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Optical Telecom Networks as Weak Quantum Measurements with Postselection

Nicolas Brunner, Antonio Acin,* Daniel Collins, Nicolas Gisin, and Valerio Scarani

Group of Applied Physics, University of Geneva, 20, rue de I’Ecole-de-Médecine, CH-1211 Geneva 4, Switzerland
(Received 17 June 2003; published 28 October 2003)

We show that weak measurements with postselection, proposed in the context of the quantum theory
of measurement, naturally appear in the everyday physics of fiber optics telecom networks through
polarization-mode dispersion (PMD) and polarization-dependent losses (PDL). Specifically, the PMD
leads to a time-resolved discrimination of polarization; the postselection is done in the most natural
way: one postselects those photons that have not been lost because of the PDL. The quantum formalism
is shown to simplify the calculation of optical networks in the telecom limit of weak PMD.
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Several times in the history of science, different people
working on different fields and with different motiva-
tions happened to discover the same thing, or to introduce
the same concepts. Think of the connection between
differential geometry and general relativity: physics re-
ceived a convenient mathematical tool for its predic-
tions, mathematics gained in popularity and interest
because, apart from its intrinsic beauty, it proved useful.
In this paper, we point out a connection which should
help to bring together two very different communities:
quantum theorists and telecom engineers. The physical
degree of freedom that supports this connection is the
polarization of light; we show that the quantum formal-
ism of weak measurements and postselection [1-3] ap-
plies to the description of polarization effects in optical
networks [4]. The structure of this Letter is as follows:
we give first a qualitative description of the announced
connection. Then, we introduce the mathematical formal-
ism, and show that the connection does indeed hold down
to the detailed formulas; in particular, the knowledge of
the “quantum’ formalism can simplify some “telecom”
calculations.

A modern optical network is composed of different de-
vices connected through optical fibers. With respect to
polarization, two main physical effects are present. The
first one is polarization-mode dispersion (PMD): due to
birefringency, different polarization modes (P modes in
the following) propagate with different velocities; in
particular, the fastest and the slowest polarization modes
are orthogonal. PMD is the most important polarization
effect in the fibers. The second effect is polarization-
dependent loss (PDL), that is, different P modes are
differently attenuated. PDL is negligible in fibers, but is
important in devices such as amplifiers, wavelength-
division multiplexing couplers, isolators, circulators, etc.
In particular, a perfect polarizer is an element with in-
finite PDL, since it attenuates completely a P mode. Thus,
an optical network can be described by a concatenation of
trunks, alternating PMD and PDL elements. Combined
effects of PMD and PDL elements have been studied in
Refs. [5,6]; in particular, interesting phenomena such as
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anomalous dispersion have been shown to arise even in
simple concatenations; namely, a PDL element sand-
wiched between two PMD elements.

The first piece of the connection we want to point out is
the following: a PMD element performs a measurement
of polarization on light pulses (Fig. 1). In fact, PMD leads
to the separation of two orthogonal P modes in time; this
separation is called differential group delay (DGD),
noted 87. If &7 is larger than the pulse width, the mea-
surement of the time of arrival is equivalent to the mea-
surement of polarization —PMD acts then as a “‘temporal
polarizing beam splitter.”” However, in the usual telecom
regime &7 is much smaller than the pulse width. In this
case, the time of arrival does not achieve a complete dis-
crimination between two orthogonal P modes anymore;
but still, some information about the polarization of the
input pulse is encoded in the modified temporal shape of
the output pulse. We are in a regime of weak measurement
of the polarization; we are going to show later that we
recover indeed the notion of weak measurement of the
quantum theorists, by measuring the mean time of arrival
(that is, the “‘center of mass” of the output pulse).

The second piece of the connection defines the role of
PDL: a PDL element performs a postselection of some
polarization modes. Far from being an artificial ingre-
dient, postselection of some modes is the most natural
situation in the presence of losses: one does always post-
select those photons that have not been lost. This would
be trivial physics if the losses were independent of any
degree of freedom, just like random scattering; but in the
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PMD fiber TOA

FIG. 1. When a polarized pulse passing through a PMD fiber,
the P mode H (parallel to the birefringency axis in the
Poincaré sphere) and its orthogonal V are separated in time.
A measurement of the time of arrival (TOA) is a measurement,
strong or weak, of the polarization.
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case of PDL, the amount of losses depends on the mean-
ingful degree of freedom, polarization. An infinite PDL,
as we said above, would correspond to the postselection
of a precise P mode (a pure state, in the quantum lan-
guage); a finite PDL corresponds to postselecting dif-
ferent P modes with different probabilities (a mixed
quantum state).

