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Elastic Stiffness of the Nuclear-Spin System in Tetragonal U2D2 Nuclear-Ordered Solid He
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We have measured temperature dependences of sound velocity for both longitudinal and transverse
sound in nuclear-ordered U2D2 solid *He with several crystal orientations along the melting curve. The
sound velocity change was proportional to T* for all sound modes and crystal orientations and was
attributed to the nuclear-spin part of the internal energy. We extracted six-independent elastic stiffness
of the nuclear-spin part and obtained Griineisen constants of the spin wave velocity for four-
independent strains. Griineisen constants for compressional strain were larger than those for shear
strain. Using the multiple-spin-exchange model, we explain the anisotropy of Griineisen constants in

tetragonal symmetry.
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The nuclear magnetism of solid He is a prototype
system to study fundamental properties of exchange pro-
cesses in magnetism where the atomic exchange process
can be calculated from first principles [1]. The multiple-
spin-exchange model, particularly the three-parameter
model with the nearest neighbor exchange Jyy, the
three-body J7, and the four-body planar exchange Kp,
has been proposed to describe the nuclear magnetism of
solid *He [2]. However, it was pointed out that the five-
body, the six-body, and even the higher-order exchange
processes were needed for quantitative discussion.
Recently, a new model for the >He nuclear magnetism
was proposed, which was based upon the nuclear-spin-
exchange interaction through the 2P-state electron di-
polar interaction caused by the correlated zero point
motion of 3He atoms [3]. In this Letter, we still use the
multiple-spin-exchange model and analyze the anisot-
ropy of sound velocity in U2D2 solid *He.

One of the important features of the exchange inter-
action in solid *He nuclear magnetism is that the ex-
change constants, denoted typically by J, are very
strongly dependent on the molar volume, where
Griineisen constants for various exchange processes J
are defined as y/ = 4% The molar volume dependences
of some thermodynamic quantities such as the nuclear-
ordering temperature 7'y, the critical fields Bc; and Bc,,
and the Curie-Weiss temperature 6y, have been measured
and the Griineisen constants for those quantities are
similar to each other, and are about 20 [4]. The small
difference in Griineisen parameters is attributed to differ-
ences in the Griineisen constants for various multiple
exchange parameters. It is very desirable and important
in *He nuclear magnetism to obtain the Griineisen con-
stants for various multiple exchange parameters for vari-
ous directions of uniaxial stress and shear stress.

It was reported that the ultrasound was strongly
coupled to the nuclear-spin system through large
Griineisen constants of exchange parameters and the
temperature-dependent sound velocity below a few mK

115301-1 0031-9007/03/91(11)/115301(4)$20.00

PACS numbers: 67.80.Cx, 67.80.Jd

[5] and even at high temperatures [6] was directly related
with nuclear-spin internal energy and the Griineisen con-
stants. Nomura et al. [5] analyzed data of longitudinal
sound velocities at 11 MHz by using an approximation of
a homogeneous medium. Neglecting anisotropy of sound
velocity in the nuclear ordered U2D2, they derived a
Griineisen constant ¥ for the spin wave velocity (c) to
be 16. In this report, we measured longitudinal and trans-
verse sound velocities simultaneously for 15 different
crystals in the U2D2 phase along the melting pressure
with much better accuracy than the previous measure-
ment and obtained six-independent elements of elastic
stiffness of the nuclear-spin part in the tetragonal U2D2
phase from the temperature-dependent part of sound ve-
locity. We derived the general expression for nuclear-spin-
dependent anisotropy of elastic stiffness in U2D2 solid
SHe from the multiple-spin-exchange model and com-
pared it with observed anisotropy of sound velocities in
the tetragonal symmetry.

