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Phase Transitions in AngleVariables
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Phase transitions in angle variables are studied. An example of angular phase transition, an axially to
triaxially deformed ‘‘shape’’ transition in nuclei, is discussed. Spectroscopic signatures for the
occurrence of these transitions are suggested. Preliminary experimental evidence is presented.
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The purpose of this Letter is twofold: (i) to introduce
quantum phase transitions for systems in which the order
parameter is an angle and present the corresponding
results; (ii) to suggest a system where these phase tran-
sitions can occur and indicate how they can be detected
(signatures) by analyzing the solutions at the critical
point. Preliminary experimental evidence for their oc-
currence is presented.

The simplest way to study quantum phase transitions is
to expand the ‘‘effective potential’’ as a function of the
coordinate (Landau approach). In the case in which the
coordinate is an angle �, a convenient expansion is in
terms of trigonometric functions. I begin therefore by
considering the potential

V��� � � cos�� �cos2�; 0 � � � �: (1)

This potential appears in the problem to be discussed
below and is the angle equivalent of the Landau potential
0031-9007=03=91(13)=132502(4)$20.00 
(up to quartic terms). As a function of the control pa-
rameter �, the system described by the potential (1)
undergoes a quantum phase transition at � � �c �

1
2 .
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2 , the potential has a minimum at �e � 0, while
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Since the function and its first derivative are continuous
at � � �c while the second derivative is not, the transition
is second order. The critical exponent � is 1

2 , as one can
see by expanding �e around the critical point �c �
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An example of ‘‘angular’’ quantum phase transition is
provided by shape phase transitions in atomic nuclei.
Ellipsoidal shapes of nuclei are described in terms of
two intrinsic Bohr variables �;�. If � � 0, one has a
sphere. If � � 0 and � � 0
, one has an ellipsoid with
axial symmetry while, if � � 0 and � � 0
, the ellipsoid
has an axially asymmetric shape. Potentials for this
situation can be obtained from the interacting boson
model by making use of the method of coherent states
[1]. With only two-body boson interactions, the potential
is of the type

V��;�� � f��� � g��� cos3�; � � 0;

60
 � � � 0
;
(4)

where f��� and g��� are functions of � given in [1] and
g��� � 0 for � � 0. This potential has a minimum at
�e � 0
. Most known nuclei are in this situation.
However, if three-body terms are added, the potential
takes the form [2]

V��;�� � f��� � g��� cos3�� h���cos23�; (5)
with h��� � 0 for � � 0. This is precisely the situation
described above, with � � 3�. Thus, one may have the
possibility of rigid triaxial shapes ��e � 0
� and phase
transitions from rigid axial to rigid triaxial. If this phase
transition occurs, one must find signatures for it. It has
been suggested recently that spectroscopic signatures for
phase transitions can be found by analyzing the situation
at the critical point [3]. At this point � � 1

2 , the potential
is flat, as shown in Fig. 1. The spectrum at the critical
point of the axial to triaxial shape phase transition in
nuclei can be studied by considering the Bohr equation
with [4]
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If the potential is separable, u��;�� � �2B
�h2
�V��;�� �

u��� � v���, the equation can be approximately sepa-
rated
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(7)
where h�2i is the average of �2 over ���� [5]. Consider
now the situation in which the potential is a harmonic
oscillator in the variable �, u��� � 1

2u0��� �0�
2 and a

square well in the variable �, v��� � 0 for � < �W and
v��� � 1 for � � �W . This potential is a special case of
the generic potential of Eq. (5), when f��� � u���, the
functions g��� and h��� are approximated by g��0� and
h��0� (valid if u0 is sufficiently large, corresponding to
rigid deformations with equilibrium value �0) and the
combination �g��0�cos3�� h��0�cos23� is approxi-
mated by a square well in � [valid at the critical point,
� � h��0�=g��0� � 1=2, where the potential is very flat,
Fig. 1]. It describes (approximately ) the situation at the
critical point of the rigid axial to rigid triaxial shape
phase transition in nuclei.