In summary: by tuning the PMD, we can move from
weak to strong measurements of polarization; by tuning
the PDL, we can study the postselection of a pure or of a
mixed state of polarization. This is the main result of this
Letter, that we are now going to present in mathemati-
cal terms.

It is convenient to use the formalism of two-
dimensional Jones vectors, in which the description of
classical polarization is identical to the quantum descrip-
tion of the spin % [7]. Thus, e.g., the three typical pairs of
orthogonal polarizations — horizontal-vertical linear,
diagonal linear, left-right circular —are described, re-
spectively, by the eigenvectors of the Pauli matrices o,
oy, and oy. In this Letter, we shall only need to define the
eigenvectors of o,: o,|H) = |H), o,|V) = |V). Any pure
polarization state can be described as a superposition of
these vectors, with complex coefficients, the state corre-
sponding to the point # = (6, ¢) on the Poincaré sphere
being | + A) = cos |H) + sin§ e'?|V).

On a monochromatic wave of frequency w, a PMD that
separates the eigenvectors of o, for a birefringency b is
represented by the operator [5]

PMD:U(bw, 3) = et®7:/2 = cost(u]l + isianwa'z.
(1

This is a unitary operation that describes a global rotation
of the state of polarization around the z axis of the
Poincaré sphere. As for PDL: since the most and least
attenuated states are always orthogonal, they can be
written as the eigenstates of o, = i - &, where the direc-
tion 7 has a priori no link with the direction Z of the
birefringency axis. Neglecting a global attenuation, the
PDL is represented by the operator [5]

PDL:F(p, i) = et /2 = cosh%]l + sinh%a'n. )

This is a nonunitary operator, sometimes called a filter; in
the quantum theory, it appears also in the unambiguous
discrimination of nonorthogonal quantum states [8]. It
has been shown in Ref. [5] that any optical network can be
modeled by an effective PMD followed by an effective
PDL, that is, by an operator of the form F(u, A)U(b, #1).
However, the study of the general case is involved because
the effective parameters u, 7, b, and m depend of the
optical frequency w in a nontrivial way, leading to de-
formations in the shape of the light pulse. Thus, we focus
initially on the simplest optical network, namely a PMD
fiber followed by a PDL element.
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The input state is a Gaussian (Fourier-transform lim-
ited) light pulse of coherence time ¢, of central frequency
wg, prepared in a pure polarization state |i):

[Wi,) = A e 1D miont @ (a|H) + BIV))
= g() @ [¢y), 3)

with A = (\271,)""/2 so that G(r) = |g(r)|? is a proba-
bility distribution [9]. To compute the state of the light at
the output of the PMD fiber, we must Fourier transform
|'W;,) into the frequency domain, apply (1) to any mono-
chromatic component, and integrate back to the time
domain. This gives [10]

| Wpnp) = ]dw e g (w — wy) Ulbw, 2)|i)

=ag_(WH)+ Bg. (V) 4)

where g. (1) = g[t = (67/2)] with 87 = b, @ = ae'?®/?
and B = Be /2 We see that, in addition to the global
rotation around the birefringency axis at the frequency
g, the PMD has delayed the V polarization with respect
to the H polarization, as announced. According to
whether the delay 67 is much larger or much smaller
than the width ¢, of the input pulse, the recording of the
time of arrival will provide us with a strong or a weak
measurement [11]. For further reference, let us define the
polarization state

|y = Ulbwo, 2lo) = alH) + BIH) &)

obtained by retaining only the global rotation, that is, in
the limit of continuous light §7/r, = 0.

