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Inertial Mass of the Abrikosov Vortex
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We show that a large contribution to the inertial mass of the Abrikosov vortex comes from
transversal displacements of the crystal lattice. The corresponding part of the mass per unit length
of the vortex line is M; = (m2c?/64ma®uA})In(A;, /€), where m, is the bare electron mass, ¢ is the
speed of light, @« = e?/hic = 1/137 is the fine structure constant, u is the shear modulus of the solid,
Ay is the London penetration length, and ¢ is the coherence length. In conventional superconductors,
this mass can be comparable to or even greater than the vortex core mass computed by Suhl [Phys. Rev.

Lett. 14, 226 (1965)].
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In this Letter we analyze an old problem of the inertial
mass of a moving vortex line in a type-II superconductor.
While in most applications of superconductors the dy-
namics of vortex lines is dissipative, the inertial mass can
play an important role at slow motion of vortices. It also
enters formulas for quantum tunneling of vortices and
formulas for excitations of vortex lines. Besides, it is a
fundamental problem of the theory of superconductivity,
not without a controversy, repeatedly addressed by a
number of researchers over the last 40 years. We show
that all previous works on this subject overlooked what
appears to be a significant contribution to the vortex mass
in conventional type-II superconductors: the torsional
deformations of the crystal lattice by the moving vortex.
A brief history of the subject is outlined below.

In 1965 Suhl [1] computed two contributions to the vor-
tex mass: the mass due to the kinetic energy of the vortex
core, M, = (2/7*)mkg, and the mass due to the electro-
magnetic energy of the vortex, M,,, = (rp,/&)*M, . Here
m is the effective electron mass, k is the Fermi wave
vector of normal electrons, rp is the Debye charge-
screening length, and ¢ is the superconducting coherence
length. The vortex core mass arises from the change in the
effective mass of electrons by (A/ep)m when one moves
away from the center of the core, with A and € being the
superconducting gap and the Fermi energy, respectively,
(see, e.g., Ref. [2]). As to the electromagnetic mass, it is
simply due to the static energy of the magnetic flux
carried by the vortex (see, e.g., Ref. [3]). The condition
&> rp yields M. > M,,, . Suhl’s results were later re-
produced by other methods (see, e.g., Refs. [2—6]). The
main contribution to the vortex mass in neutral super-
fluids was shown to come from the finite compressibility
of the fluid [5,6], which is insignificant in charged super-
fluids [6]. A separate question, not addressed in this
Letter, is the dynamic mass of the vortex in a superclean
limit which may be relevant to the low-temperature
physics of clean high-temperature superconductors. This
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mass arises from the quantization of the electron states
inside the vortex core, which is important at small &. It
was shown to exceed the core mass by a large factor
(ex/A)? [7-9].

In this Letter we demonstrate that a moving vortex
produces torsional shear deformations of the crystal lat-
tice that contribute to the vortex mass. Such deformations
are described by the transversal displacement field u(r, 7)
satisfying

V-u=0. (D

In the long-wave limit they do not affect the density of
the ionic lattice. Notice that the contribution to the vor-
tex mass due to longitudinal elastic deformations (V X
u = 0) has been studied before [10—12]. That contribution
comes from the tiny difference between the mass density
of the normal and superconducting phase and has nothing
to do with the effect studied by us. The latter effect arises
from the electromagnetic coupling between the supercon-
ducting current and the local rotations of the crystal
lattice and is a consequence of the momentum conserva-
tion [13,14].

We first recall a well-understood problem of a uniform
rotation of a superconductor at an angular velocity £
(see, e.g., Refs. [15,16]). In the rotating frame, the elec-
trons feel the effective magnetic field, H = (2m,c/e)Q).
Consequently, due to the Meissner effect, the rotating
cylinder develops the magnetic moment 47M =
—(2m,c/e), so that the total field in the rotating frame,
H + 47M, is zero. This is a well-known effect predicted
by London [17] and first observed by Hildebrandt [18].
Our goal is to study, in the laboratory frame, the effect of
local rotations,

