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We investigate the macroscopic diffusion of carriers in the multiple-trapping (MT) regime, in
relation with electron transport in nanoscaled heterogeneous systems, and we describe the differences,
as well as the similarities, between MT and the continuous-time random walk (CTRW). Diffusion of
free carriers in MT can be expressed as a generalized continuity equation based on fractional time
derivatives, while the CTRW model for diffusive transport generalizes the constitutive equation for the
carrier flux.
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alized diffusion coefficient. The fractional derivative op- to explain the meaning of this feature.
Electronic transport in disordered semiconductors may
occur by hopping between localized states, by displace-
ment through extended states, or by a combination of both
mechanisms. Microscopic models of the individual elec-
tronic transitions, such as trapping and detrapping, in
conjunction with assumptions about the system’s statisti-
cal properties, provide equations of motion that describe
the evolution of macroscopic carrier densities under re-
quired conditions, such as those of the time-of-flight
measurements.

A major representative of this approach is the continu-
ous-time random walk (CTRW) model, which describes
electronic transport in a wide variety of disordered ma-
terials [1–3]. This model is based on the idea that the
lengths of jump in the transitions from one localized state
to another as well as the waiting time between two jumps
are broadly distributed quantities. The multiple-trapping
(MT) model is another very important approach to the
motion of electrons in disordered systems [4,5]. In this
model the displacement of conduction band electrons is
limited by the rates of trapping and release from the
broad, usually exponential distribution of localized
states. Recently, there has been a renewed interest in these
kinds of models in relation with nanoscaled semiconduc-
tor networks [6,7], where the presence of a highly con-
ductive phase, such as a liquid electrolyte, that permeates
the nanoporous network, implies that the electronic trans-
port is mainly driven by diffusion, instead of the drift in
the electrical field.

The features of macroscopic diffusion in the CTRW
formalism have been amply studied [8–14] and the main
results will be outlined below. It has been shown that the
waiting time distribution characteristic of CTRW, w�t� /
t��1���, leads to an extension of the Fick equation that can
be expressed in terms of fractional derivatives as follows:
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Here, f is a probability distribution and K� is a gener-
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Less attention has been paid to macroscopic diffusion
equations in the MT regime, despite the widespread rec-
ognition of the significance of this model [6]. In part, this
may be due to the influence of a particular equivalence
between MT and CTRW. Schmidlin, Noolandi, and
others [3,15–17] showed that the models, under certain
conditions, yield similar results [15]. But the general
structure of diffusion equations in the MT model has
not been derived yet, and this is the main purpose of
this Letter.

A significant point of difference between the models is
the distinction between free and trapped charges in MT,
which has no counterpart in CTRW. In fact the defining
feature of MT is that only free electrons in transport
states can diffuse [17]. It is important to realize that
free and trapped charges can be distinguished experimen-
tally in nanoscaled semiconductors by light absorption
techniques [18]. Therefore the main goal of this paper is
to reduce the complete set of kinetic equations of the MT
model to a diffusion equation for the free electrons. We
will show that diffusion of free carriers in the MT regime
can be represented by a fractional diffusion equation
(FDE) of the type

D�
0�f�x; t� � C�

@2f�x; t�

@x2
: (3)

This last equation is obtained directly by replacing the
time derivative @=@t in the Fick equation with a fractional
time derivative. Interestingly, this formal extension has
been considered in the literature [10,13,14,19,20], besides
Eq. (1), but several authors doubted its validity because
the f�x; t� is not a normalized function [10,14]. Here, by
constructing Eq. (3) from a kinetic model we will be able
2003 The American Physical Society 010602-1
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The fact that the FDEs (1) and (3) cannot be converted
one to the other was pointed out by Hilfer [13]. This fact
implies a significant difference of the diffusion process in
the MT and CTRW models, which leads us to study the
extension of the continuity and constitutive diffusion
equations in both models. Finally, the classical analogy
based on a generalized master equation will be briefly
discussed.

We consider the MT diffusion of carriers in extended
states, affected by a continuous distribution of localized
states of the exponential form

g�E� �
NL
kBTc

exp��E� Ec�=kBTc	; (4)

where NL is the total density of localized sites, Ec is the
lower band edge energy, kB is Boltzmann’s constant, and
Tc characterizes the broadening of the distribution, with
� � T=Tc < 1 at temperature T. The model is defined by
the kinetic equations for free (conduction band) electrons
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and for trapped electrons
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� ��E�n�1� fL�E�	 � g�E�"�E�fL�E�:

(6)

