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Kelvin waves (kelvons), the distortion waves on vortex lines, play a key part in the relaxation of
superfluid turbulence at low temperatures. We present a weak-turbulence theory of kelvons. We show
that nontrivial kinetics arises only beyond the local-induction approximation and is governed by three-
kelvon collisions; a corresponding kinetic equation is derived. We prove the existence of Kolmogorov
cascade and find its spectrum. The qualitative analysis is corroborated by numeric study of the kinetic
equation. The application of the results to the theory of superfluid turbulence is discussed.
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of a cascade regime, no matter what its microscopic
nature, is independence of the relaxation time of super-

[7]. Being very expensive numerically, this simulation
was not able to accurately resolve the spectrum of KW
The distortion waves on a vortex filament, Kelvin
waves (KW), have been known for more than a century
[1]. Superfluids with their quantized vorticity form a
natural domain for KW [2]. Nowadays there is a strong
interest in the nonlinear aspects of KW associated with
studying low-temperature superfluid turbulence of 4He
[3–10] and vortex dynamics in ultracold gases [11,12].

The superfluid turbulence [2,13] is a chaotic tangle of
vortex lines. In the absence of the normal component
(T ! 0 limit), KW play a crucial part in the vortex tangle
relaxational dynamics. In contrast to a normal fluid, the
quantization of the velocity circulation in a superfluid
makes it impossible for the vortex line to relax by gradu-
ally slowing down. The only allowed way of relaxation is
reducing the total line length. At T � 0 even this generic
scenario becomes nontrivial, as the total line length is, to
a very good approximation, a constant of motion. In
the scenario proposed by one of us [3], the vortex line
length—in the form of KW generated in the process of
vortex line reconnections—cascades from the main
length scale (typical interline separation, R0) to essen-
tially lower length scales, ultimately decaying into pho-
nons, as was pointed out by Vinen [4,8].

The intrinsic vortex line dynamics in the local-
induction approximation (LIA) (for an introduction, see,
e.g., [2,13]) controlled by the small parameter 1=
ln�R0=��, with � the vortex core radius, is subject to a
specific curvature-conservation constraint rendering it
unable to support the cascade process [3] (see also below).
Within LIA, an ‘‘external’’ ingredient of the vortex line
dynamics, the vortex line crossings with subsequent re-
connections, is required to push the KW cascade down
towards arbitrarily small wavelengths. The most charac-
teristic feature of this LIA scenario, distinguishing it
from typical nonlinear cascades, is the fragmentation of
the vortex lines due to local self-crossings [3]; we will
thus refer to this scenario as the fragmentational scenario.

Experimentally, the main consequence of the existence
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fluid turbulence on temperature in the T ! 0 limit. Davis
et al. observed such a regime set in 4He at T < 70 mK [5].
The numeric simulation of the vortex tangle decay at
T � 0 performed by Tsubota et al. [6] within the frame-
work of LIA has clearly revealed the cascade regime; this
may be considered as a circumstantial [14] evidence of
the proposed in [3] scenario.

A general question arises, however, of how far, in the
wave number space, the structure of the KW cascade is
predetermined by LIA dynamics. (The fact that under
certain conditions LIA can deviate qualitatively from the
actual vortex line dynamics is perfectly illustrated by the
results for the stability of the vortex knots obtained by
Ricca et al. [15].) At wavelengths � � R0 the nonlocal
effects of the vortex line dynamics compete with LIA
dynamics and can ultimately become the main driving
force of the cascade. Moreover, given the specific spec-
trum of KW turbulence associated with the fragmenta-
tional scenario, where the amplitude of the turbulence is
smaller than the wavelength only by a logarithmic factor
[3], one concludes that if nonlocal effects can in principle
support the cascade, no matter how small the correspond-
ing contribution at the main wavelength scale R0, there
will inevitably be such a wavelength scale �� � R0,
where the fragmentational scenario will be replaced by
a purely nonlinear—to be referred to as pure —scenario
in which vortex line self-crossings play no role. The
existence of the crossover between the two cascade sce-
narios has at least two important implications. First, the
spectrum of sizes of vortex rings generated by decaying
superfluid turbulence will have a lower cutoff ���.
Second, the spectrum of KW turbulence will be changed,
which, in particular, is crucial for the cascade cutoff
theory [8] where the characteristic wavelength �ph at
which KW essentially decay into phonons is a function
of the cascade spectrum.