Now, we should apply the PDL operator (2) to |Wpyp).
Before presenting the general case, to become familiar
with the concepts, we study the case of postselection of a
pure state: the PDL element is then a polarizer that
projects onto a polarization state |{s;) = w|H) + v|V).
Thus, at the output of the optical network we have

Vo) =[apg—() + Bo g (Ollg) = fOly)), (6)

where 7 is the conjugate of a complex number z. Clearly
f(¢) is the temporal shape of the selected component of
the field. Now we measure the intensity (1) = |f(1)|?;
withA = a @ and B = Bﬂ,wehave

1(0)=1APG-() + BI*G .. (1) + 2Re(AB) g (1)g + (1).  (7)

In the limit of strong measurement, 67 > f,., the
overlap g_g. is essentially 0, so the detected inten-
sity corresponds to two well-separated Gaussians: 1(r) =
la w|>G_(1) + |Bv|>G.(). A detection in G_ corre-
sponds to the H polarization, so the probability that the
polarization was |H) given the preparation and post-
selection is simply the integral of the Gaussian G_,
normalized to the total intensity: P(H) = ( [§ I(r)dt)/
([2o1(0dD) = [la ul?/(la ul* + |8v1*)] But |al* is
the probability P(H|y,) of finding a photon polarized
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along |H) given that the state is |i); using similar
notations for | 8|2, |w|?, and |v|?, we have found

P(i |H)P(H o)

PH) = 5 Pl TPl
K=H)V

®)

This is the Aharonov-Bergmann-Lebowitz (ABL) rule
[12], which corresponds to the classical rule for the
probability of sequential events.

Since we have access to both P(H) and P(V), we can
compute (o,) = P(H) — P(V). Moreover, the mean time
of arrival, defined as usual by (r) = ( [t1(r)d1)/( [1(t)dD),
is here P(H)(671/2) + P(V)[—(67/2)]. So, for the case of
strong measurement, we have derived the relation

(t) = — (o). 9)

This is the relation that appears in any measurement
theory between the pointer or meter (here, the mean
time of arrival) and physical quantity to be measured
(here, o). Even though it has been derived from more
intuitive grounds in the regime of strong measurements,
the relation (9) is the fundamental relation of a measure-
ment process in which the coupling between the pointer
and the observable quantity is made by the PMD [11]. In
particular, contrary to P(H) and P(V), {¢) can be defined
and measured for any I(¢). We shall then take (9) as the
definition of the mean value of o, when measured by the
PMD. With this, we can remove the assumption of strong
measurement.

Starting with I(¢) given by (7), {f) can be calculated
analytically in a straightforward way, and the relation (9)
yield

|AI® — IBI?

o) = |AI? + |BI? + 2Re(AB) ¢~ (1/2(07/2t)"

(10)

Note that the dependence in the strength of the measure-
ment (i.e., in §7/2t,) is very explicit in (10). In the limit
of strong measurement, 87/2f, — %, we recover the
above results. In the opposite limit, e~(1/207/2)° = 1 —
O(67/2t,), corresponding to a weak measurement, we
have (o,),, = Re[(A — B)(A + B)]. Noticing that

+ — &= 4+ Q5 — <¢1|¢>’
ARB = ar=pr {<¢l|oz|¢>, (4o
with |¢) given in (5), we find
— <ll11|0'2|l11>
(2 Re( ) ) (12)

This is exactly the formula for the weak value of o, when
the postselection is done on a pure state |{s;) as given by
the quantum theorists [1,2]. Note, in particular, that (o),
can reach arbitrarily large values, leading to an appar-
ently paradoxical situation since the eigenvalues of o, are
*+1. But there is no paradox at all: (o), > 1 simply
means () > (67/2), and this situation is reached by post-
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selecting a state |s;) that is almost orthogonal to |i¢);
these are very rare events, the shape f(¢) of the pulse is
strongly distorted, and it is not astonishing that its center
of mass could be found far away from its expected posi-
tion in the absence of postselection.

We can now examine the case of a finite value of the
PDL after the PMD fiber. For conciseness, we write
F(u, i) = F for the PDL operator (2). At the output of
the PMD-PDL trunk, the state is

| Vou) = Fl¥pmp) = A(|H) + B()|V), (13)
where
A1) = (HIF|H) ag_(1) +(HIF|V) Bg. (1)
=(C+nS)ag (1 + Sn_ Bg. (1), (14)
B(t) = (VIF|V) Bg (1) + (VIF|H)ag_(1)
=(C—n.S)Bg.(0) + Sny ag (1), (15)

with C = cosh¥, § = sinh%, and n. = n, * in,. We can
then calculate the detected intensity I(r) = |A(f)|* +
|B(t)]?> = |al*(coshu + n, sinhu)G_ + |B|*(coshu —
n, sinhw)G, + 2 sinhuRg, g with R =
Re(aBn . e®®). The mean time of arrival is then calcu-
lated; with y = tanhu, the result is

<[>_8T |lal> —1BI> + yn.
2 14 9[n (lal® — | B) +2Re™W/2O2T)

