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Is There Icosahedral Ordering in Liquid and Undercooled Metals?

Andrea Di Cicco,* Angela Trapananti, and Silena Faggioni
Istituto Nazionale per la Fisica della Materia (INFM), INFN-LNF and Dipartimento di Fisica, Università degli Studi di
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The local structure of simple liquids is significantly different from that of corresponding crystalline
systems. Signatures of fivefold local ordering have been previously found, but current knowledge is
limited to pair distribution, leaving considerable uncertainty in the determination of the geometrical
structure. New x-ray absorption experimental results on liquid and undercooled liquid copper,
interpreted using an advanced data-analysis method based on multiple-scattering simulations, are
shown to contain direct information on triplet correlations making feasible a reliable determination of
the bond-angle distribution and fraction of nearly icosahedral configurations in liquids.
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Even in simple liquids the short-range order may differ
significantly from that of crystalline solids having similar
densities and average interatomic spacing, as also in-
ferred from the occurrence of deep undercooling in
simple metals [1]. The possible existence of local icosa-
hedral fivefold symmetry, forbidden by translational con-
straints in crystalline matter, was early proposed by
Frank [2]. Pioneering structure investigations based on
the Voronoi polyhedra analysis of random structures [3]
and later works [4] have extensively addressed this ques-
tion, but a comprehensive understanding is still lacking
also because most experimental evidence is limited to
pair-distribution information.

After the seminal works of the early times [1,2,5], a
number of theoretical and experimental studies faced the
problem of studying the local structure of close-packing
liquids (see [3,4,6,7,8,9,10] and references therein).
Suitable data-analysis techniques have been developed
which are able to infer angular information in liquid
matter, like the reverse Monte Carlo (RMC) [11] or the
empirical potential structure refinement [12,13]. How-
ever, these methods have been applied to structural data
containing information limited to the pair-distribution
function g2�r�, measuring the density fluctuation as a
function of the interatomic distance. This limitation is
0031-9007=03=91(13)=135505(4)$20.00 
intrinsic in the diffraction techniques sensitive to the
‘‘structure factor’’ S�q�, which is simply related to the
g2�r� by Fourier transformation:

S�q� � 1�
Z 1

0
dr4�r2��g2�r� � 1�

sin�qr�
qr

: (1)

An alternative method which is very sensitive to
short-range ordering and has a strong potential for appli-
cations to liquid matter [14] is the x-ray absorption spec-
troscopy (XAS).

In this technique, the photoelectron excited from a
deep core level behaves as an effective short-range struc-
tural probe which interacts with the potential of the
surrounding atoms generating scattering effects observed
as oscillations in the absorption cross section.

The structural XAS signal 	�k� is defined as the rela-
tive oscillation of the x-ray absorption cross section above
the edge under consideration as a function of the photo-
electron wave-vector modulus k �

�������������������������
2m�E� Ee�

p
= �h (Ee

being the threshold energy). Using third-generation syn-
chrotron radiation sources, the structural XAS signal can
be measured with very high accuracy even for samples
under extreme conditions.

For a single component system the structural XAS
signal is given by
h	�k�i �
Z 1

0
dr4�r2�g2�r���2��r; k� �

Z
dr1dr2d�8�2r21r

2
2 sin����

2g3�r1; r2; ����3��r1; r2; �; k� � . . . : (2)
Because of the short-range nature of the n-body
XAS ��n� signals, the integrals are actually limited to a
region of linear dimensions of the order of a few �A. The
��n��k� functions are usually regular oscillations as a
function of k with a leading phase of kRpath, Rpath being
the length of the shortest path joining all of the atoms
in the n-body configuration. Therefore, Rpath � 2r and
Rpath � r1 � r2 � r3�r1; r2; �� for two-body and three-
body terms, respectively, the latter corresponding obvi-
ously to oscillations of higher frequency in the XAS cross
section as a function of k. As shown in Eq. (2), the
dominant two-body term is usually accompanied by a
detectable three-body high-frequency correction that
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contains unique structural information on the short-range
triplet distribution (g3) in the system.

