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Evidence for a Percolation-Driven Transition to Coherent Surface Superconductivity
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Above the upper critical field we have investigated the field dependences of the surface conductance,
G0 � iG00, and the critical current Jc of an electropolished pure niobium cylinder. The low frequency
limits of G0, G00, and Jc display power-law singularities, defining a transition to coherent surface
superconductivity at Hc

c3. The critical exponents as well as the dynamical scaling of G0 � iG00 are
consistent with predictions for a two-dimensional percolation transition. Relating Hc

c3 to the conven-
tional onset field, we find Hc

c3=Hc3 � 0:81, and, surprisingly, this ratio turns out to be independent of
significant variations of Hc3 due to differently structured surfaces.
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nary parts of the electrical surface conductances G0 and
G00, when Hc

c3 is approached from the normal and super-
ratio of 300 as specified by the manufacturer [11]. It is
common practice (e.g., Refs. [4,7]) to define Hc3 by the
Almost four decades ago, Saint-James and de Gennes
[1] discovered the nucleation of superconducting regions
in a thin surface sheath in fields significantly higher
than the critical magnetic field for nucleation in the
volume. The famous result, Hc3 � 2:392�Hc;th, where
Hc;th is the thermodynamical critical field and � the
Ginzburg-Landau (GL) parameter, was obtained from
a numerical solution of the linearized GL equations at
flat vacuum-superconductor interfaces oriented paral-
lel to the applied field H. As an immediate consequence,
the onset of transport supercurrents in fields above the
appearance of volume diamagnetism could be explained.
Quite recently, this surface superconductivity (SSC),
in particular, the case of niobium, attracted renewed
interest from quite different directions [2–6]. Some basic
features of SSC, e.g., the temperature variation of Hc3,
were previously explored for this type II supercon-
ductor �� > 1=

���

2
p

� [7]. Specific effects of the SSC have
been suggested for the paramagnetic Meissner effect of
Nb disks [2], for stochastic resonances [3], and, rather
spectacularly, on the formation of the vortex Bragg glass
at the so-called second peak field [4] Hp < Hc2 �
���

2
p
�Hc;th. Moreover, it has been suggested [5] to employ

SSC as a tool to explore the surface treatments which
improved the performance of large-scale Nb cavities for
linear particle accelerators [6]. This idea is based on the
fact that, for pure Nb, � � �=� is in the order of unity [7],
so that SSC and electromagnetic losses of the microwave
fields reside in surface sheaths of the same thicknesses
given by the correlation length � and penetration depth �,
respectively.

In this Letter we report novel basic phenomena
of SSC for a Nb cylinder, which most likely are observ-
able in all superconductors (SC’s). The main result is
the formation of coherent SSC at a field Hc

c3 below the
nucleation field Hc3. This phase transition is well charac-
terized by power singularities of the real and imagi-
0031-9007=04=92(6)=067005(4)$22.50 
conducting sides, respectively. The values of the critical
exponents of G0 and G00, s � t � 1:3�1�, agree with those
predicted for percolating, two-dimensional (2D) normal-
SC networks [8–10]. This percolation picture for SSC
is supported by the validity of dynamic scaling for G0 �
iG00 as well as by properties of a critical surface cur-
rent appearing at Hc

c3. The ratio Hc
c3=Hc3 � 0:81 agrees

with those of Nb cylinders with different surface topol-
ogy and impurity concentration [5] which affect Hc3
rather strongly. This feature indicates a general, yet un-
known, mechanism behind the percolation transition to
coherent SSC.