(16)

Again, in the limit of weak measurement and using (9),
we find

Aoy tyn, ((FTF Ty

() = m = FTF), ) (17

with [{s) given by (5) as before. The right-hand side is the
weak value obtained by postselection on the mixed state
p =[1/Te(FtF)]JFtF [2,3]. The limiting case y =0
means u = 0, thence p = %Il: if there is no PDL, {0 ,),, =
(0,)y as it should. At the other extreme, y = 1 means
u — oo thence p = 5(1 + o,), and we recover the for-
mula (12) for the postselection of the pure state |s;) =
|+ 7). Finally, we stress that the principal states of polar-
ization of the PMD-PDL network, as defined, e.g., in
Ref. [5], are F|H) and F|V) [13].

We have then demonstrated our claims: an optical
PMD-PDL network is an everyday realization of the
abstract notions of weak measurement and postselection
introduced in the theory of quantum measurement. We
had also said that telecom engineers would benefit by
learning some quantum formalism, were it only because
it could simplify their calculations. Indeed, consider a
more complicated optical network, composed of three
trunks: PMD-PDL-PMD, represented by the operator
T = U(byw, m)F(u, A)U(b,w, ). As we noticed above,
this simple network is sufficiently complex to yield
anomalous dispersion. The calculation can of course be
done following the same steps as above, but it is heavy
and not really instructive. Another approach, that is
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moreover scalable to any network consisting of 2N + 1

trunks alternating PMD and PDL, is possible if the two

PMD’s are weak, that is, in the telecom limit where the

DGD’s 67, = b, are much smaller than the width ¢, of

the pulse; for conciseness, we write & = 7,/f,. This

means that g(w) = g(wy + x) is significantly different
1

from zero only for |x| =1, that is, bx = O(g). So we

can expand all the PMD operators (1) as [10]
Ubw,m)=[1+i(bx/2)d,, +O0(>)|UDbwy,m). (18)

Let us then calculate the three-trunk network:
b b
T(x) = F + ix(%fo-z + %0,,,?) + 0(g2), (19)

with F = U(b, wg, R)FU(b; wy, Z). In what follows, we
define the two orthogonal states of polarization |ip) =

T|¢>/1/<~TT~T>% and |#3), and we systematically omit
global attenuations. We have:

TO|o) = WrlTlobr) + Wi Tlwodl i)
« (1 +ixW)lgp) + xD|yf) + 0(e?), (20)
where W = (ol F1 & Fo. + %20, Do) /{Ft F)y, and

xD ~ O(g). The passage from the Fourier to the time
domain yields

3 = ] dxe 013 (x) ® T(x)| o)

o g[r — Re(W)]e ™" & i) + h(D) ® lz),  (21)

where we used 1+ ixW = ™" + O(e2) and where
h(t) ~ O(g). The measurement of the intensity of the
light pulse |W5) gives I(f) « G(t — Re(W)) + O(&?): the
center of the pulse is now in
b, by
(f) = Re(W) 7 Wi + 5
with w, given by (17) and w, = (|, |tfr). This result
is intuitively clear: the first term is the weak value ob-
tained by forgetting the second PMD element; the second
term is just the mean value of o, on the filtered state
obtained by forgetting the first PMD element. For the case
of any network composed of 2N + 1 trunks alternating
PMD and PDL elements, the result generalizes immedi-
ately as (t) = > ,(67,/2)wy, with w; the suitable weak
values [13]. This example shows how the formalism of
weak measurements simplifies some calculations of net-
works combining PMD and PDL, adding an intuitive
meaning to the formulas.

In conclusion, we have shown that the quantum theo-
retical formalism of weak measurements and post-
selection, often thought of as a weirdness of theorists,
describes important effects in the physics of telecom
fibers. In particular, the notion of postselection appears
naturally, since the telecom engineers select only those
photons that are not lost in the fiber.

Wy, (22)
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Just a final remark, to say that, with this investigation,
we close a loop of analogies. On the one hand, in Ref. [14],
Gisin and Go stressed the analogy between the PMD-PDL
effects in optical networks and the mixing and decay of
kaons. On the other hand, in Ref. [15] it was shown that
adiabatic measurements in metastable systems are a kind
of weak measurement, and point out that kaons provide
experimental examples of this. By showing the link be-
tween PMD-PDL and weak measurements with post-
selection, this work closes the loop.

Note added in proof.—For a related independent work,
see [16].
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