In Eqs. (5) and (6) n is the density of conduction band
electrons. It can be written also n � Ncf, where Nc is the
total density and f the fractional occupancy of conduction
band states (classical distribution). fL�E� is the fractional
occupancy of the localized level at energy E. The prob-
abilities of trapping and release are determined by the
principle of detailed balance: ��E� � g�E��0=Nc; "�E� �
�0 exp���Ec � E�=kBT	, where �0 is an attempt-to-es-
cape frequency of order 1012 s�1. J � Ncj is the diffusive
flux of conduction band electrons, which may be stated as

j � �K0
@f
@x
; (7)

where K0 is the free electrons diffusion coefficient.
It should be noted that Eq. (6) represents an infinite set

of equations for the different trap levels characterized by
E. Often we do not need to resolve separately the occu-
pancies in the different trap levels: the interest lies in the
evolution of free carriers as affected by the traps, for
example, when describing the diffusive flux of free elec-
trons. It is important therefore to reduce the complete set
of equations, (5)–(7), to a single generalized diffusion
equation. This reduction will be carried out using
Laplace-Fourier transforms of the MT equations. We
will denote the Fourier or Laplace transform of a function
by explicitly showing the dependence on the respective
variable, q or u.
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As an introductory step let us consider the ordinary
diffusion through extended states in a trap-free system.
The normal conservation equation can be written

uf�x; u� � f0�x� � �
@j�x; u�
@x

: (8)

In terms of the random walk formalism, ordinary
diffusion can be described by a finite characteristic time
and jump length variance. Then the Laplace and Fourier
transforms of the jump length, !�x�, and waiting time
distributions, w�t�, are of the forms: w�u�  1� u"0,
!�q�  1� #2q2, so that K0 � #2"�1

0 [11]. From
Eqs. (7) and (8) we obtain in this case

f�q; u� �
f0�q�

u� #2"0q2
: (9)

We now derive an expression like Eq. (9) for the free
carriers in MT diffusion. We assume a low occupancy of
traps, fL�E� � 1 and the initial condition fL�E; x; 0� � 0,
i.e., electrons are initially injected to the conduction band
(as in the transient photoconductivity technique [5]).
From Eq. (6) we obtain a relationship between the occu-
pancy of localized and conduction band states

fL�E; x; u� �
��E�

g�E��u� "�E�	
Ncf�x; u�: (10)

Using Eq. (10), the Laplace transform of Eq. (5) gives

u’�u��1f�x; u� � f0�x� � �
@j�x; u�
@x

; (11)

where f0�x� is the initial occupancy of the extended states
and we have introduced the quantity
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The term 1 in Eq. (12) leads to ordinary diffusion,
Eq. (8), and will be neglected. The integral in Eq. (12)
can be evaluated readily with the change y �
��0=u�e

�E�Ec�=kBT . For the case of interest, juj � �0, the
reflection formula of the Gamma function gives the fol-
lowing solution:

Z ��E�
u� "�E�

dE � "��1
� u��1; (13)

where the characteristic time is defined as
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�
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Therefore, Eq. (11) yields

"��1
� u�f�x; u� � f0�x� � �

@j�x; u�
@x

: (15)

From Eqs. (7) and (15) we obtain the diffusion equa-
tion of the MT model
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The Fourier transformation of Eq. (16) gives

f�q; u� �
f0�q�

"��1
� u� � #2"0q2

: (17)

Recently, Hilfer showed [13] that Eq. (17) can be
obtained from the FDE indicated in Eq. (3). The solutions
of Eqs. (3) and (17) are given in Ref. [13]. Our analysis
shows that the new FDE suggested by Hilfer, Eq. (3), is
obtained from the MT model for an exponential distribu-
tion of localized states. Comparing Eqs. (3) and (17) it
follows that the generalized diffusion coefficient is C� �
#2"�1

0 "1��� .
By taking the zeroth moment of the distribution in

Eq. (17), Hilfer [13] noted that the occupancy function
decays as

f�q � 0; t� / t���1�: (18)

It was thereby pointed out that f cannot be a probabil-
ity density because its normalization would depend on t.
In fact Eq. (18) may be related to a nonstationary sto-
chastic signal, i.e., one in which not even the first and
second moments of the distribution are independent of
time [21], or to fractional stationarity, D�

0�f � 0 [19].
The derivation from the MT model provides a simple
interpretation for the seemingly counterintuitive
[10,14,22,23] behavior of the carrier density in Eqs. (3)
and (18). In a transient experiment the total concentration
of conduction band electrons,

R
dxNcf�x; t�, decreases

with time because the electrons injected initially to the
conduction band (i.e., by a light flash) are falling into
traps. In fact, the decay law of Eq. (18) is observed in the
time decay of photoconductivity [5] and it constitutes the
signature of an exponential distribution of localized
states in the material.

For the sake of comparison let us review the macro-
scopic diffusion in the CTRW model. If the jump length
and waiting time distribution are independent random
variables the jump probability distribution function is
 �x; t� � w�t�!�x�. The expression of the probability den-
sity in the Fourier-Laplace domain for a CTRW diffusion
is well known (see, e.g., [11]) and has the form

f�q; u� �
1� w�u�

u
f0�q�

1� !�q�w�u�
: (19)

The distribution of waiting times, w�t� / t��1���, gives
the form w�u� � 1� �"�u��. Using !�q� � 1� #2q2, as
above, Eq. (19) yields

f�q; u� �
f0�q�

u� #2"��� q2u1��
: (20)

Rearranging terms and taking the Fourier transform in
Eq. (20), we can write the CTRW diffusion equation in
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the Laplace domain

uf�x; u� � f0�x� � �K�u1��
@2f�x; t�

@x2
; (21)

where K� � #2"��� . The FDE in Eq. (1) is obtained from
Eq. (21). The exact equivalence is shown in Ref. [8]. An
additional term required in Eq. (21) for the consistence of
the Laplace transformation is pointed out in Ref. [12].