A strong numeric evidence in favor of the existence of
pure KW cascade has been reported by Kivotides et al.
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turbulence. The data of recent simulation by Vinen et al.
[10] seem to be more conclusive.

In this Letter, we propose an asymptotically exact (in
the limit of high wave numbers) treatment for the pure
KW cascade. More generally, we develop the KW kinetic
theory in the regime of weak turbulence, where the small-
ness of nonlinearities reduces the nonlinear effects to
scattering processes for the harmonic modes. We find
that the leading elementary process responsible for the
kinetics is the three-kelvon scattering. We demonstrate
that the kinetics is entirely due to the spatially nonlocal
interactions, the local contributions exactly canceling
each other. This cancellation sets the limit on the maxi-
mum power of the pure cascade: At the wavelength scale
�R0 the contribution of the kelvon-scattering processes
to the KW cascade contains a small factor 1=ln2�R0=�� as
compared to the reconnection-induced part.

In terms of the weak-turbulence theory, KW cascade is
a Kolmogorov cascade [16], associated with the transport
of energy (closely related to the vortex line length in
our case) in the wave number space. We establish the
Kolmogorov spectrum and find the relation between the
energy flux and the amplitude of KW turbulence. Finally,
we discuss the fragmentational-to-pure cascade cross-
over, which we predict to be rather extended.

Hamiltonian.—We employ the Hamiltonian represen-
tation of the vortex line motion [3], which is exact up to a
certain geometric constraint: there should exist some axis
z, with respect to which the position of the line can be
specified in the parametric form x � x�z�, y � y�z�,
where x and y are single-valued functions of the coordi-
nate z. This perfectly suits our purposes, since we are
interested in the wavelengths substantially smaller than
R0 and thus will treat the vortex line as a straight line
with small-amplitude distortions. In terms of the com-
plex canonic variable w�z; t� � x�z; t� � iy�z; t�, the Biot-
Savart dynamic equation acquires the Hamiltonian form
i _ww � �H	w
=�w�, with [3]

H �
�
4�

Z
dz1dz2

1� Rew0��z1�w0�z2��������������������������������������������������������������
�z1 � z2�

2 � jw�z1� � w�z2�j
2

p ; (1)

where � � 2� �h=m is the circulation quantum (m is the
particle mass). Our fundamental requirement that the
amplitude of KW turbulence be small as compared to
the wavelength is formulated as

��z1; z2� �
jw�z1� � w�z2�j

jz1 � z2j
� 1: (2)

This allows us to expand (1) in powers of �: H � E0 �
H0 �H1 �H2 � � � � (E0 is just a number and will be
ignored). The terms that prove relevant are

H0 �
�
8�

Z dz1dz2
jz1 � z2j

	2Rew0��z1�w
0�z2� � �2
; (3)
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H1 �
�
32�

Z dz1dz2
jz1 � z2j

	3�4 � 4�2Rew0��z1�w0�z2�
; (4)

H2 �
�
64�

Z dz1dz2
jz1 � z2j

	6�4Rew0��z1�w0�z2� � 5�6
: (5)

The Hamiltonian H0 describes the linear properties of
KW. It is diagonalized by the Fourier transformation
w�z� � L�1=2

P
kwke

ikz (L is the system size, and periodic
boundary conditions are assumed):

H0 �
�
4�

X
k

!kw�
kwk; !k � ��=4�� ln�1=k��k2; (6)

yielding Kelvin’s dispersion law !k .
Though the problem of KW cascade generated by de-

caying superfluid turbulence is purely classical, it is
convenient to approach it quantum mechanically by in-
troducing KW quanta, kelvons. In accordance with the
canonical quantization procedure, we understand wk as
the annihilation operator of the kelvon with momentum k
and correspondingly treat w�z� as a quantum field. A
minor caveat is in order here. The Hamiltonian functional
(1) is proportional to the energy, with the coefficient
��=2, where � is the mass density, but not equal to it.
This means that if one prefers to work with genuine
quantum mechanics rather than a fake one, using true
kelvon annihilation operators, âak, field operator ŵw, and
Hamiltonian, ĤH, he should take into account proper di-
mensional coefficients: ĤH � ���=2�H, ŵwk �

���������������
2 �h=��

p
âak.

