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Colloidal suspensions of ferromagnetic nanoparticles, so-called ferrofluids, are shown to be suitable
systems to demonstrate and investigate thermal ratchet behavior: By rectifying thermal fluctuations,
angular momentum is transferred to a resting ferrofluid from an oscillating magnetic field without net
rotating component. Via viscous coupling the noise driven rotation of the microscopic ferromagnetic
grains is transmitted to the carrier liquid to yield a macroscopic torque. For a simple setup we analyze
the rotation of the ferrofluid theoretically and show that the results are compatible with the outcome of a

simple demonstration experiment.
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To extract directed motion from random fluctuations is
a problem at the heart of statistical mechanics with a long
history [1-4]. On the one hand it is crucial for basing the
second law of thermodynamics on statistical reasoning
and for depriving various of Maxwell’s demon type de-
vices of their mystique. On the other hand, it is closely
linked to practical issues such as the efficiency of heat
engines. The problem has gained renewed attention [5-7]
due to its possible relevance for biological transport [8,9]
and the prospects of nanotechnology [10—-12].

A particularly clear example of a so-called ratchet is
provided by an over-damped particle in a time-dependent
on-off spatially sawtooth potential subject to some ran-
dom noise [13]. In the stationary (on or off) state, ther-
modynamic equilibrium prevails and detailed balance
prohibits directed transport. Complementary, with the
potential switched on and off regularly diffusion and
relaxation combine to yield a nonzero average particle
drift. Other means may be used to drive the system away
from equilibrium. In any case a noise driven drift is to be
expected generically under nonequilibrium conditions
where, however, the specification of the value and even
the sign of this drift can be rather subtle [7].

In the present Letter, we show that colloidal suspen-
sions of ferromagnetic nanoparticles, so-called ferro-
fluids [14], are ideal systems to test theoretical
predictions on fluctuation driven transport experimen-
tally. This is due to three main reasons: First, the small
size of the ferromagnetic grains (~ 10 nm) implies that
their dynamics is strongly influenced by thermal fluc-
tuations [15]. Second, spatially periodic time-dependent
potentials for the orientation of the particles can be easily
realized by external magnetic fields. Third, directed
orientational transport manifests itself as systematic
rotation of the ferromagnetic particles which can be
easily detected from the resulting macroscopic torque
on the carrier liquid. We show that our theoretical con-
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siderations are in agreement with a simple demonstration
experiment.

Ferrofluids combine the hydrodynamic properties of
Newtonian fluids with the magnetic behavior of super-
paramagnets [14]. Many of their fascinating properties
stem from the viscous coupling between the rotation of
the magnetic grains and the vorticity of the hydrody-
namic flow. A direct way to set this coupling into action
is with a rotating external magnetic field as used, e.g., to
spin up a ferromagnetic drop floating under hydraulic
zero-gravity [16,17]. Complementary, a rotational ferro-
fluid flow exposed to a static magnetic field exhibits an
enhanced shear viscosity [18]. Various unusual effects
such as ‘“‘negative” rotational viscosity [19], magneto-
vortical resonance [20], and anomalously enhanced ac
response due to coherent particle rotation [21] rely on
the exchange of angular momentum between rotating
particles and an oscillating magnetic field. In these cases
the involved nonzero flow vorticity is crucial for explic-
itly breaking the symmetry between clockwise and coun-
terclockwise particle rotation.

In contrast to these situations we demonstrate the
transfer of angular momentum from an oscillating mag-
netic field to a ferrofluid at rest. A crucial ingredient of
the operating mechanism is a sufficient impact of thermal
noise due to random collisions between the ferromagnetic
grains and the molecules of the carrier liquid.

We consider a ferrofluid in a horizontal, spatially ho-
mogeneous magnetic field H composed of a constant part
H, parallel to the x axis and an oscillatory part H,f(z)
along the y direction. The precise form of the time modu-
lation f(r) will be fixed below. As is common for diluted
ferrofluids [14,15] we model the ferromagnetic particles
as noninteracting spherical equal sized dipoles of volume
V and magnetic moment m [22]. The external magnetic
field gives rise to a potential U = —m - H for the direc-
tion of the magnetic moment. This direction in turn is
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assumed to be tightly coaligned with the orientation of
the magnetic particle. A reorientation of the magnetic
moment hence requires a rotation of the particle against
the viscosity 7 of the carrier liquid characterized by the
Brownian relaxation time 75 = 39V /kzT with T denot-
ing the temperature of the liquid. We use the dimension-
less Langevin parameters «,, = mH,,/kgT to measure
the magnetic field strengths and scale time by twice the
Brownian relaxation time. As time dependence in the ac
part of the field we choose

f(t) = cos(wt) + asinRwt + B). (1)

The parameters «,, a
in experiments.