Q(r,)=4VXxu, )

caused by the dynamic transverse elastic deformations of
the crystal lattice. In the presence of such deformations,
the effective vector potential seen by the electrons is
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m,c

Aeff = A + ﬂ, (3)
e

and the corresponding effective magnetic field is

2
Ber =V X Agr =B+ Me€

Q. “4)

Notice that u plays a role similar to that of the vector
potential A. The second term in Eq. (4) is responsible for
the London’s magnetic moment of a rotating supercon-
ductor discussed above. The essential difference of for-
mulas (3) and (4) from similar formulas for global
rotations [15,16] is that they express the local effective
vector potential and the local effective magnetic field in
terms of the local transversal phonon field. Consequently,
the gauge-invariant electric current, expressed in terms of
the phase ¢ of the superfluid wave function, depends on u
through

2m " hic

with m being the effective electron mass and n being the
concentration of superconducting electrons. An impor-
tant observation (needed to explain the value of the
London’s moment) is that the electrons see the effective
vector potential of Eq. (3), with m, and e being bare
electron mass and charge, respectively. The latter is a
consequence of the Larmore theorem which provides
the relation between ) and B (or, equivalently, the rela-
tion between the mechanical angular momentum and the
magnetic moment of electrons) in terms of the bare
electron mass and charge regardless of the interactions.

With Eq. (5) in mind, let us study the Lagrangian of
the system, L = L, + L, expressed in terms of coor-
dinates of individual electrons r,, the phonon displace-
ment field u, and the electromagnetic field A. Here £,
includes all terms that depend explicitly on r,, while L,
describes long-wave deformations and electromagnetic
fields. Consider now the Raus function [19]

R=>pi,~L=H,— L, (6)

] he 2e
j= (VGD - _Aeff>r (5)

which is the Hamiltonian for electrons and (with minus
sign) the Lagrangian for u and A. Here p, = 9 L/dr,, are
canonical electron momenta. Because electrons adiabati-
cally adjust to the low-frequency long-wavelength dis-
placements of the lattice and the electromagnetic field,
one can quantize H ,; at any point in a solid as if A and u
were constant. Since the electrons see the effective vector
potential of Eq. (3), the resulting free energy, F, must
depend on u and A through the combination (3), F =
F[A.]. The gauge-invariant superconducting current
must now be obtained as [20]

—c 5F[Aeff] - _ iSF[Aeff]

SA m, ou ™
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Consequently, the effective Lagrangian for u and A is
me 0 .
Lop= "Ry =Ly — F[Aye]l = L, + | du.
(®)

The part of this Lagrangian that depends on u determines
the effective action for the deformations,

1
Serelu] = fdl]cpr[&fj -du + 5pl'l2 - M”%k}
e
&)

where p and u are, respectively, the total mass density
and the shear modulus of the solid which, for simplicity,
we consider isotropic [21]. The first term in S can be
traced to the fact that the electric current is determined
by the motion of electrons with respect to the ions [14].
The constant u can be presented as u = pc?, where c, is
the speed of the transversal sound. Notice that the elastic
energy of an isotropic solid also contains the term %/\u%k
with A + % M being the compression modulus. In our case
this term is zero due to the condition (1). The variation of
S.ee[u] with respect to u gives the following equation of
motion for u:

d*u
dr?

which has been derived by Sonin [see Eq. (7) of Ref. [13] ],
based upon the momentum conservation. This equation is
exact as long as the lattice deformations are sufficiently
slow to allow for local thermodynamic equilibrium in the
electronic subsystem.

According to Eq. (10), a moving vortex produces local
shear deformations of the crystal. The way to understand
this phenomenon in conventional terms is to notice that
the time-dependent magnetic flux of a moving vortex
induces the eddy electric field that acts on the ions. We
now proceed with the computation of the effective mass
of the vortex due to this effect. If the magnetic flux was
not quantized, the full treatment of the problem would
require a self-consistent solution of the equations of
motion for the deformation field u and the vortex cur-
rent j. The quantization of the flux, however, makes the
vortex a robust source of deformations on the right-hand
side of Eq. (10). Let the vortex line be oriented along the
Z axis. Then, the current depends on coordinates and time
through j(r — Vi), where r is the radius vector perpen-
dicular to Z. For the vortex moving at a speed V < ¢,, the
terms in the action and in the equation of motion, that are
quadratic on u, have a (V/c,)?> smallness compared to
other terms and can be neglected. Integrating the first
term in Eq. (9) by parts and omitting small terms, we get