By choosing the units �h � � � 1, � � 2, we ignore these
coefficients until the final answers are obtained.

In the quantum approach, there naturally arises the
notion of the number of kelvons, conserved by the
Hamiltonian (1) in view of its global U(1) symmetry,
w ! ei’w (reflecting rotational symmetry of the prob-
lem). Another advantage of the quantum language is that
the collision term of the kinetic equation immediately
follows from the golden rule for elementary processes.

Kelvon scattering.—Hamiltonian (1) implies only elas-
tic scattering. The conservation of the momentum and
energy suppresses the two-kelvon scattering channel: the
process �k1; k2� ! �k3; k4� is possible only if either �k3 �
k1; k4 � k2�, or �k3 � k2; k4 � k1� which does not lead to
any kinetics. We thus conclude that the leading process in
our case is the three-kelvon scattering. The processes
involving four and more kelvons are much weaker due
to the nonequality (2). The effective vertex, V4;5;6

1;2;3 , for the
three-kelvon scattering process [subscripts (superscripts)
stand for the initial (final) momenta of the three kelvons;
we use a shorthand notation replacing each momentum kj
with its index j] consists of two different parts. The first
part involves terms generated by the two-kelvon vertex, A
(corresponding to the Hamiltonian H1) in the second
order of perturbation theory. [All these terms are similar
to each other; we explicitly specify just one of them:
A4;71;2G�!7; k7�A

5;6
7;3. Here G�!; k� � 1=�!�!k� is the
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free-kelvon propagator, !7 � !1 �!2 �!4, k7 � k1 �
k2 � k4.] The second part of the vertex V is the bare
three-kelvon vertex, B, associated with the Hamil-
tonian H2.

The explicit expressions for the bare vertices directly
follow from (4) and (5): A � �6D� E�=8�, D4;5;6

