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Tkachenko Modes of Vortex Lattices in Rapidly Rotating Bose-Einstein Condensates
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We calculate the in-plane modes of the vortex lattice in a rotating Bose condensate, from the slowly
rotating to mean-field quantum Hall limits. The Tkachenko mode frequency, linear in wave vector k for
lattice rotational velocities � much smaller than the lowest sound wave frequency in a finite system,
becomes quadratic in k in the opposite limit. The system also supports an inertial mode of frequency
� 2�. The calculated frequencies are in excellent agreement with recent observations of Tkachenko
modes by I. Coddington, P. Engels, V. Schweikhard, and E. A. Cornell, Phys. Rev. Lett. 91, 100402
(2003).
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tum Hall regime, in which the condensation is only in
lowest Landau orbits [10]. Here corrections to the elastic v� 2�	 � � r�=m: (1)
The collective modes of the vortex lattice in a rotating
superfluid have been of considerable interest since the
1960s. In a classic series of papers Tkachenko [1] showed
that the lattice supports an elliptically polarized oscilla-
tory mode, a mode observed in superfluid helium in
1982 [2]. Reference [3] reformulated the hydrodynamics
of rotating superfluids to take into account the elasticity
of the vortex lattice (including normal fluid, dissipa-
tion, and line bending —Kelvin — oscillations of the
vortex lines in three dimensions) and thus describe the
Tkachenko modes; effects of the oscillations of the vortex
lines at finite temperature on the long range phase corre-
lations of the superfluid were discussed in [4]. The focus
of these papers was on superfluid helium, where rotational
speeds are always much smaller than characteristic pho-
non frequencies (* MHz).

Atomic Bose condensates, on the other hand, allow one
to study superfluids over a large range of rotational fre-
quencies, � [5–9]. We identify four distinct physical
regimes in a trapped condensate as � increases: (i) The
‘‘stiff ’’ Thomas-Fermi regime, where � is small com-
pared with the lowest compressional frequencies, sk0,
where s is the sound velocity, k0 � 1=R is the lowest
wave number in the finite geometry, and R is the size of
the system transverse to the rotation axis. In this regime
the system responds to rotation effectively as an incom-
pressible fluid. (ii) At larger �, � sk0 — but � ms2 (m is
the atomic mass), or equivalently, vortex core size still
small compared with the intervortex spacing — the sys-
tem is in the ‘‘soft’’ Thomas-Fermi regime, where com-
pression of the superfluid becomes important in the
response of the lattice. Such effects, taken into account
here for the first time, are primarily responsible for bring-
ing theory into agreement with experiment. (iii) When
� � ms2, a condensate in a harmonic trap flattens to
a very weakly interacting effectively two-dimensional
system, and rotational speeds can well exceed phonon
frequencies. The system enters the ‘‘mean field’’ quan-
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shear modulus of the vortex lattice are important.
(iv) Eventually the vortex lattice melts [11,12], and the
system enters a strongly correlated regime [14–16].

Tkachenko modes in Bose-condensed 87Rb were re-
cently observed by Coddington et al. [17] at rotation
speeds up to 0.975 of the transverse trapping frequency,
!�; in this regime, � increases past sk0, and although
not yet in the quantum Hall regime, the experiments
show effects of very rapid rotation on the mode frequen-
cies. The modes in rotating atomic condensates have
also been the subject of several theoretical investigations.
Reference [17] determined the Tkachenko modes at slow
rotation in trapping geometry, but not including effects of
compressibility significantly overestimated the mode fre-
quencies in the soft regime [17]. The fundamental modes
in trapping geometry in the absence of the elastic energy
of the lattice were determined in [18]. Studies in the
quantum Hall regime are given in [12, 19–21]. In this
Letter we derive the modes of the vortex lattice in a Bose
condensate at general �=!� < 1. The present analysis is
restricted to long wavelength linearized motion in two
dimensions transverse to the rotation axis, at zero tem-
perature [23]. We work only to needed leading orders in k.
The starting point is the conservation laws and superfluid
acceleration equation governing the system, including the
full elasticity of the lattice. We generally assume a gas of
bosons with a short range repulsive interaction, U�r� �
g�3�r�, where g � 4as=m, as is the s-wave scattering
length, and �h � 1.

The angular momentum of the superfluid is carried in
vortices, which form a triangular lattice rotating as a
solid body at angular velocity �. We work in the frame
corotating with the vortex lattice, and denote the devia-
tions of the vortices from their home positions by the
continuum displacement field, ��r; t�. In linear order, the
long wavelength superfluid velocity, v�r; t�, can be writ-
ten, following [4], in terms of ��r; t�, and the phase ��r; t�
of the order parameter, as
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This equation follows from the fact that its curl,

r	 v � �2�r � �; (2)

is the conservation law relating the change in vorticity to
a compression of the vortex lattice, while its longitudinal
part is trivially the gradient of a scalar [24]. Equation (2)
constrains the number of degrees of freedom in two
dimensions from five (n, v, �) to four. The time derivative
of Eq. (1) is the superfluid acceleration equation,
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where for a harmonic confining trap in two dimensions,
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� is the chemical potential, related in the rotating frame
to the phase by ��r; t� � Veff � ��1=m�@��r; t�=@t.