S = fdtfd»*r[%u (V-V)j— Muﬂ. (11)

_med]

272y —
—c;Veu = —,
! ep dt

(10)
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To compute the vortex mass, we first note that for V
parallel to the X axis

55 _0Sou 95 _dS
05 _odou, 00 _ 95 _ Br Vi (12
5V odudV av_ av f f Vi (2

for any deformation field u(r) that satisfies the equation
of motion 85/6u = 0, that is, Eq. (10). In the limit of
V — 0, this equation reduces to
2V = — e (v . w)j. (13)
ep
Its solution must be substituted into Eq. (12), which
results in dS/dV = tZM,V, where the vortex mass per
unit length, M,, is expressed in terms of a spatial integral
of the second power of the current.

In order to obtain the explicit expression for M;, we,
first, assume that j(r) is a smooth function of coordinates.
Then, the Fourier expansion can be used. Since both V
and j are perpendicular to Z, it is clear that the spatial
Fourier harmonics of u that couple to j must have k and u
also perpendicular to Z. The problem then becomes es-
sentially two dimensional as, of course, is expected from
its symmetry. In terms of the Fourier transforms of j(r)
and u(r) one obtains

2k
dz | —=k.(jk 'UT( - jf( ‘uy). (14)

Substitution of the solution of Eq. (13) into this equa-

tion and averaging over the angles yields § =
[dt [dz(M,V?/2), with
m
M, =~ fd2rj2(r). (15)
2e” 1

Note that in the limit of V — 0 no deviation of the current
from the solution for a stationary vortex contributes to the
mass. In the Landau-Ginzburg theory, the current j(r) of a
stationary vortex is given by j(r) = c®,/87* A3 r at £ <
r <Az and by j(r) < exp(—r/A;)//r at r > A, where
®, = ch/2e is the flux quantum, and £ and A; are the
coherence length and the London length, respectively
[22]. Inside the vortex core (r < £) the mean-field ap-
proximation fails and the current can jump to zero in a
nonanalytical manner. In that case special care should be
taken to preserve the continuity of the deformation field
satisfying Eq. (13). In what follows we obtain the expres-
sion for the vortex mass with an account of the possible
jump of j inside the vortex core.

Choosing j = j(r)e,; and u = u,e, + u e, in the cy-
lindrical reference frame of the vortex, one finds from
Egs. (1) and (13)

G,(r) sing,
where G,(r) and G 4(r) satisfy

uy = Gy(r)cose, (16)
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] af 9 Vm, .
G¢—5(rGr), E[TE(TGV)}_G,.— - en r](r).
(17

Substituting j = j(r)e, and Eq. (16) into Eq. (12) and
performing the angular integration, one obtains

92 Wm/dtfdz/ [ G¢()+QG()}
(18)

Integrating Eq. (18) by parts with the help of Eq. (17),
we find

= w5 ] [ + ea 02222 ) a0

where we use the notation A[ f(r)] = f(&€ + 0) — f(£ — 0)
for the jump of a function f(r) at r = £.

Equation (19) differs from Eq. (15) by the second term
that explicitly depends on the jump in the electric current
at the core boundary. The continuity of u(r) requires the

continuity of G,(r) and dG,(r)/dr. Consequently,
Al p G | [‘“’Gr) | auen eo
r=¢

dr

For j(r) = ¢®y/8m*A2rat é§ <r < Ay and j=0at0<
r = £, the analytical solution of Eq. (17) is G, = 0at 0 <
r=¢and

2
G, = Vme%[l - 5_2 - 1111(5” 1)
e 8m A7 L4 4r 2 \&
at & =r << Ap.

According to Eq. (21), the maximal shear deformation
of the crystal lattice near the core of a moving vortex is of
order up,, ~ inV/u, where we have used the relation
A2 = mc?/4mne* [22]. Substituting here n ~ 10>} cm™3
and u ~ 10" ergs/cm?, one finds that even at V ~ ¢, ~
10° cm/s uy,y is of order 10710 ¢cm; that is, the deforma-
tions due to Eq. (13) are always well within the elastic
medium approximation. With the help of Eqgs. (20) and
(21) it is easy to check that the jump term in Eq. (19) is
always O(1) compared to the logarithm, In(A, / £), gained
by the integration outside the vortex core. We neglect the
second term in Eq. (19) when estimating M, for A; > €.