The contrast between the MT and CTRW diffusion
formalisms can be recognized by comparing Eqs. (16)
and (21). Both equations appear to be the same, because
transforming one to the other is a matter of shifting a
factor u��1 to either side of the equation. However, this
manipulation changes the time dependence of the initial
condition (as pointed out clearly by Hilfer [13]), giving
different time-dependent solutions. In fact in Eq. (21) the
probability density f�x; t� of being at point x at time t
maintains the normalization at all the times, which is not
the case in Eq. (16). According to our interpretation this
is because Eq. (21) is obeyed by all the carriers in the
system and (16) only by the free carriers, as commented
before.

Let us discuss separately the conservation and constit-
utive equations in each formalism. In MT the constitutive
equation is given by the ordinary Eq. (8). The conserva-
tion equation takes the form of Eq. (15), which can be
expressed, in the time domain, as [19]

D�
0�f�x; t� � �

@j�x; t�
@x

: (22)

This generalized continuity equation represents a re-
duction of the system of Eqs. (5) and (6) that maintains
the essential information on the evolution of free carrier
concentration.

For the CTRW model, the flux can be defined [20] as

j�x; t� � l
Z t

0
dt0

Z x

�1
P�x0; t� t0� �x� x0; t0�

� l
Z t

0
dt0

Z 1

x
P�x0; t� t0� �x� x0; t0�; (23)

where P�x; t� is the probability density of arriving at x
exactly at time t, so that f�x; t� �

R
t
0 dt

0P�x; t� t0���t0�;
��t� is the probability of waiting at least a time t at a site,
and l � #

����
&

p
=2. Compte and Metzler [20] showed that

Eq. (23), when Fourier-Laplace transformed, gives

j�q; u� � �i#2 uw�u�
1� w�u�

qf�q; u�; (24)

and with w�u� � 1� �"�u�� we obtain the constitutive
equation in the CTRW model

j�q; u� � �iK�u1��qf�q; u�; (25)

which may be written also as [20]
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On the other hand, in this model the conservation
equation takes the normal form, Eq. (8), which together
with Eq. (25) recovers the CTRW relation of Eq. (21).
This analysis reveals the main difference between MT
and CTRW models. Both of them can be formulated as the
combination of a conservation equation and a diffusion
equation, but each model generalizes a different equation,
and only one, to a fractional time derivative.

Finally we revise the classical analogy between MT
and CTRW [3,15–17]. More precisely, this result estab-
lishes that total charge in MT obeys the CTRW diffusion
equation. The total density of carriers in MT is given by

+ � Ncf�
Z Ec

�1
g�E�fL�E�dE: (27)

Using Eqs. (10) and (12) we obtain the relationship

+�x; u� � ’�u��1Ncf�x; u�; (28)

so that Eq. (11) gives

uN�1
c +�x; u� � f0�x� � �

@j�x; u�
@x

: (29)

Applying Eqs. (7) and (28) we can write

u+�x; u� � +0�x� � K0’�u�
@2+�x; u�

@x2
: (30)

With the particular form given in Eq. (13), ’�u� �
"1��� u1��, Eq. (30) for + takes the expression of the
CTRW FDE, Eq. (1). In general, the trap distribution
defines a waiting time distribution w�u� � �1�
u"0’�1	�1 so that Fourier transform of Eq. (30) can be
written as the CTRWexpression of the probability density
in Eq. (20). An alternative expression of this result is
obtained transforming Eq. (30) to the generalized master
equation [17]

@
@t
+�x; t� �

Z t

0
’�t� "�K0

@2

@x2
+�x; "�d": (31)

Just as we have reduced above the full set of MT
equations to the generalized continuity equation for the
free carriers, Eq. (22), the constraint in Eq. (31) over the
total carrier density in MT represents a further reduction
of the system of Eqs. (5)–(7). Equation (31) may be useful
to treat some problems [15], but it has the disadvantage
that it loses the distinction between free and trapped
carriers that is essential in many applications. As a simple
example, consider the injection of a homogeneous num-
ber of excess free carriers. Equation (22) gives the rele-
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vant decay law, Eq. (18), as already discussed. On the
other hand Eq. (31) only indicates that @+=@t � 0 for this
experiment, which of course is correct, because the total
carrier concentration will be conserved in the process of
decay to traps, but it is not informative.

In summary, macroscopic diffusion of free carriers in
the MT regime can be described by an extension of the
continuity equation where the time derivative @=@t gen-
eralizes to a fractional time derivative. The resulting FDE
is irreducible to that of the CTRW, and the reason for this
is that CTRW generalizes instead the constitutive equa-
tion of diffusion. But the evolution of total carrier density
in MT does obey a CTRW, as has been known for a
long time.
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