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Excitonic Effects and Optical Spectra of Single-Walled Carbon Nanotubes
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Many-electron effects often dramatically modify the properties of reduced dimensional systems. We
report calculations, based on an ab initio many-electron Green’s function approach, of electron-hole
interaction effects on the optical spectra of small-diameter single-walled carbon nanotubes. Excitonic
effects qualitatively alter the optical spectra of both semiconducting and metallic tubes. Excitons are
bound by �1 eV in the semiconducting (8,0) tube and by �100 meV in the metallic (3,3) tube. These
large many-electron effects explain the discrepancies between previous theories and experiments.
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hole interaction kernel, and jcki and jvki are the quasi- prominent one-dimensional (1D) van Hove singularities
Synthesis and observation of single-walled carbon
nanotubes (SWCNT) have advanced greatly in recent
years, making possible the experimental study of the
optical properties of individual SWCNTs [1,2]. If well
understood, the optical response of SWCNTs may be used
to characterize these nanotubes, to monitor and guide
their separation by type [3], and can be employed in
device applications [4]. However, measured optical tran-
sition frequencies deviate substantially from theoretical
predictions based on one-particle interband theories. This
deviation is not unexpected since many-body interactions
should play a vital role in reduced dimensions [5]. Our
ab initio results show that, indeed, many-electron effects
can change qualitatively the optical spectra of SWCNTs.
Strongly bound excitons are predicted in small-diameter
semiconducting nanotubes and even in some metallic
tubes, and they dominate the optical response.

Below, motivated by recent experiments [1,3], we
compute the optical absorption spectra of the three
small-diameter SWCNTs: (3,3), (5,0), and (8,0). We use
a recently developed approach in which electron-hole
excitations and optical spectra of real materials are cal-
culated from first principles in three stages [6]: (i) we treat
the electronic ground state with ab initio pseudopotential
density-functional theory (DFT) [7], (ii) we obtain the
quasiparticle energies Enk within the GW approximation
for the electron self-energy � [8] by solving the Dyson
equation:

�
�
r2

2
� Vion � VHartree � ��Enk�

�
 nk � Enk nk;

and (iii) we calculate the coupled electron-hole excitation
energies �S and spectrum by solving the Bethe-Salpeter
(BS) equation of the two-particle Green’s function [6,9]:

�Eck�Evk�ASvck�
X
k0v0c0

hvckjKehjv0c0k0iASv0c0k0 ��SASvck;

where ASvck is the exciton amplitude, Keh is the electron-
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electron and quasihole states, respectively. We obtain
the DFT wave functions and eigenvalues by solving
the Kohn-Sham equations within the local density ap-
proximation (LDA) [7] using a plane-wave basis with an
energy cutoff of 60 Ry. We use ab initio Troullier-Martins
pseudopotentials [10] in the Kleinmann-Bylander form
[11] (rc � 1:4 a:u:). For convergent results to better than
0.05 eV, up to 64 k points in the one-dimensional
Brillouin zone were used for the GW calculations and
up to 400 k points were employed in solving the BS
equation and evaluating the optical spectrum. To compare
with experiments in which 4 Å diameter SWCNTs are
grown inside zeolites [1], we study the (3,3) and (5,0)
tubes in the experimental geometry with a dielectric
background of AlPO4 [12]. For the (8,0) tube, we work
in a supercell with an intertube separation of at least 9.7 Å
to mimic experiments on isolated tubes [2,3]. In super-
cells, due to the long range of the screened Coulomb
interaction in semiconducting tubes, unphysical interac-
tions between periodic images can lead to deviations from
the isolated case. Hence, we truncate the Coulomb inter-
action in a cylindrical geometry for the semiconducting
tubes (we find negligible tube-tube interactions or image
effects for metallic tubes where screening is complete).
Because of depolarization effects in nanotubes [13], a
strong optical response is observed only for light polar-
ized along the tube axis (ẑz). We consider only this polar-
ization below.

For the metallic tubes (3,3) and (5,0), we find quasi-
particleGW corrections to the LDA band energies similar
to those in graphite, namely, a �15% stretching of the
LDA eigenvalues away from the Fermi level (EF) [14].
While this result is expected for large diameter metallic
nanotubes which resemble a graphene sheet, we find it
also holds for these small-diameter metallic tubes where
curvature effects lead to strong �-� hybridization [15].