The local elastic energy density of a triangular lattice
in two dimensions has the form [3]
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where C1 is the compressional modulus and C2 is the
shear modulus of the vortex lattice. In an incompress-
ible fluid, C2 � �n=8 � �C1 [1,3]. The shear modu-
lus increases with increasing �, eventually reaching,
in the mean-field quantum Hall limit [12,22], C2 ’
�81=804�ms2n. The falloff for small �=ms2 has the
form

C2 ’
�n
8

�
1� �

�

ms2
� � � �

�
; (6)

a first estimate [22] is �� 4.
The dynamics is specified by the superfluid accelera-

tion equation (3); the continuity equation,

@n�r; t�
@t

�r � j�r; t� � 0; (7)

where n is the (smoothed) density, and j � nv is the
particle current; and conservation of momentum,
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where P is the pressure. At zero temperature and long
wavelengths, rP � nr� � ms2rn, where s is the sound
velocity [25]; in equilibrium, rP� nrVeff � 0. The
elastic stress, �, is given in terms of the total elastic
energy, Eel �

R
d2rE�r�, by

��r; t� �
�Eel

��
� �4C1r�r � �� � 2C2r

2�: (9)

Equations (8) and (3), with rP � nr�, imply 2�	
� _��� v� � �=mn. The curl of this equation becomes

r � � _��� v� �
r	 �
2�nm

�
C2

�nm
r2�r 	 ��; (10)

while its divergence, together with (2), yields

r	 _��� 2�r � � � �
r � �
2�nm

�
C2 � 2C1

�nm
r2�r � ��:

(11)

The structure of the modes follows directly from the
linearized set of equations, (2), (10), and (11), and the di-
vergence of (3). The density oscillations are governed by
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Using Eq. (10) to eliminate r	 �, and dropping the
higher order term �r4, we find
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In the absence of coupling of density oscillations to
compressions of the vortex lattice, Eq. (12) is simply
that of long wavelength phonons in the condensate [27],
while Eq. (13) describes Tkachenko modes of the vor-
tex lattice [1,3,4] of wave vector k and frequency
!T � �2C2=mn�1=2k.

The coupled Eqs. (12) and (13) yield the full spectrum
of long wavelength modes. The frequencies, for given k,
are solutions of the secular equation
D�k;!� � !4 �!2
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T� � 0: (14)
For 2s2C2k4=nm� f4�2 � �s2 � 4�C1 � C2�=nm�k2g2,
as is generally the case, the mode frequencies are given by
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I � 4�2 �

�
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4

nm
�C1 � C2�

�
k2 (15)

and

!2
T �

2C2

nm
s2k4

f4�2 � �s2 � 4�C1 � C2�=nm�k2g
: (16)
The first mode is the standard inertial mode of a rotat-
ing fluid; for � � s2k2 it is a sound wave, while for
� � s2k2 the mode frequencies begin essentially at 2�.
The second mode is the elliptically polarized Tkachenko
mode observed in [16]. See Fig. 1. As Eq. (11) implies, the
longitudinally polarized component is =2 out of phase
with the transversely polarized component, of order
!T=2� smaller for the Tkachenko mode and of similar
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FIG. 1. Inertial and Tkachenko mode frequencies vs wave
vector, in units of 2�=s. The inertial mode frequency (upper
curve) is in units of 2�, while the Tkachenko frequency (lower
curve) is in units of ��3=ms2�1=2. The frequencies shown are
for � � ms2; in the quantum Hall regime, the Tkachenko
modes are softer by a factor �9=2��ms2=10��1=2.
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FIG. 2. Frequency of the lowest Tkachenko mode. The upper
curve is evaluated at constant shear modulus, C2, and the
central sound velocity. The lower solid curve includes a de-
creasing C2, Eq. (6) with � � 4; in the dashed curve
�ss2=s�0�2 � 4=7 with � � 0. Note that the solid curve falls
below the dashed curve at high �. The data (triangles) from
Ref. [16] are multiplied by a factor �N=2:5	 106��1=5 to
compare with theory, calculated for N � 2:5	 106. The inset
shows !T over the entire range of �; the upper (short dashed)
curve is the mode frequency to lowest order in the wave vector
[18]; the lower curves include the full k dependence at constant
C2, and �ss2=s�0�2 � 1 (dashed curve) and 4=7 (solid curve).