A single crystal of U2D2 solid *He usually has three
magnetic domains, and a single domain crystal is neces-
sary to study the anisotropy of the sound propagation in
the U2D2 phase. By using a method similar to Ref. [5],
we made 15 crystals with an almost single magnetic
domain (more than 70% occupied by one of the domains)
from about 30 crystals grown. We grew a crystal in super-
fluid *He-B in a narrow space between two parallel trans-
ducers with 3 mm separation, one of which was a Z-cut
LiNbO; for a longitudinal wave and the other was a X-cut
crystal for a transverse wave. We could measure simulta-
neously all three sound modes in the crystal but slow
transverse mode was often not observed, depending on
the crystal orientation and the geometry of the sample
cell. The fundamental frequencies of the transducers were
7.5 MHz for the longitudinal sound and 3.6 MHz for the
transverse sound, and both sound signals were measured
up to about 50 MHz by using the higher harmonics of the
transducers. We measured sound velocity and attenuation
by the pulse echo method with phase sensitive detection
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below the nuclear-ordering temperature 7y = 0.93 mK
[7]. Two transducers were parallel to each other within an
accuracy of 1 um in the active area of the sound trans-
ducer of 10 mm?, estimated from interference patterns of
echoes and we could typically observe about 100 sound
echoes for 7.5 MHz longitudinal sounds. Attenuation of
the sound increased rapidly as frequency and temperature
increased and will be reported elsewhere. The absolute
values of the sound velocity v were determined from the
time of flight of sound between echoes with 0.5% accu-
racy. The relative changes of sound velocity % were
measured from the phase difference between sound ech-
oes using a phase sensitive detection with 107> resolution.
The U2D2 spin structure has a uniaxial symmetry
which has an anisotropy axis ] along the [100] or equiva-
lent axes. We determined by cw-NMR the crystal orien-
tation from the part of the sample with three domains and
the temperature of solid samples, using the Osheroff-
Cross-Fisher equations [Egs. (2) and (3) and Ref. [8]],
where the magnetic field was applied parallel to the sound
propagation direction k. We specify the crystal orienta-
tion (6, ¢), where 6 is the angle between [ (we choose [ ||
2=1[001]) and k, and ¢ is the azimuthal angle of &
measured from £ = [100].
Sound velocities are described by the elastic stiffness
c;j. We divided c;; into two parts,
cij = cb + (). (n
The first term % is the temperature-independent part and
comes almost from the lattice energy (only about 0.1% of
ciLj is the contribution from the temperature-independent
spin energy and is negligible). The second term C?J’.(T) is
the temperature-dependent nuclear-spin part. The elastic
stiffness generally has 21 components and the number of
independent components reduces to three, ¢y, c1p, and
C44, In cubic symmetry (the lattice parts) and reduce to
SiX, €11, €33, C12, C13> C44, aNd Cgg, in tetragonal symmetry
(the U2D2 spin parts), where i and j in ¢;; denote 1:xx,
2:yy, 3:zz, 4:yz, 5:xy, 6:zx. We determined the lattice
parts to be ¢k =221, b =184, b, =108
[10% g/cms?] for bee solid *He at the melting pressure
(24.2 [cm?/mol]) from v and are tabulated in Table L
These values are in good agreement with Wanner’s values
[9] almost within the three above digits. Typical tempera-
ture dependence of the relative changes of sound velocity
% for three sound modes, one longitudinal and fast and
slow transverse sounds are shown in Fig. 1. The sound

velocity change was proportional to 7* for all sound
modes and all crystal orientations. We fitted the data to

AV _ 400, qs)(T—TN )4. @)

v

The coefficient, Ap, depends on 6 and ¢ and the sound
mode P. It should be noted that the coefficient Ap did not
depend on the sound frequencies between 3 and 50 MHz
within our experimental accuracy, and the coupling of
sound with collective spin waves was not observed at the
few frequencies of this experiment [10]. Since we mea-
sured the velocity change along the melting curve, the
velocity of the lattice part changes as [Av(Vy,)]/v
due to the change of molar volume along the melting
curve. We subtracted it from % in order to obtain the
nuclear-spin part of the sound velocity. The velocity
change [Av(V,o)]/v is expected to be isotropic and,
since AV, is proportional to T*#[11], is given by