The present Nb cylinder has been cut from sheets [11],
from which the microwave cavities for the TESLA fa-
cility are drawn [6]. The sample was subjected to the
same annealing, chemical, and electrolytical surface pol-
ishing processes as the cavities. Surface images by scan-
ning electron and atomic force microscopy [12] revealed
large areas, 20� 20 �m2, of low roughness, �r &

1:5 nm, which are separated by grain boundaries with
slightly enhanced �r0s. The magnetic moments and the
complex susceptibilities�0 � i�00 between 1 Hz and 1 kHz
have been measured by a Quantum Design MPMS2. The
dc and ac magnetic fields were carefully aligned parallel
to the symmetry axis of the cylinder, so that above Hc2
SSC could be nucleated only on the sides. An ac ampli-
tude of 10 mOe proved to be sufficient to obtain the
linear response shown in Fig. 1 for selected temperatures
and f � 10 Hz. Then, ��!� is related to the homogene-
ous ac conductivity ��!� of a cylinder of radius R [13] by
the well-known relation, ��!� � �1	2I00�x�=xIo�x� � 1
,
where �1 can be measured in the Meissner state, Io�x� is
the zero-order Bessel function, and x � 	i!R2�0��!�


1=2

with �0 � 4�� 10�7 V s=Am. Using an inversion rou-
tine, ��!� is obtained from ��!� [14]. The constant
values � � �n, indicated in Fig. 1, yield the ‘‘normal’’
conductivity �n from which follows a residual resistance
2004 The American Physical Society 067005-1
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FIG. 1. (a) Imaginary and (b) real parts of the linear ac
susceptibility at 10 Hz for temperatures between 6 and 9 K.
The conventional nucleation fields Hc3 (arrows) are defined
by the onset of an excess absorption �00 � �00

n or dispersion,
�0 � �0

n, where �0
n � i�00

n (solid lines) is determined by the
normal conductivity, �0�H > Hc3� � 2:0� 107 S=cm.
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onset of SSC, � * �n, which implies an excess absorp-
tion and screening; see Fig. 1.

Below the nucleation field Hc3�T�, both �00 and ��0

rapidly increase in Fig. 1. According to Fig. 2(b), this is
associated with predominantly Ohmic behavior G0

� �
G00

� [15]. Upon further reduction of the field, the relation
betweenG0 andG00 reverses, as demonstrated by the phase
G00=G0 in Fig. 2(a). This signals a continuous phase tran-
sition to long-range superconductivity at a coherent sur-
face critical fieldHc

c3�T�. In general, such a transition may
be accompanied by thermal [16,17] or concentration fluc-
0

1

2

'
1/

G
+

(1
0-7

Ω
)

1 2 3
0

5

10
CH
C3

a)

b)

8.0K 7.0K 6.0K

G
-''(

10
10

S
)

G
''/

G
'

0.1

1

10

H(kOe)

FIG. 2. (a) Phase of the 10 Hz surface conductance, showing
G00 � G0 at Hc

c3. (b) Analyses of the singular behavior of G0

(�) and G00 (�) near the transitions to coherent SSC by power
laws in j1�H=Hc

c3j, which unambiguously define Hc
c3�T� from

above and below, respectively. The solid curves are the best fits
with ! �  � 1:3. The accuracy of the exponent is illustrated
by the best fits to ! �  � 1:3� 0:1 (dashed lines).
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tuations in a normal-SC network [8–10]. In either
case and in the limit of low frequencies, the leading
singularities of G�!� on both sides of Hc

c3 are expected
to obey power laws. Above the transition, it is the diverg-
ing dc conductance, G��!! 0; H� � G��H=Hc

c3 �
1�� , whereas below Hc

c3, it is the onset of the superfluid
London-type response, G��! ! 0; H� � �1�H=Hc

c3�
!=

�i!Lk�. The fits, exemplified for T � 7:0 K in Fig. 2(b),
define Hc

c3 to an accuracy of less than 0:5% and, more-
over, yield identical critical exponents,  � ! � 1:3�
0:1. Another remarkable feature emerging from Fig. 2 is
the value of the phase at Hc

c3; G
00=G0 � 1. Since at a SC

phase transition one has Gc�!;Hc
c3� � G0�i!=!0�

�1=�

[9,14,16,17], where !0 is a microscopic relaxation rate,
G0 � G00 implies � � 2.