Recently, several advances in XAS data analysis have
greatly increased the accuracy of the structural informa-
tion obtained from experimental data. Major efforts
have been devoted to the development of ab initio data-
analysis methods based on multiple-scattering (MS)
codes which allow us to obtain fast and accurate simula-
tions of the ��n� MS XAS n-body signals in wide r and k
ranges [15,16]. It is clear that one of the most appealing
features of XAS is its sensitivity to higher-order (and, in
particular, three-body) distribution functions through the
presence of multiple-scattering signals. This presence is
well established for crystals and molecules [16] where
characteristic signals associated with three-body configu-
rations have been clearly identified and analyzed, extract-
ing information on the geometry and correlated
vibrations. The detailed analysis of three-body contribu-
tions in liquids needs additional improvements to the
XAS data-analysis schemes. A successful method for
quantitative analysis of highly disordered structures is
the RMC refinement [11,17–19] that can be applied
FIG. 1 (color online). XAS experimental data of liquid Cu at
1398 K (l-Cu) compared with the two-body component of the
RMC multiple-scattering simulation (upper panel). The residual
lower curve shows that the higher order terms have to be
included to simulate the whole XAS spectrum. The inset shows
the pair correlation function associated with the RMC simula-
tion and previous determinations using neutron diffraction
(ND) and x-ray (XRD) diffraction. The difference spectrum
is compared in the lower panel with a XAS three-body signal
calculated using a Gaussian three-body distribution for equi-
lateral triangles. The full bond-angle N��� distribution result-
ing from the RMC simulation is compared with that of the
equilateral triangles.
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simultaneously to diffraction and XAS data, allowing
the construction of a tridimensional model of the disor-
dered system compatible with the observables under
consideration.

In this Letter, we apply for the first time a RMC MS
data-analysis method to XAS data of liquid and under-
cooled liquid copper, for which accurate experiments
have been performed at the European Synchrotron
Radiation Facility third-generation synchrotron radiation
source (BM29). The new method incorporates all of the
advances included in the original XAS MS data-analysis
program [15,16].

The samples were pellets constituted by dispersions of
submicrometric Cu grains into a graphite matrix suitable
for high-temperature measurements. Because of the low
probability of nucleation events in such micrometric
liquid droplets [1], the sample can be easily undercooled
down to 100 K below the melting point as already
observed for other metals and semiconductors (see
[20,21,22] and references therein).

The XAS k	�k� structural signal of liquid Cu measured
at 1398 K (l-Cu) is compared with the two-body compo-
nent of the RMC multiple-scattering simulation k��2��k�
in Fig. 1 (upper panel). The RMC simulation has been
performed in a 864-atom cubic box of fixed density,
considering both the XAS experimental data and the
published g2�r� curve obtained by ND [23] which acts
as a constraint for the long-range behavior. The RMC
FIG. 2 (color online). XAS data of liquid and undercooled Cu
at various temperatures compared with RMC MS simulations
including three-body contributions (upper panel). The decom-
position into two-body (��2�) and three-body (��3�) terms for
each liquid is shown in the middle panel. XAS data after
removal of the two-body contributions are compared with
three-body MS simulations on the enhanced scale of the lower
panel.
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FIG. 3 (color). Bond-angle distribution N��� as determined
by RMC simulations reproducing XAS data of liquid and
undercooled Cu. The distribution shows a clear peak around
60� and another broad maximum at about 110�. The N���
corresponding to the uncorrelated limit is also shown (dashed
line) for comparison. The number of nearly equilateral triangles
increases lowering the temperature in the undercooling regime
(see inset). The pair correlation functions of liquid and under-
cooled Cu measured by XAS are compared with previous ND
and XRD diffraction determinations (see top-right figure).

FIG. 4 (color). Histogram of the frequency density of the ŴW6

cubic invariant monitoring the local geometry around each
atom in undercooled liquid Cu. The histogram related to the
fcc solid Cu, limited to a very narrow region around
�0:013 161 (value for a ‘‘perfect’’ fcc 13-atom cluster), is
shown for comparison (scaled by a factor of 100). The ŴW6

distribution is found to be very broad and includes a region
(shaded area under the histogram) corresponding to distorted
nearly icosahedral configurations as indicated by the typical
angular distribution with peaks at 60� and 110� and a mini-
mum at 90� (see the left inset).
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curve reproduces almost exactly the shape of the ND [23]
and XRD [24] g2�r� above about 4 �A while the first-
neighbor peak is narrower and shifted to shorter dis-
tances [see also Fig. 3 (upper-right panel)]. The short-
range shape of the RMC g2�r� is accurately reconstructed
due to the unique sensitivity of the XAS signal. On the
other hand, the high-frequency oscillation of the residual
curve shows that the simple two-body k��2� contribution
is not able to reproduce the entire experimental k	�k� and
this indicates that higher-order terms have to be included
in the simulation. In a monoatomic close-packed liquid
the smaller and mostly occurring three-body configura-
tion is expected to be an equilateral triangle formed by
first neighbors. The difference spectrum k�	�k� � ��2�� is
compared with a XAS three-body signal calculated using
a Gaussian three-body distribution for equilateral trian-
gles on an enhanced scale in the lower panel of Fig. 1. In
fact, the main component of the XAS three-body signal is
associated with the peak of the bond-angle N��� distri-
bution associated with nearly equilateral triangular con-
figurations, as shown in the inset of Fig. 1. The bond-angle
distributions shown here are calculated counting the
number of triangular configurations per atom up to a
selected limiting distance, chosen in our case to enclose
the first-neighbor peak (Rcut � 2:98 �A). The three-body
MS signals have been therefore simulated accounting for
the dominant terms associated with the nearly equilateral
configurations.
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The effect of the change of temperature on the XAS
data of liquid Cu is shown in Fig. 2 (upper panel). At
increasing temperatures (T � 1623 K) the k	�k� signal
amplitude and frequency are lowered. Instead, decreasing
the temperature in a deep undercooled state the amplitude
and frequency go in the opposite direction. The RMC
two-body and three-body components are both affected
by temperature as shown in the same figure (middle
panel). The evolution of the three-body component as a
function of temperature is reported in the lower part of
the figure showing that both the two-body and three-body
contributions are remarkably affected upon undercooling.