Parametrizing the orientation of a magnetic dipole by
two angles, € = m/m = (sinf cosd, sinf sing, cosf) the
potential U generated by the above specified magnetic
field takes the form

U9, ¢, t) = —sinfla,cos¢p + a,f(t)sing].  (2)

Neglecting thermal fluctuations, the particle orientation
is governed by an overdamped relaxation dynamics in
the force field —VU. Accordingly, the orientation e(r)
tends to align with the magnetic field. Since the field
is restricted to the x-y plane, 6(r) — 7/2 for r— oo,
Within the plane, the angle between the field and the x
axis is always less than 77/2, implying the same for ¢(z)
when t — o0; see Fig. 1, i.e., no average rotation or torque
can arise.

Things change in the presence of thermal fluctuations
causing stochastic transitions between the deterministic
solutions. As elucidated qualitatively with Fig. 1 the dy-
namical asymmetry induced by «, # 0 and a # 0 gives
rise to slightly different probabilities for a 277-phase slip
in the “forward-¢ direction” and ‘“‘backward-¢ direc-
tion,” respectively. This in turn results in an average
rotation of the particle, a manifestation of the ratchet
effect [5,6,23] for the orientational motion of the ferro-
magnetic grains. Similar to situations with additive driv-
ing [24-27] the spatial symmetry of our potential
U(6, ¢, 1) requires a sufficiently complex time modulation
function f(z) for noise induced transport to occur.

A more quantitative analysis of the effect can be made
on the basis of the Fokker-Planck equation for the proba-
bility distribution P(6, ¢, t) of the particle orientation. It
is given by (see, e.g., [28])

y» @, w,and B are easily controlled

9,P=V(PVU)+ VP, 3)

where V denotes the angular part of the nabla operator in
spherical coordinates.

We have solved this equation numerically by expand-
ing P(6, ¢, 1) in spherical harmonics. From the solu-
tion we can determine the average orientation (e) =
[d¢dfsinde P(6, ¢, 1) and the average torque N, =
m(e) X H acting upon an individual particle. For sym-
metry reasons only the z component of the torque is
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FIG. 1 (color). Space-time plot of the potential U(# =
/2, ¢, 1), from Eq. (2) for a, =03, ay =1, a=1, 0 =1,
and 8 = 0. Blue and red regions correspond to small and large
values of U, respectively. In the long-time limit, the determin-
istic dynamics approaches 6(f) = 7/2 and a periodic ¢ (),
represented by either of the full black lines. In the presence
of thermal noise, transitions between these deterministic solu-
tions become possible schematically indicated by the dashed
lines. The spatial asymmetry and temporal anharmonicity of
the potential results in slightly different rates for noise induced
increments and decrements of ¢, respectively. As a result a
noise driven rotation of the particles arises.

different from zero. Because of the viscous coupling
between the ferromagnetic grains and the carrier liquid
the individual torques combine to yield a macroscopic
torque per fluid volume

N =nN, =poMJe) XH=pu,MXH (4

Here n denotes the number density of the particles, M =
M (e) the magnetization of the ferrofluid, M, = mn/u,
its saturation value, and u the permeability of free space.
A nonzero torque after averaging (4) over one period of
the external ac driving is the macroscopic signature of a
directed orientational transport.

An explicit expression for the torque can be obtained
from an approximate solution of the Fokker-Planck equa-
tion (3) by adopting the effective field method [29]. It
gives rise to a relaxation equation [30] for the average
orientation {e) which for a fluid at rest reduces to

=3[~ 2 (2]

Aeff Qeff

J
X (aepr — @), (5)

where (e) denotes |[(e)| and the so-called effective field
ag((e)) is given by the inverse of the Langevin func-
tion (¢) = L(a) = cotha — 1/a. The numerical integra-
tion of Eq. (5) yields rather accurate approximations for
the orientation {e;)(¢), which deviate from the numerical
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solution of the Fokker-Planck equation (3) by less than a
few percent. Nevertheless, the final values for the time-
averaged magnetic torque (4) differ by a factor between
2 and 3. This is due to the fact that the time average N,
is much smaller than the typical values of the time-
dependent component N, of the torque.

For sufficiently weak magnetic field we may use
L(a) = /3 which makes Eq. (5) linear in {e). It is
then easily solved for a time dependence of the field
as specified by Eq. (1). The resulting time-averaged torque
(4), however, vanishes identically. Exploring the non-
linear regime perturbatively by using L(a)= a/3 —
a’/45 we find to leading order for the time-averaged z
component of the torque

— M? .,  a w*(wcosB +2sinp)
Nz:M03—“yax_ 2 22
X 30 (1+ w?)@d+ w?)