Before discussing the exponents !,  , and � extracted
from G�!� at !=2� � 10 Hz, we address the question of
whether the presence of a phase transition is corroborated
also by the frequency dependence of G. This problem is
directly related to the validity of dynamical scaling,
which is based on the London response for concentration
[8–10] as well as thermal [16,17] fluctuations. As in
previous experimental [14] and theoretical [16,17] work,
we use here instead of G0 and G00 the modulus and the
phase of G�!�, which should scale as

jG��!�j � G��0�S��!=!c�H��;

arctan�G00=G0� � %��!=!c�H��: (1)

Near the transition, the characteristic frequency displays
the critical slowing down !c�H� � !0j1�H=Hc

c3j
!�. In

order to check the dynamical scaling, we have extended
the ��!� measurements to the range 1 Hz–1 kHz. The
scaled results for G�!� are shown in Fig. 3 separately for
fields above and below Hc

c3. Both modulus and phase fall
rather convincingly on two common branches. Since we
do not yet have any analytical prediction for the scaling
functions, we use, as a crude approximation, the simplest
interpolation between both static limits, G��! ! 0�, and
the critical law Gc�!� � Gc�i!=!0�

�1=2,

G��!� � 	G�1
� �0� �G�1

c �!�
�1: (2)

Regarding the simplicity of this ansatz, containing only
the amplitude Gc as free parameter, the agreement for
modulus and phase in Fig. 3 turns out to be satisfying.

In order to discuss the nature of the transition, we
compare the exponents !; , and � with existing results
for thermal and percolation transitions to D-dimensional
superconductivity. For the thermal case, passing from
our variable j1�H=Hc

c3�T�j to j1� T=Tc�H�j we in-
sert our exponents into the scaling relation [17] � � 1�
�D� 2�!= . Then! �  and � � 2 implyD � �� 1 �
3, inconsistent with D � 2 expected for SSC. Therefore,
we consider the possibility of percolation for a SC volume
fraction p�H� in a D-dimensional network for which
G� � �pc � p��s and G� � �p� pc�t is expected [8,9].
067005-2
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FIG. 4. (a) Magnetization for H * Hc2�T� recorded at 2.0,
6.0, 7.0, 8.0, and 9.0 K by standard scans of the sample through
the weak gradient of the magnet, �H=�t < 0. Results from
nonstandard (downward) scans, _HH > 0, are included for 2–7 K.
Inset: Hall-probe results for the gradient, being approximately
constant along the 4 cm scan length. (b) Power-law analysis of
the �H-induced magnetizationMc: straight lines, obtained by a
variation of the exponent v in Eq. (3), terminate exactly at Hc

c3.
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FIG. 3. Dynamical scaling of the modulus and the phase
(inset) of G�!� between 1 and 900 Hz. The exponents of h �
1�H=Hc

c3, contained in both scaling variables, follow from
the analysis in Fig. 2. The solid curves are fits to the empirical
Eq. (2).
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Similarly, as previous workers [9,18], we utilize near the
threshold pc � p�Hc

c3� the transformation p�H� � pc �
jdp=dHjHc

c3
�Hc

c3 �H�, which allows us to identify  � s
and ! � t with the exponents of the conductivities below
and above pc, respectively. Numerical work yielded t �
1:7 [8] and s � 0:74 [10] for D � 3 networks. This is in
clear distinction to our results in Fig. 2(b), ! �  �
1:3�1�, which, however, are fully consistent with s � t �
1:3000 calculated for D � 2 [10]. We consider this out-
come as the first and strongest evidence for a percolation-
driven transition to coherent SSC.