In understanding the spectrum at this point, one is
interested in solving the equation in the variable �.
(The equation in the variable � was solved by Bohr.) If
�W � 60
, one can make the further simplification
sin�� � and reduce the equation to that of a particle in
a two-dimensional square well,
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with M0 � �K2� � 0;�1;�2; . . . and with boundary con-
dition ���W� � 0. The solutions of this equation are well
known and given in terms of Bessel functions
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FIG. 1. The Landau potential V��� for three values of
the control parameter, � � 0< �c, � � �c � 1=2, and � �
1 > �c.
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�s0;M0 ��� � cs0;M0JM0 �ks0;M0��;

�""�;s0;M0 � k2s0;M0 �
4

3
M02; ks0;M0 �

xs0;M0

�W
;

(9)

where xs0;M0 is the s0th zero of JM0 �z�. Since the spectrum
in this approximation is doubly degenerate, except for
M0 � 0, M0 here denotes j K2 j . For �W small, the correc-
tion due to the second term is negligible and will be
omitted. The main properties of this spectrum are indi-
cated in Table I. Here the ratio of the energies of the states
to that of the fundamental vibration, Es0;M0 � �""�;s0;M0=
�""�;1;1, is shown. One can see that the � vibrations are
anharmonic with positive anharmonicities (the harmonic
limit is 2). The anharmonicities have specific values that
do not depend on the parameters in the Hamiltonian.

Transition rates can be calculated by taking matrix
elements of the quadrupole operator

T�E2� � t�
�
D�2�

�;0 cos��
1



2

p �D�2�
�;2 �D�2�

�;�2� sin�
�
:

(10)

With the approximation sin�� �, only the second term
survives when computing transitions between states of
Table I. In the evaluation, one needs the integrals
Is0;M0;s00M00 �

R
1
0 �

2cs0;M0cs00;M00JM0 �ks0;M0��JM00 �ks00;M00�� d�.
Evaluation of these integrals gives the results of Table I.

Here the integrals are normalized to I1;1;1;0. Again one can
see deviations from the harmonic approximation, where
the integral is





2

p
� 1:41, and that the ��; 0 ! � tran-

sition is smaller than the ��; 4 ! � transition, due to the
fact that the states g; �; ���; 4� are all in the same se-
quence (s0 � 1) of two-dimensional square-well states,
while ���; 0� is not (s0 � 2).

In order to obtain the full solution, one of course must
add the � part. The full solution can be written as
TABLE I. Energies and intrinsic matrix elements of the Y(5)
solution.

Bessel notation
Spectroscopic notation s0;M0 Es0;M0

g 1,0 0
� 1,1 1

��,4 1,2 2.3139
��,0 2,0 2.7742

s0;M0 ! s00;M00 Is0;M0;s”;M”

� ! g 1; 1 ! 1; 0 1
��; 4 ! � 1; 2 ! 1; 1 1.2370
��; 0 ! � 2; 0 ! 1; 1 �0:7291

132502-2



4+

2+

+0

3+

5+

2+

4+

4+
6+

0+

3.33b

b

231

14
9

70

5

100

3.33b+231

0

29

5.8

83

0.48

100

93

277

b+100
2b+100

3.33b+100

γ

g

γγ,
γγ, 0

4

FIG. 2. Schematic representation of the spectrum of a nucleus
at a critical point of the axially to triaxially deformed shape
phase transition. The scale of energy is set to the energy of the
intrinsic � vibration, A�x21;1 � x21;0� � 100. The rotational en-
ergies are in units of b � 6B. The intrinsic states are shown by
a dashed line. The scale of B�E2� values is set by B�E2; 2�� !
2�g � � 100.

TABLE II. Some properties of Y(5) compared with those of
the usual dynamical symmetries.

Property Y(5) SU(3) SU��3�

E� 1 1 0
E��;4=E� 2.32 4N�6

2N�1 � 1:8 0

E��;0=E� 2.77 4N�5
2N�1 � 1:8 1
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���;�; *i� � cs0;M0JM0 �ks0;M0���n�;L���D
L
MK�*i�;

E�n�; L; s0; K;M� � E0 � B0n� � BL�L� 1�

� A�xs0;M0 �2; (11)
TABLE III. Experimental values of E��;4 in some nuclei.