(6)

where y denotes the magnetic susceptibility of the ferro-
fluid. This expression provides a useful approximate for-
mula for the nontrivial dependencies of the torque on the
parameters of the problem. In particular, it shows that
both the static magnetic field component «, and the
anharmonic time dependence (1) of the oscillatory com-
ponent are essential for directed rotational transport to
occur. The effective field method may be a useful tool for
the analysis of other ratchet systems as well [31].

To verify our theoretical findings we have designed a
simple demonstration experiment as sketched in Fig. 2.
The setup is a torsion balance similar to those used in
string galvanometers. A hollow plastic sphere with inner
diameter 16 mm was filled with a ferrofluid APG 933

A B I . | (3)
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FIG. 2.  Sketch of the experimental setup. (A side view, B top
view). A hollow plastic sphere (1) is filled with ferrofluid and
suspended on a thin Kevlar fiber. The time dependent magnetic
field in the y direction is generated with a pair of Helmholtz
coils (2), the static field in x direction stems from a commercial
electromagnet (3). Noise assisted transfer of angular momen-
tum from the magnetic field to the ferrofluid manifests itself in
a rotation of the sphere.
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(Ferro-Tec), with the following specifications: density
p = 1100 kg/m?, susceptibility y = 1.09, saturation
magnetization M; = 18 kA/m, dynamic viscosity n =
0.1 Pas. The container was suspended on a Kevlar fiber
with a length of 20 cm and 10 um diameter. The oscil-
latory magnetic field was generated by a pair of
Helmholtz coils of 100 windings each via a computer
generated signal of the form specified in Eq. (1). The
rms-field strength in the center of the coil amounted to
about H, =~ 2.1 kA/m. The static field component H, =
9 kA/m was generated by a commercial electromagnet
(Bruker). The applied frequency was v = 200 Hz. In the
choice of the frequency and the ratio between the ampli-
tudes of the static and oscillating field we were guided by
our numerical solutions of the Fokker-Planck equation
(3). The dimensionless parameters describing the setup
are a, = 1.72, a, = 0.4, a = 1. The dimensionless fre-
quency @ depends on the Brownian relaxation time 7p
which was used as a fit parameter.

The main qualitative result of the experiment is the
unambiguous demonstration of the proposed thermal
ratchet effect: After switching on the fields the ferrofluid
sphere immediately starts to rotate. Switching off either
the static field @, or the modulation amplitude a the
torque disappears. A reversal of the sign of either «, or
a causes a reversal of the sample’s rotation sense.

A more quantitative comparison between theory and
experiment was difficult for the following reason: Our
setup was designed to be as sensitive as possible with
respect to the appearance or not of a rotation of the drop.
The actual rotation speeds of the sphere then became
usually so large that the field had to be switched off after
a short time in order not to destroy the experiment. We
hence resorted to the following semiquantitative proce-
dure to determine the torque: Starting with the sphere at
rest and then letting act the magnetic field for a fixed
amount of time (a few seconds), the resulting final rota-
tion speed of the sphere was used as a measure for the
torque. In this way we have experimentally recorded the
torque (in arbitrary units) as a function of the phase angle
B in (1). The results are shown in Fig. 3 together with a fit
to our approximate theoretical result given in Eq. (6).

Theory and experiment are compatible if the Brownian
relaxation time is chosen as 7 = 1.8 ms. Using 75 =
30V /kgT this corresponds to a particle diameter of about
35 nm, which exceeds the typical size by about a factor
of 3. However, in real ferrofluids size, shape, and mag-
netic moment of the ferromagnetic grains vary quite
significantly (see, e.g., [14], p. 41), a situation only poorly
described by our model involving a single relaxation time.
Moreover, since the transferred angular momentum in-
creases with the particle diameter [31] the above value for
7p 1s likely to characterize the largest grains in the
population rather than the average.

In conclusion, we have shown that by rectifying rota-
tional Brownian motion angular momentum can be trans-
ferred from an oscillating magnetic field to a ferrofluid at
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FIG. 3. Magnetic torque transferred to the ferrofluid as a
function of the phase angle B for a, =1.72, , =04, a = 1.
The symbols are experimental results obtained with the setup
shown in Fig. 2. The solid line is a fit to the approximate
analytical expression (6), N, = A(w cosB + 2sinf8) with the
amplitude A and the frequency w as fit parameters. The value
o = 4.41 obtained translates into a fit for the Brownian re-
laxation time of 75 = 1.8 ms.

rest. A unique feature ferrofluids offer in comparison with
other experimental realizations of ratchets is the com-
bined action of many individual nanoscale ratchets to
yield a macroscopic thermal noise induced transport ef-
fect. More precise experiments are needed to verify
quantitatively our theoretical predictions about the de-
pendence of the torque on the magnetic field strength and
the frequency of the external driving.