Some more insight into this novel phase should be
provided by the critical current density. For this pur-
pose, we employ the small gradient of the main magnet
of our MPMS2, dH=dz � �10�3H cm�1 [inset of
Fig. 4(a)] directed against the standard scan of the sample
through the detection coils. Such a scan consists of 50
steps, each of which induces an electric field along the
circumference of the cylinder, E’ � �R=2��0

_HH, depend-
ing on the direction and the mean velocity for a single
step, _HH � _zzdH=dz. The magnetizations are shown in
Fig. 4(a) for fields above Hc2. As demanded by Lenz’s
rule, one observes para- and diamagnetic responses,
�Mc�H�, in the standard and nonstandard scan direc-
tions, respectively. The linear background magnetization,
�pH, arises from the normal conducting electrons in the
bulk, where �p � 2:7� 10�4 agrees with earlier reports
[19]. We should mention that Mc�H� is independent of
increasing and decreasing the static field, except for a
very close vicinity of Hc2 (not depicted in Fig. 4). The
067005-3
other important observation is the independence of
Mc�H� on the scan velocity _zz, which we varied between
1 and 50 mm=s. This indicates that E is always large
enough to excite the maximum surface supercurrent per
unit length of the cylinder, Jc�H� � Mc�H�.

In Fig. 4(b), the field variation of the critical current is
analyzed in terms of a power law expected for both a
thermal, GL-type [20,21] or a percolation transition [22]
to SSC. In order to avoid possible correlations between
the fitted exponent v and the onset field for Mc�H�, we
have varied v until the low �Jc�H��1=v values fell on a
straight line. By this method we find the onset field to be
identical with the coherent surface critical field Hc

c3, i.e.,
the relation

Mc�H� � Mc�Hc2�	�H
c
c3 �H�=�Hc

c3 �Hc2�

v; (3)

with v � 1:6� 0:2 being independent of temperature.
The temperature variations of Hc

c3 and also of the nuclea-
tion fieldHc3 (see Fig. 1) are depicted in Fig. 5. Obviously,
both are well described by the variation of Hc2�T� [in-
ferred from Fig. 4(a)] defining temperature independent
067005-3
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FIG. 5. Nucleation (�) and coherent (�) critical fields,
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c3�T�. The solid lines show that the temperature
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differently prepared surfaces (�) [5].
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ratios rc and r. Both numbers are indicated in the inset of
Fig. 5 along with the results from Nb cylinders with larger
roughness, different impurity, and grain boundary con-
centrations at the surface from Ref. [5]. As a challenging
result, we find that, despite strong dependence of r �
Hc3=Hc2 on the surface structure, the onset of the SSC
coherence occurs in all cases at Hc

c3�T� � 0:81Hc3�T�.
By using the same variable transformation as for the

analyses of the linear conductance G0 � iG00 around Hc
c3,

i.e., �Hc
c3 �H� � �p� pc�, we compare the exponent v

with the scaling prediction for a D-dimensional percola-
tion network, v � t� � [22]. The magnitude of the so-
called twistedness index of the macrobond, �, was found
to be small and negative for D � 2 granular SC PbGe
films [22]. This result is fully consistent with our finding
� � t� v � ��0:3� 0:3� and supports the percolation
model. Here, we should note that our result for v is also
close to v � 3=2 predicted for singly [20] and multiply
[21] connected SSC on cylinders. However, these GL-type
theories assume Hc

c3 � Hc3; i.e., they do not consider the
effect of fluctuations, which we have detected in the
surface conductance G0 � iG00 on both sides of Hc

c3.
In summary, our analyses of the linear conductance

G�!;H;T� of a clean Nb cylinder provided clear evidence
for a phase transition to coherent SSC at a field Hc

c3�T�,
whereas at the larger, traditional surface critical field,
Hc3�T�, incoherent SSC is nucleated. From the critical
behavior of G we conclude that at Hc

c3 2D superconduct-
ing islands percolate, which is confirmed by the onset of a
critical current at Hc

c3. As one challenging feature, the
ratio Hc

c3�T�=Hc3�T� � 0:81 turns out to be robust against
067005-4
surface roughness and impurities, which, however, have a
strong impact on the nucleation field ratioHc3�T�=Hc2�T�.
The latter turns out to be always larger than the classical
GL-based ratio rGL � 1:7 [1] and deserves also future
attention.
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