Av(Vio1) ( 1 )AVmol < T )4
AvWma) (422 ml —p( ) 3
” YLt3 Vo T, 3)

where 7y, is the Griineisen constant of sound velocity and
AV, is the molar volume change along the melting
curve. Using y, = —2.2 [9], AVppy = —4.0 X 107*()*
[11], we obtained B = 0.31 X 107*. The [Av(V,,)]/v
was at most 30% of the % below Ty. We subtracted the
above contribution from the measured value of Ap(6, ¢)
and obtained the nuclear-spin part of the sound velocity
as follows:

Measured values of Cp(6, ¢) for 15 crystals are shown in
the stereograph plot in Fig. 2. Typical values of Cp(6, ¢)
were in the order of 1074,

From the Cp(0, ¢), we extracted the six-independent

elements of cfj’ where cfj’.(T) = c?]’.(T/ Ty)*, subtracting
the value of cf;. We obtained c}; to be ¢}} = 3.4 = 1.0,
o =74x10,c,=47%17, Y =88%10, c}, =
25+04, ¢ =29*04 [10* g/cms?] tabulated in
Table I. Figure 3 shows the quality of fit, where the
vertical axis is the measured value of Cp(0, ¢) and the
horizontal axis is Cp(6, ¢) calculated using the above c?](
for each crystal orientation (6, ¢). It should be noted that
the elastic stiffness for pure longitudinal strain, c¢}| and
c¥;, were larger than those for shear strain, ¢}, and cj.

TABLE I. The temperature-independent lattice parts of elastic stiffness cle the coefficients
of the temperature-dependent part cfj-, FE? defined by Eq. (8).

ij 11 33 12 44 66

ciLj 2.21 1.84 1.08 [ X 108 g/cms?]

N 34x1.0 74x1.0 47x17 88*1.0 25+x04 2904
103 224 142 267

—

e

O
&

[ X 10* g/cms?]
76 88
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FIG. 1. Relative sound velocity change as a function of
(T/Ty)* for three sound modes: longltudlnal (filled circle),
fast transverse (filled triangle), and slow transverse (open tri-
angle) modes. The crystal orientation against & is 8 = 20.0°,
¢ =11.2°.

Next, we relate the measured coefficient of cf\j{ with
Griineisen constants for exchange constants. We write the
internal energy of solid *He as follows:

U= Uy + Uy(T), (&)

where U, is the temperature-independent part of the
internal energy and U,(T) is the temperature-dependent
nuclear-spin part, which is given below Ty by

w2k},
1573(c)?

where (c) is the spin wave velocity averaged over all

u(1) = T, (6)
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FIG. 2. The coefficient C,,(G, ¢) of (a) longitudinal and (b) transverse sound velocity change in [X 10~#

angles, that is, (c) = (c? ¢)!/?, where ¢, and ¢| stand
for spin wave velocity perpendicular and parallel to
the I. From the melting pressure measurement, {c) =
7.8 cm/ sec [12] is obtained after their data is scaled to
Ty = 0.93 mK of the Greywall’s temperature scale [7].
The adiabatic elastic stiffness is written by

L NMERY
= Cjj + Cij 7" @)
K N

0%U,
C.. ==
Y de0g;

02U,
s O€0€;

where the suffix S stands for the derivative under an
adiabatic condition. The U,(T) depends on molar volume
only through (c), and the derivative of U,(T) by strain ¢;
appears through those of {c¢). The second derivative of {c)
with respect to €; is defined as follows:

© = 1 0%
Y {c)oe;oe;

®)

When Egs. (6)—(8) are combined, F<> is related with
()" as

T\ _ o
c;;<T_N> = TOU,(T). ©)