P H Y S I C A L R E V I E W L E T T E R S week ending
12 SEPTEMBER 2003VOLUME 91, NUMBER 11
size for the inertial mode [28]. The forms of the mode
frequencies do not depend on the system being weakly
interacting. In the stiff limit, the Tkachenko frequency,
!T � ��=4m�1=2k, is linear in k. By contrast, in the soft
limit, the mode frequency !T is quadratic in k at long
wavelengths,

!T �

�
C2

2nm

�
1=2sk2

�
; (17)

in the quantum Hall limit, !T ’ �9=42
������
10

p
�	

�s2k2=�� [12].
The softness of the Tkachenko modes in the rapidly

rotating regime leads to infrared singular behavior in
the vortex transverse displacement-displacement correla-
tions at finite temperature, and in the order parame-
ter phase correlations even at zero temperature [12,13].
In a finite system the single particle density matrix,
h �r� y�r0�i, falls algebraically as j ~rr� ~rr 0j�', where
' ’ �ms2n=8C2�

1=2Nv=N, Nv is the total number of vor-
tices present, and N is the total particle number [13].
Dephasing of the condensate becomes significant only
as Nv ! N, and not necessarily before the vortex lat-
tice melts.

To compare Eq. (16) with the experiment of Ref. [16],
we extract the effective value of k in the lowest
Tkachenko mode from the numerical result of Ref. [17]
for the fundamental frequency: !T ’ 1:43a�=R �
2:72��=m�1=2=R, where a � �2�1=2=31=4�m��1=2 is the
lattice constant, and R the transverse Thomas-Fermi ra-
dius. Comparison with the slow rotation Tkachenko fre-
quency, ��=4m�1=2k, implies an effective wave vector of
the lowest mode, k0 � )=R, where ) ’ 5:45. Tacitly as-
suming the mode function of [17], we use this value of k
in the following. Corrections at high � to the mode
function remain to be determined. The transverse
110402-3
Thomas-Fermi radius of a rotating condensate is given
by [25] R2 � d2*�1� x��3=5, where x � �2=!2

�, d �
1=�m!��

1=2 is the transverse oscillator length, * �
��15Nbas=d��!z=!���

2=5, and !z is the axial trapping
frequency. The sound velocity in the center of the trap is
ms�0�2 � gbn�0� � �!�=2�*�1� x�2=5, so that

�

ms�0�2
�

2

*
x1=2

�1� x�2=5
: (18)

Also, ��=s�0�k0�2 � 2x=�1� x�)2; in the present experi-
ments, �=s�0�k0 reaches �1:15. Ignoring b ’ 1 here [25],
as well as the small C1 � C2 term in (16), we have

!2
T � !2

�

�
C2

�n=8

�
)2

4*
x1=2�1� x�8=5

1� xf1� �8=)2��s�0�2=�ss2�g
; (19)

where �ss2 is the sound velocity squared appropriately
averaged over the mode function. In the mean-field quan-
tum Hall regime, !T=!� � �1� x�.

The inset of Fig. 2 shows the Tkachenko mode frequen-
cies as a function of �=!�, illustrating the initial square
root rise and the eventual falloff for � & !�. The curves
are evaluated for the parameters of Ref. [16], �!�;!z� �
2�8:3; 5:2� Hz, at the representative condensate number,
N � 2:5	 106. Figure 2 proper shows these curves in the
region measured in [16]. The upper curve is calculated
from Eq. (19) with �ss2 � s�0�2. The experiments of [16]
(triangles) are at N � �0:7–3� 	 106. According to (19),
the frequencies scale as N�1=5; thus to facilitate compari-
son with theory, shown for N � 2:5	 106, we have
scaled the individual data points down by a factor
�N=2:5	 106�1=5, equivalent to scaling the theory up by
110402-3
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the same factor. For � * sk0, inclusion of the effects of
compressibility brings the theory much closer to experi-
ment. Two further effects enter into producing final agree-
ment with the data. The first is to replace the central
sound velocity by the lower �ss2. A simple approximation
[29] is to use the density weighted average �ss2 �

R
n�r�,

s�r�2=
R
n�r� � �4=7�s�0�2 for a Thomas-Fermi structure.

The second effect is the softening ofC2 at higher rotation.
The theory with �ss2=s�0�2 � 4=7 and no softening (dashed
lower curve) or with �ss2=s�0�2 � 1 and softening given by
� � 4 (solid lower curve) yield predictions indistinguish-
able for present rotations, and in excellent agreement with
the data. However, as Fig. 2 shows, the drop of C2=� with
increasing � produces a noticeable decrease in !T for �
within a few percent of !�; clear evidence for the falloff
of C2=� emerges from yet higher frequency data [29].
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