In Fig. 3 the bond-angle distributions N��� resulting
from the RMC XAS refinement of liquid and undercooled
Cu are presented. The cutoff distances for calculating the
angle distributions have been scaled according to the
liquid density (Rcut � 2:97; 2:98; 3:0 �A at T � 1313,
1398, and 1623 K respectively). The typical shape of the
distribution contains a distinct peak around 60� associ-
ated with equilateral configurations and a second broad
hump at about 110�. The peak at about 60� increases its
intensity lowering the temperature in the undercooled
state as shown in the left inset. The rest of the distribution
is practically unchanged with temperature. This suggests
135505-3
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that the most important change of the local structure
induced by cooling is the increase of the number of nearly
equilateral configurations for an average given number of
neighbors. At the same time, as shown in the upper-right
inset, the first-neighbor two-body distribution is found to
sharpen without a substantial change of the closest ap-
proach distance.

In order to get a deeper insight on the tridimensional
average liquid structure we performed a detailed geomet-
rical analysis with a set of bond orientational order pa-
rameters introduced by Steinhardt et al. [25] and used
previously to study theoretical simulations of under-
cooled Lennard-Jones liquids [6,7,25]. The most sensitive
indicator for icosahedral symmetry is the ŴW6 cubic in-
variant, calculated using averages of spherical harmonics
associated with the bond directions [6]. For an isolated
13-atom cluster, ŴW6 � �0:1698 and ŴW6 � �0:013 16 for
icosahedral and fcc (face centered cubic) structures, re-
spectively. As we are considering an isotropic and homo-
geneous liquid and we are interested only in local
symmetry we can calculate ŴW6 for each atom of the
RMC simulation at any equilibrium configuration, using
the same cutoff distances defined above which enclose the
first peak of the radial distribution.

In Fig. 4 we report the frequency density of the ŴW6

cubic invariant calculated on about 100 configurations of
the 864-atom box used for the RMC data analysis of
undercooled Cu. The ŴW6 distribution of the liquid is
compared with that of a typical fcc crystalline solid
(with vibrational amplitudes corresponding to Cu at
about 400 K). In spite of the fact that the fcc angular
distribution contains broadened peaks (see top-right in-
set), the corresponding ŴW6 distribution is confined in a
narrow region around the ideal fcc value (ŴW6 �
�0:013 16) showing that this indicator is really very
sensitive to the orientational symmetry. The ŴW6 distribu-
tion of the liquid is found to be very broad and strongly
asymmetric towards negative values extending down to
the ideal value for a perfect icosahedral cluster. The ŴW6

distribution of liquid Cu at higher temperatures has also
been calculated and no significant changes of shape have
been detected except for a slight shift toward higher ŴW6

values.
The local geometry of clusters corresponding to lower

ŴW6 values approaches that of an icosahedron. This can be
appreciated by visual inspection and can be verified look-
ing at the N��� bond-angle distribution corresponding to
selected ŴW6 values. The bond-angle distributions N��� of
clusters corresponding to selected regions of the ŴW6

distribution are shown in the left inset of Fig. 4. The
N��� corresponding to ŴW6 values very near to the icosa-
hedral limit (ŴW6 <�0:13) shows a distinct high peak at
60� and a second peak around 110�, with a clear mini-
mum at 90�, similarly to the ideal case shown by red ticks
in the inset. These features obviously merge into the
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broadened N��� total distribution moving the upper ŴW6

boundary but higher maxima at 60� and deeper minima
at 90� are preserved up to intermediate values (ŴW6 �
�0:09). This upper limit corresponds to a broadening of
about 10� around the ideal icosahedron values and can be
taken as a reasonable borderline for nearly icosahedral
configurations. Looking at the integral of the ŴW6 distri-
bution (right-lower inset) we can evaluate that the frac-
tion of nearly icosahedral configurations in undercooled
copper is around 10%.
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