We obtained T¢¢ =103, T'Y = 224, I'\Y = 142, 'Y =
267, TS} = 76, and T = 88, as tabulated in Table L
There are four—lndependent Griineisen constants

of (¢ ¥ = L[(3(e))/(9e)), which are vy, 3, Vs,
and 7ye, and vy, = y;, Y5 = y4 under the tetragonal

symmetry. Assuming [(dy; C>)/(ae )] =0, we obtain
the relations, T = T%9, and T''Y = \/T{9TY. We extract
the Y39 =12, ¥ = 16 from T'{, T%7, T%9, and T'Y, and
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] on stereographic pro-

jection of 1/16 of the reference sphere. The value in parenthesis in graph (b) is for the slow mode and others are all for the fast mode.
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FIG. 3. The measured coefficients of the temperature-
dependent sound velocity, Cp (measure), are plotted against
the calculated coefficient, Cp (cal), using c tabulated in Table I
with tetragonal symmetry. The parameter 1s listed in Table 1.

Y =9, 79 =9 from T, T'. The Griineisen constant
for pure compression (dilation) along /, y<‘> = 16, is close
to the usual Griineisen constant (= 18) for J and is larger
than y<c> = 12 for that perpendicular to [. The Griineisen
constants for shear strains, yi> = y<6€> =9 are almost
half of 18 and are smaller than y<1 and y ). The observed

I'\3 = 267 are significantly larger than wlf‘(l‘ffg‘g =152
and (9y;° >)/(ae ;) may not be negligible.

Here, we analyze data by using the three-parameter
model Jyy, Jr, and K,,. We neglect (ayl.">)/(aej) for the
simplicity of discussion and obtain relations of y{ with
the Griineisen constants of the multiple-spin-exchange
constants y!. Analytic expression for the spin wave ve-
locities, ¢ and ¢, are given by Ref. [13]. We assume the
lattice is bcc; i.e., there is no Jahn-Teller deformation due
to the onset of U2D2 and thus the spin-exchange
Hamiltonian is isotropic. We introduce differences in
the derivatives of the exchange constants by strain e;
which depend on the relative orientation between the
direction of the next-nearest neighbor (n.n.n) and e;.

= (dInJ¥)/(d Ine3),
(2)

where the n.n.n is parallel to €3, from y{’f =
(dan(TZ))/(dlnﬂ), where it is perpendicular to €.

=(d1nJ(TZ))/(dlne4) is different from

'yé;) =(d an(TZ))/(d Ineg). The expressions for 7§C> can
be described by using the multiple-spin-exchange model
but is rather complicate Here we focus on the difference
between y > and yg , or 74 ) and y

. . 2] 3 1 2 JQ J@
7 =y = T( +—+ —)(7,-’ -
’ /& &

. .. . 7P
For instance, we distinguish 3"

X . J(:)
Similarly, v,

— A 1
"3, Y (10)

115301-4

where, hereafter, {i, j} = {1, 3} or {4, 6} and

g1 = ~{Uny — 6J7)Uyy — 6J7 + 6K,)}/K, — 4J7,
g, =8Jr — 2Kp. (11

In the three-parameter-exchange model, the difference

@ @ ©
in yfc> 7<‘ is related only with 'yl.JT — y;r and yf” _

(@)
y;" since the Hamiltonian is isotropic. In the case

that  [(277)/3][3/f) + (1/g1) + (2/g2)]1 =5 > (2K )/
(3g,) = 0.2 > 0 (this is the case for Ceperly and Jucci’s

parameters), the difference in y<c> y<c> comes mainly

from the first term in Eq. (10). Our results, 7<C> <lc>
9 @ /9 o
y< o) y 1nd1cate that 7’1 > y; and y4 ~ v . The

d1fference Iy —; 77 | is enhanced by a factor of 5 to

|in> >| and is a very small value. However, the factor
is very sens1t1ve to the choice of the exchange constants. It
should be noted that the enhancement factor disappears in
Eq. (10) if there is a common Griineisen constant to each
acoustic deformation for all exchange constants. It is
neccessary to theoretically calculate Griineisen constants
to compare our data.
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