We now compute the value of M; in terms of the
measurable parameters of the superconductor. The inte-
gral in Eq. (15) can be expressed in terms of the unit-
length energy of the vortex line, E, [22]. In the limit of
K= A/E> 1,

277)\

E, = &Erif(r) = <q)° >21nK. (22)

47T)lL
This gives for the vortex mass per unit length

m2c?  (hin)? (m ( )
Ink,
m

M =—5—
' 6dma ZuAt A o

(23)
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where we introduced the fine
a=e*/hic = 1/137.

Several observations are in order. First, the nonzero
value of M; is due to the finite rigidity of the crystal
with respect to the shear stress. In an absolutely rigid
crystal, u = pc? = o and M; would be zero. Second,
M, scales as the square of the superfluid density, which
is a rather unique feature provided by the specific mass-
generating mechanism studied in this Letter.
Consequently, M, should go to zero as (T, — T)*> when
temperature approaches the critical temperature T..
Third, M; does not fall into the category of vortex masses
[3] that satisfy M; ~ E;/c?, where E; is a contribution of
some mechanism to the energy of a static vortex and c; is
the velocity of propagation of the distortion in question.
This is because no static energy is associated with the
mechanism that generates M;. The novelty of this mecha-
nism is apparent from the explicit dependence of M; on u
and Ink, which is not present in any previously computed
contributions to the vortex mass in charged superfluids.

Equation (23) shows that the vortex mass studied in
this Letter is important in metals with a high concen-
tration of superconducting electrons. In copper oxides,
because of low n, and also due to strong dynamic effects
associated with the quantization of the electron levels in
the vortex core [7-9], this mass should not play any
significant role. In good metals, however, M, can be the
main contribution to the inertial mass of the vortex line.
Taking for estimates n ~ 10> cm ™3, u ~ 10'! ergs/cm?,
m ~ m,, and not very large «, one gets from the second of
Eq. (23), M, ~ 107'° g/cm. Thus, M, can easily exceed
the inertial mass of the vortex core computed by Suhl,
M. = (2/7)mkg [1,2,4], which for the same values of
parameters is of the order 1072° g/cm . It is interesting to
note that within the model of an isotropic good metal,
these two masses, apart from the factor Ink > 1, do not
have any parameter smallness with respect to each other.
Indeed, taking at T =0, n = k3./37, pu=pc?, p=
Mn/Z, we get

M, m? (c;\2 (m, \2
— =——=](— ) Ink 24
i~ (o) (o .

structure constant,

where we have used the plasma approximation for the
speed of the longitudinal sound, ¢; = (Zm/3M,)"?v; >
V2¢, [21]. However, when using parameters of good met-
als not very close to T,., M, seems always to exceed M, as
is illustrated by the above numerical example.

Finally, we comment on the contribution of the inter-
action term in Eq. (9) to the viscosity for the vortex
motion. Conservation of linear momentum prohibits the
radiation of transversal phonons by a vortex moving at
V < ¢,. AtV > ¢, however, and especially close to c,,
the viscosity for the vortex motion may, in principle, be
dominated by the radiation of the transversal sound rather
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than by the conventional mechanism due to the finite
normal-state resistivity [23]. The full solution of this
problem will be presented elsewhere.

In summary, we have computed the contribution to the
inertial mass of a moving Abrikosov vortex, which is
coming from the torsional deformations of the crystal
lattice. A rigorous solution of this problem for an iso-
tropic solid has been obtained. This contribution to the
vortex mass can dominate over all other contributions in
metals with a high concentration of superconducting
electrons.
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