Nucleus E�2�� � (keV) E�4���� (keV) E��;4=E� (Exp)
168Er 821 2056 2.42
166Er 786 2028 2.50
164Dy 762 2173 2.80
with M0 �j K=2 j . Here B0, B, and A are parameters that
are related to frequency of � vibrations, moments of
inertia, and frequency of � vibrations. [An additional
contribution, CK2 with C > 0 (prolate) or C< 0 (oblate)
has been omitted from Eq. (11). As mentioned above, this
contribution is small for �W � 60
.] This solution will
be called, for simplicity of notation, Y(5). The portion of
the spectrum with n� � 0 is shown in Fig. 2.

Equipped with the full solution, one can also evaluate
the B�E2;Li; Ki ! Lf; Kf� values between states. These
are also shown in Fig. 2. In the approximation of Eq. (11),
bands are rotational, all with the same moment of inertia,
and ratios of B�E2� values originating from the same state
are given by the rotational (Alaga) rules. Noteworthy is
instead the ratio of energies of ���; 4� and ���; 0� states to
�, E��;4=E�, and E��;0=E� and the ratio of B�E2;��; 4 !
�� and B�E2;��; 0 ! �� to B�E2;� ! g�.

It is interesting to compare properties of Y(5) with
other situations, in particular, with the symmetry SU(3)
of the interacting boson model. The comparison is shown
in Table II. In SU(3), vibrations in the � direction are
nearly harmonic (they become exactly harmonic in the
N ! 1 limit). The anharmonicities are negative. In the
table, a comparison is also made with the symmetry
SU�3�� of the interacting boson model, corresponding
to rigid triaxial deformations. In this symmetry, the �
and ��; 4 states become part of the ground band, since
they belong to the SU�3�� representation �2N�; 2N0� (zero
energy mode) [1], while the ��; 0 belongs to another
132502-3
SU�3�� representation, lying at higher energy. The ratio
E��;0=E� ! 1.

In conclusion, instability towards rigid gamma defor-
mations is revealed by properties of the gamma vibra-
tions. It is characterized by vibrations with positive
anharmonicities. The ratio of the energy of double vibra-
tion with K � 4 to the energy of single vibration K � 2 is
expected to be, at the critical point, �2:32. This signature
may be used in identifying nuclei that are at the critical
point of the axially deformed to triaxially deformed
phase transition. The situation here is not as rich as that
of nuclei at the critical point of spherical to �-unstable
shapes, E(5) [6], or spherical to axially deformed shapes,
X(5) [7]. A preliminary scan of the periodic table appears
to indicate that a small cluster of nuclei around mass 168
are in this situation [8]. This is summarized in Table III. It
appears that 166Er, 168Er are the most likely candidates.
Indeed, studies of 166Er and 168Er within the framework
of the interacting boson model with three-body interac-
tions indicate this to be the case [9]. It would be of
utmost importance from the point of view presented
here to (i) determine the ensemble of nuclei with positive
�� anharmonicities and (ii) attempt measurements of
other signatures for instability towards rigid stable �
deformations.

It should be noted that the solution presented here is not
the SU(3) to SO(6) transition of the interacting boson
model with two-body interactions (axially deformed to
�-unstable transition), found to be a crossover point and
not a phase transition [10,11]. In the classification in terms
of symmetries of the interacting boson model [1], it is the
transition from the symmetry SU(3) to SU�3�� induced
either by higher order terms in the boson Hamiltonian or
by the elimination of the proton-neutron degree of free-
dom. The phase diagram of the system is now a tetrahe-
dron instead of a triangle (see p. 178 of [1]) (Fig. 3).
The present Letter concludes the classification of shape
phase transitions within the framework of the Bohr
Hamiltonian.
132502-3
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FIG. 3. Phase diagram including the � degree of freedom.
The 166Er and 168Er nuclei may lie on the edge of the tetrahe-
dron towards the Y(5) point.
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Phase transitions in angle variables, discussed here for
applications to nuclei, are also important in other areas of
physics and chemistry, for example, molecular physics,
where the angle is that between bonds in the molecule.
The potentials in the bending angle between a linear and a
nonlinear configuration are written as in Eq. (1) [12].
Example of molecules at the critical point of this (second
order) phase transition have been found (fulminic acid,
HCNO) [13].
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