Many other investigations using ferrofluids as thermal
ratchets are conceivable. A particularly interesting line is
linked with the occurrence of inversion points 3; of the
rotation; see Fig. 3. When keeping $ fixed to such an
inversion point and varying instead another parameter
of the system the rotational speed of the magnetic grains
will generically exhibit a change of sign as a function of
this parameter as well. Since a,, or the dimensionless @
(due to its dependence on 75) depend on the size of the
magnetic grains in a polydisperse ferrofluid under the
same experimental conditions the larger and smaller par-
ticles may rotate in opposite directions.

Helpful discussions with K. Knorr, J. Albers,
P. Bliimler, I. Rehberg, and M. Raible are gratefully
acknowleged. This work was supported by Deutsche
Forschungsgemeinschaft under SFB 613, SFB 277, FOR
301 and the ESF-program STOCHDYN.

*Electronic address:
magdeburg.de
[1] J.C. Maxwell, Theory of Heat (Longmans, Green, and

Co., London, 1871).

andreas.engel @physik.uni-

060602-4

(2]
(31

(4]

(3]

(6]
(71
(8]
(91
[10]
(1]
[12]
[13]
[14]

[15]
[16]

[17]

(23]
(24]
[25]
[26]
(27]

(28]

[29]
(30]

(31]

M. v. Smoluchowski, Z. Phys. 13, 1069 (1912).

R.P. Feynman, R.B. Leighton, and M. Sands, The
Feynman  Lectures on  Physics (Addison-Wesley,
Reading, 1963), Vol. 1, Chap. 46.

Maxwell’s Demon: Entropy, Information, Computing,
edited by S.L. Harvey and A.E Rex (Adam Hilger,
Bristol, 1990).

P. Hianggi and R. Bartussek, in Lecture Notes in Physics,
edited by J. Parisi et al. (Springer, Berlin, 1996), Vol. 476,
p. 294.

R. D. Astumian, Science 276, 917 (1997).

P. Reimann, Phys. Rep. 361, 57 (2002).

M. O. Magnasco, Phys. Rev. Lett. 71, 1477 (1993).

E liilicher, A. Ajdari, and J. Prost, Rev. Mod. Phys. 69,
1269 (1997).

J. Rousselet, L. Salome, A. Ajdari, and J. Prost, Nature
(London) 370, 446 (1994).

Special issue on Ratchets and Brownian Motors: Basic
Experiments and Applications, edited by H. Linke, Appl.
Phys. A 75, 167-352 (2002).

H. Linke et al., Science 286, 2314 (1999).

A. Ajdari and J. Prost, C. R. Acad. Sci. Paris Ser. II 315,
1635 (1992).

R.E. Rosensweig, Ferrohydrodynamics
University Press, Cambridge, 1985).

M. L. Shliomis, Sov. Phys. Usp. 17, 153 (1974).

J.-C. Bacri, A. Cebers, and R. Perzynski, Phys. Rev. Lett.
72, 2705 (1994).

K. 1. Morozov, A. Engel, and A.V. Lebedev, Europhys.
Lett. 58, 229 (2002).

J. P. McTague, J. Chem. Phys. 51, 133 (1969).

M. L Shliomis and K.I. Morozov, Phys. Fluids 6, 2855
(1994).

FE Gazeau et al., Europhys. Lett. 35, 609 (1996).

H.W. Miiller, Phys. Rev. Lett. 82, 3907 (1999).

For a magnetite based ferrofluid with Vol. fraction of 3%
as employed in our experiment the dipole-dipole inter-
action between the magnetic particles can be safely
neglected [for details see Z. Wang, C. Holm, and H.-W.
Miiller, Phys. Rev. E 66, 021405 (2002)].

P. Palffy-Muhoray and E. Weinan, Mol. Cryst. Liq. Cryst.
320, 193 (1998).

D.R. Chialvo and M. M. Millonas, Phys. Lett. A 209, 26
(1995).

K. Seeger and W. Maurer, Solid State Commun. 27, 603
(1978).

I. Goychuk and P. Hinggi, Europhys. Lett. 43, 503
(1998).

S. Flach, O. Yevtushenko, and Y. Zolotaryuk, Phys. Rev.
Lett. 84, 2358 (2000).

W.T. Coffey, Y.P. Kalmykov, and J.T. Waldron, The
Langevin Equation with Applications in Physics,
Chemistry and  Electrical Engineering  (World
Scientific, Singapore, 1996).

M. A. Martsenyuk, Yu. L. Raikher, and M. L. Shliomis,
Sov. Phys. JETP 38, 412 (1974).

H.W. Miiller and M. Liu, Phys. Rev. E 64, 061405
(2001).

A. Engel, H-W. Miiller, and P. Reimann (to be published).

(Cambridge

060602-4