1;2;3 �R
L
0 �dx=x

5��1 � 	1
 � 	2
 � 	3
 � 	4
 � 	32
 � 	43
 � 	42
�,
E4;5;61;2;3�

R
L
0 �dx=x

3�fk4k1�	
4
�	1
�	43
� 	42
� � k3k1�	

3
�

	1
 � 	43
 � 	32
� � k3k2�	
3
 � 	2
 � 	43
 � 	31
� � k4k2�	

4
�

	2
�	43
�	32
�g; B� �3P�5Q�=4�, P4;5;61;2;3�
R

L
0 �dx=x

5��

k6k2f	2
�	52
� 	23
 � 	 523
 � 	42
 � 	452 
 � 	 423
 � 	61
 � 	6
�

	56
 � 	63
 � 	563 
 � 	46
 � 	456
 � 	463 
 � 	12
g, Q4;5;6
1;2;3 �R

L
0 �dx=x

7� f1 � 	4
 � 	1
 � 	41
 � 	6
 � 	46
 � 	61
 � 	461 
�

	5
 � 	45
 � 	51
 � 	451 
 � 	65
 � 	456
 � 	561 
 � 	23
 � 	3
�

	43
 � 	13
 � 	 413
 � 	63
 � 	463 
 � 	 613
 � 	52
 � 	53
 � 	453 
 �

	 513
 � 	62
 � 	653 
 � 	12
 � 	42
 � 	2
g. Here 	���
���

’s denote

similar looking cosine functions: 	1
 � cosk1x, 	41
 �

cos�k4 � k1�x, 	451 
 � cos�k4 � k5 � k1�x, 	4512
 � cos�k4 �
k5 � k1 � k2�x, and so forth. The integrals for bare verti-
ces A and B logarithmically diverge at their lower limits
and, generally speaking, one has to introduce a cutoff
parameter ��. However, in the final answer for the
effective vertex V the logarithmic in � terms cancel
each other (it is important here to take into account
that, in the propagator G, the frequency !k also diverges
logarithmically with � ! 0), so that V is finite in the
limit � ! 0. This fact is not just a mere coincidence.
The small-x contributions to the integrals correspond to
the local-induction dynamics, which cannot lead to any
kinetics because of the extra constants of motion [3].
Cancellation of the LIA contributions at the level of the
effective scattering amplitude is an explicit demonstra-
tion of this circumstance.

Kinetic equation.—The kinetic equation is written in
terms of being averaged over the statistical ensemble
kelvon occupation numbers nk � hay

k aki:

_nn 1 �
1

�3� 1�!3!

X
k2;...;k6

�W1;2;3
4;5;6 �W4;5;6

1;2;3 �: (7)

Here W4;5;6
1;2;3 is the probability per unit time for the ele-

mentary scattering event �k1; k2; k3� ! �k4; k5; k6�; the
combinatorial factor compensates multiple counting of
the same scattering event. For our interaction Hamil-
tonian Hint �

P
k1;...;k6���k� ~VV4;5;6

1;2;3a
y
6a

y
5a

y
4a3a2a1 [where

the vertex ~VV is obtained from V by symmetrization
with respect to corresponding momenta permutations,
��k� is understood discretely as �k;0, and �k � k1 � k2 �
k3�k4�k5�k6] the golden rule reads W4;5;6

1;2;3 �

2�j�3!�2 ~VV4;5;6
1;2;3j

2f4;5;61;2;3���!����k�, where f4;5;61;2;3 � n1n2�
n3�n4 � 1��n5 � 1��n6 � 1�, �! � !1 �!2 �!3 �
!4 �!5 �!6. The combinatorial factor �3!�2 takes
into account the addition of equivalent amplitudes. The
classical-field limit of the quantum kinetic equation (7) is
035301-3
obtained by retaining only the largest in occupation
numbers terms:

_nn1 � 216�
X

k2;...;k6

j ~VV4;5;6
1;2;3j

2���!����k��~ff1;2;34;5;6 �
~ff4;5;61;2;3�; (8)

where ~ff4;5;61;2;3 � n1n2n3�n4n5 � n4n6 � n5n6�.
Kolmogorov cascade.—Kinetic equation (8) supports

Kolmogorov energy cascade [16], provided two condi-
tions are met: (i) the kinetic time is getting progressively
smaller (vanishes) in the limit of large wave numbers,
(ii) the collision term is local in the wave number space —
not to be confused with the local-induction approxima-
tion in the real space —that is the relevant scattering
events are only those where all the kelvon momenta are
of the same order of magnitude. We make sure that both
conditions are satisfied in our case: the condition (i) can
be checked by a dimensional estimate, provided (ii) is
true. The condition (ii) is verified numerically.

The cascade spectrum can be established by the di-
mensional analysis of the kinetic equation. The estimate
of Eq. (8) yields _nnk � k5 � jVj2 �!�1

k � k�1 � n5k; the factors
go in the order of the appearance of the corresponding
terms in (8). At k1 � � � � � k6 � k we have jVj � k6 and

_nn k �!�1
k n5kk

16: (9)

The energy flux (per unit vortex line length), *k, at the
momentum scale k is defined as

*k � L�1
X
k0<k

!k0 _nnk0 ; (10)

implying the estimate *k � k _nnk!k. Combined with (9),
this yields *k � n5kk

17, and the cascade requirement that
*k be actually k independent leads to the spectrum (we
restore here all dimensional parameters):

hŵwy
k ŵwki �

2 �hnk

��
� Ak�17=5: (11)

The value of the parameter A in (11) corresponds to the
value of the energy flux. An accurate relation between *
and A is

* � 10�5�3�A5: (12)

The dimensionless coefficient in this formula has been
established numerically (see below) with the error �75%.