Figure 1(a) shows the quasiparticle density of states
(DOS) for the metallic (3,3) tube featuring a number of
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(vHs) near EF. Unlike predictions from simple tight-
binding models [16], these vHs are asymmetric about
EF due to strong curvature effects. The arrow in the figure
indicates optically allowed low-energy transitions. For
the (3,3) metallic tube, the bands forming the first vHs
below EF and the second vHs above EF meet at the Fermi
level, but optical transitions between them are symmetry
forbidden. We calculate �2�!� in two ways [see Fig. 1(b)].
First, we neglect electron-hole interactions and find the
existence of a symmetry gap, i.e., no electron-hole tran-
sition with energy below the prominent peak at �h! �
3:25 eV. Second, we include electron-hole interactions
and solve the BS equation. In general, the electron-hole
interaction kernel has two terms: an attractive direct term
involving the screened Coulomb interaction and a repul-
sive exchange term involving the bare Coulomb interac-
tion [6,17]. Figure 1(b) shows that for the (3,3) tube the
direct term dominates: one bound exciton is formed with
a binding energy of 86 meVand an extent of �50 �A along
ẑz. The surprising result of having a bound exciton in a
metal stems from having the symmetry gap, which is
possible for a quasi-1D system where all k states have
well-defined symmetry and should be insensitive to the
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FIG. 1. Calculated quasiparticle DOS (a) and absorption
spectra (b) for the (3,3) SWCNTs in AlPO4 zeolite. Spectra
are broadened with a Gaussian factor of 0.0125 eV.
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details of approximations used. Also, the existence of a
sole bound exciton is due to the metallic screening (the
screening length is � 3:2 �A): the effective electron-hole
interaction along ẑz resembles an attractive ��z� function,
and in 1D, the Hamiltonian H � ��1=2m
��d2=dz2� �
jV0j��z� has a single bound eigenstate.

Figure 2 shows the optical spectrum for the metallic
(5,0) tube. According to the band-folding scheme [16,18],
this tube should be semiconducting. However, curvature
effects [15] lead to strong �-� hybridization, forcing a
band to cross EF [19,20]. When neglecting electron-
hole interactions, peak B has a lower intensity than A
because the transitions contributing to B do not originate
from a band extremum (vHs) but from the crossing at EF.
For this tube, electron-hole interactions do not bind ex-
citons: while the screening length in the (5,0) tube is
similar to that of the (3,3) tube, the symmetry of the
bands in the (5,0) tube prohibits direct attraction between
the electron-hole pairs contributing to peaks A and B.
Thus the electron-hole interaction is governed by the
repulsive exchange term. This effect, again, is peculiar
to nanotubes: in traditional semiconductors, the attractive
direct term dominates over the repulsive exchange term.
Moreover, when electron-hole interactions are included,
the exchange term has a larger effect on peak B and
suppresses it greatly.

We can compare our results for the (3,3) and (5,0) tubes
to experiments. In the work of Li et al. [1], 4 Å diameter
SWCNTs were grown inside zeolite channels, and three
main peaks were found in the measured absorption spec-
tra (see Table I). While 4 Å diameter SWCNTs come in
only three chiralities, (3,3), (5,0), and (4,2), it was not
possible to assign directly the specific peaks to specific
tubes experimentally. As shown in Table I, our results for
the (3,3) and (5,0) tubes are in excellent quantitative
agreement with experiment and provide a concrete iden-
tification for two of the observed peaks. We conclude that
the remaining peak at 2.1 eV is due to the (4,2) tube (other
calculations ignoring electron-hole interactions as well as
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FIG. 2. Absorption spectra for the (5,0) SWCNTs in AlPO4

zeolite.
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FIG. 3 (color online). Quasiparticle band-structure (a) ab-
sorption spectra (b) and exciton wave functions (c)–(e) for
the (8,0) SWCNT. Spectra are broadened with a Gaussian
factor of 0.0125 eV.

TABLE I. Peak position and optical transitions (eV) in 4 �A
SWCNTs.

LDAa Present work Experimentb

LDA GW BS

(5,0) 1.2 1.13 1.30 1.33 1.37
(3,3) 2.8 2.83 3.26 3.17 3.1
(4,2) 1.9 � � � � � � � � � 2.1

aReference [19].
bReference [1].
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a recent time-dependent LDA calculation point to the
same conclusion [17,19–21]). Moreover, the many-
electron suppression of peak B in the (5,0) spectrum
explains the absence of any observed feature in the mea-
sured spectra at � 2:8 eV.

