated S�k;!� from Eq. (3) for a viscous
liquid (� � 1156 kg=m3, 
 � 18:8 cP, and 	 �
0:039 N=m). The result for different wave vectors is
shown in Fig. 3 and for all k values the spectrum S�!�
has a strong quasielastic component in addition to the
inelastic Brillouin peak. At k � kc � 1
 10�5 �A�1 the
Brillouin peak vanishes and the spectrum becomes qua-
sielastic with a broad peak centered at ! � 0. This in-
dicates a transition from propagating (inelastic) to
overdamped (quasielastic) behavior. The propagation fre-
quency !p (circles) and the damping constant � (squares)
derived from the calculated spectra are plotted as a
function of k in the inset to Fig. 3 and strong deviations
from the !0 and �0 behaviors (dashed lines) are observed.
!p reaches a maximum value of �	kc=�5
� at k � 3kc=4
after which �@!p=@k�< 0 and decreases rapidly to zero at
k � kc as predicted by Eq. (5) (solid line). In the strong-
damping limit the damping constant is given by � �
	k=�2
� shown as the dotted line in the inset to Fig. 3.
For k > 1
 10�5 �A�1 one observes a large offset be-
tween the dotted line and the square symbols showing
that near the transition, in the overdamped regime the
damping constant is indeed larger than expected from a
simple extrapolation of the strong-damping result.

The result of the data analysis is illustrated in Fig. 4 for
the two temperatures. At T � 30 �C the data are well
modeled over the full q range by the above outlined
linear response theory, and the best fit (solid lines) yields
096104-3



(a)

(b)

FIG. 4. Experimental data (from Fig. 2) that are well de-
scribed by linear response theory (solid lines). The insets show
inverse Fourier transformed time-correlation functions
(circles) measured at 30 �C and 12 �C with q � 3:5

10�6 �A�1, and the corresponding calculation of S�!� (solid
line) following Eq. (3).
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the values 
 � 9:1 cP and 	 � 0:047 N=m for the vis-
cosity and surface tension. At T � 12 �C the measured
crossover behavior is equally well reproduced by the
model over the investigated q range. The best fit to !p
with Eq. (5) yields 
 � 23:7 cP and 	 � 0:050 N=m
(solid line). This implies via Eq. (6) a critical wave vector
kc � 8:2
 10�6 �A�1 in good agreement with the data.
The crossover behavior is also evident from the measure-
ments of � (squares) and the corresponding fit in Fig. 4(b)
(solid line). At q � kc the behavior changes from � / q2

to � / q and the fit reproduces the data over the full
q range within the error bars. The insets in Fig. 4 show
selected inverse Fourier transformed time-correlation
functions in the relevant ! range (circles). The solid lines
in both insets are calculations of S�!� following Eq. (3)
using the above stated optimum fit values of 
 and 	. We
096104-4
believe that a small homodyne contribution to the corre-
lation function and/or statistical noise is responsible for
the deviations between the measurements and the calcu-
lated S�!� spectra.

In summary we have measured the capillary wave
dispersion relation on a liquid surface by heterodyne
x-ray photon correlation spectroscopy in the transition
region from propagating to overdamped modes. Long
before the actual transition, strong deviations from the
small-damping results occur. The data are well described
by linear response theory and, in particular, the crossover
behavior of the capillary wave propagation frequency !p
close to kc is well modeled by Eq. (5).
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