The exponent 17=5 is in perfect agreement (within the
error bars) with the spectrum observed in Ref. [10] ( �++2k of
Ref. [10] is proportional to our nk).

It is useful to express the KW cascade spectrum in
terms of a geometric characteristic, typical amplitude
bk, of the KW turbulence at the wave vector �k.
By definition of the field ŵw�z� we have b2k �
L�1

P
q�khâa

y
q âaqi � L�1

P
q�knq � knk. Hence,

bk / A1=2k�6=5: (13)

One can convert (11) into the curvature spectrum. For the
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curvature c�+� � @2s=@+2 [where s�+� is the radius vector
of the curve as a function of the arc length +], the
spectrum is defined as Fourier decomposition of the
integral Ic �

R
jc�+�j2d+ . The smallness of �, Eq. (2),

allows one to write Ic �
R
dzhŵw00y�z�ŵw00�z�i �

P
kk
4nk /P

kk
3=5, arriving thus at the exponent 3=5.

Numerics.—The aim of our numeric analysis is (i) to
make sure that the collision term of the kinetic equation is
local and (ii) to establish the value of the dimensionless
coefficient in (12). The analysis is based on the following
reasoning [17]. Consider a power-law distribution of oc-
cupation numbers, nk � A=k1, with the exponent 1 arbi-
trarily close, but not equal, to the cascade exponent
10 � 17=5. Substitute this distribution in the collision
term of the kinetic equation on the right-hand side of (8).
Given the scale invariance of the power-law distribution,
the following alternative takes place. Case (1): the colli-
sion integral converges for 1’s close to 10, and, in accor-
dance with a straightforward dimensional analysis, is
equal to

Coll�	nk � A=k1
; k� � C�1�A5!�1
k =k51�16: (14)

Here C�1� is a dimensionless function of 1, such that
C�10� � 0 since the cascade is a steady-state solution.
Case (2): the collision integral diverges for 1 close to
10. Case (2) means that the collision term is nonlocal and
the whole analysis in terms of the Kolmogorov cascade is
irrelevant. [Fortunately, our numerics show that we are
dealing with case (1).] Substituting (14) for _nnk in (10), we
obtain the expression *k�1� � �A5=2��k17�51C�1�=
�17� 51�. Taking the limit 1 ! 10, we arrive at the
k-independent flux * � �C0�10�A

5=10�. We use this for-
mula to obtain the coefficient in (12) by calculating C�1�
and finding its derivative C0�10�. We simulated the colli-
sion integral by the Monte Carlo method. The integrals D,
E, P, and Q were calculated numerically. The slowing
down of the simulation due to the latter circumstance is
the main source of the large relative error.

Superfluid turbulence.—The main characteristic of the
superfluid turbulence is the vortex line density, L (total
line length per unit volume, note that R0 � 1=

����
L

p
). The

parameter A is related to L through the energy flux *.
Since (to a good accuracy) the energy is the total line
length times ���2=4�� ln�R0=��, the same coefficient re-
lates the energy flux to the line-length flux. The line-
length flux, _LL=L, is available from the simulation of
Ref. [6]: _LL=L � 6� 10�3�L ln�1=�

����
L

p
�. We thus get

A5 � 64Lln2�1=�
����
L

p
�: (15)

For the amplitude spectrum this yields
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bkk� 	�
����
L

p
=k� ln�1=�

����
L

p
�
1=5: (16)

With this spectrum, Vinen’s prediction for the cutoff
momentum kph � ��1

ph , based on Eq. (2.24) of Ref. [8],
should read (c is the sound velocity)

kph=
����
L

p
�
ln4=9�1=�

����
L

p
�

ln10=9�1=�kph�

�
c

�
����
L

p

�
5=6

: (17)

From (16) it is seen that the crossover from the frag-
mentational cascade regime to the pure one should be very
slow. Indeed, to significantly suppress the fragmentational
regime —that is to suppress local self-crossings of the
vortex line —it is necessary to make the parameter bkk
substantially smaller than unity. In view of the exponent
1=5, this requires increasing k by �2 orders of magnitude.
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