We now consider the 6.3 Å diameter semiconducting
tube (8,0), in which we expect even larger excitonic
effects. The (8,0) tube has a calculated LDA minimum
band gap of 0.60 eV. Quasiparticle corrections dramati-
cally open the gap to 1.75 eV. This correction is signifi-
cantly larger than those in bulk semiconductors with
similar LDA gaps: we again attribute this to the 1D nature
of the SWCNTs which enhances Coulomb effects (as
shown in model calculations [5]).

Figure 3(a) shows the quasiparticle band structure for
the semiconducting (8,0) tube. Arrows in the figure in-
dicate optically allowed interband transitions which give
rise to the three peaks, labeled A, B, and C in the non-
interacting optical spectrum in Fig. 3(b). When electron-
hole interactions are included, we find far more dramatic
excitonic effects than in the metallic cases: each non-
interacting peak gives rise to a series of visible exciton
lines with large binding energies of 0.99, 0.86, and 1.00 eV
for the lowest-energy excitons (A0

1, B
0
1, and C0

1, respec-
tively). These binding energies are more than 10 times
larger than those in bulk semiconductors with similar
gaps, and excitonic effects qualitatively change the spec-
tral profile. Again, these effects stem from the long range
of the screened Coulomb interaction and the 1D nature of
the SWCNTs: e.g., the binding energy of a 1D hydrogenic
system is infinite due to the long-range Coulomb inter-
action [22]. We note that the electron-hole interaction
reverses the relative intensity of the first and second
prominent optical peaks.

Theory predicts that there are two varieties of excitons
in the (8,0) tube: bound excitons with energies below the
noninteracting optical gap (A0 and B0 series) and resonant
excitons with energies above the noninteracting optical
gap (C0 series). Figure 3(c) shows the real-space, electron-
hole pair probability distribution j��re; rh�j2 as a func-
tion of the electron position re for the photoexcited A0

1
bound exciton obtained by fixing the position of the hole
rh (the black star in the figure) on a carbon � orbital.
Figures 3(d) and 3(e) show this correlation more quanti-
tatively for the bound A0

1 and the resonant C0
1 excitons:
077402-3
j�j2 is plotted along ẑz after integrating out the electron
coordinates in the perpendicular plane. The extent of the
bound part of both excitons is �25 �A.

Our results for the (8,0) tube are in excellent agreement
with the experimental findings of Bachilo et al. [3,23]: by
077402-3



TABLE II. Lowest two optical transition energies for the
(8,0) SWCNT.

TBa Present work Deduced from
LDA GW BS experimentb

�11 (eV) � � � 1.39 2.54 1.55 1.60
�22 (eV) � � � 1.51 2.66 1.80 1.88
�22=�11 1.6 1.09 1.05 1.16 1.17

aReference [3].
bReferences [3,23].
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performing spectrofluorimetric measurements on various
semiconducting SWCNTs, with diameters ranging from
0.62 to 1.31 nm and chiral angle from 3� to 28�, optical
transitions were assigned to specific individual (n;m)
tubes. While their SWCNT samples did not contain the
(8,0) tube, they obtained results for tubes with similar
diameter and chirality and provided fits for the first and
second optical transition energies (�11 and �22) as a
function of diameter and chiral angle, which they dem-
onstrate to work well for a wide range of (n;m) values.
Their fits provide a ratio of �22=�11 � 1:17 for the (8,0)
tube, and a ratio of 1.85 in the limit of large diameter
tubes. A �-orbital only tight-binding (TB) model would
give a ratio in the limit of large diameter tubes, and the
experimental deviation from 2 has been a puzzle [24–26].
For the (8,0) tube, an improved tight-binding model in-
cluding third-order neighbors [3] gives a ratio of �1:6.
However, as shown in Table II, our results for �11 and �22
in the (8,0) tube (peaks A0

1 and B0
1) and their ratio are in

excellent agreement with the deduced experimental val-
ues. The deviation of �22=�11 from 2 is a consequence of
both band structure and many-electron effects: one needs
to include both for a basic and quantitative understanding.

In conclusion, we study the optical absorption spectra
of metallic and semiconducting small-diameter SWCNTs
and obtain excellent agreement with available experi-
mental data. We show that electron-hole interactions
(which can be either attractive or repulsive) play a crucial
role, especially for semiconducting tubes, in understand-
ing experimental results. Large excitonic features for
both semiconducting and metallic tubes are seen to be
due to the quasi-1D nature of SWCNTs, and the manner
in which they effect the spectra depends strongly on the
rotational symmetries of the tubes.
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