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Frictional Coupling between Sliding and Spinning Motion
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The tangential motion at the contact of two solid objects is studied. It consists of a sliding and a
spinning degree of freedom (no rolling). We show that the friction force and torque are inherently
coupled. As a simple test system, a sliding and spinning disk on a horizontal flat surface is considered.
We calculate, and also measure, how the disk slows down and find that it always stops its sliding and
spinning motion at the same moment. We discuss the impact of this coupling between friction force and
torque on the physics of granular materials.
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FIG. 1. (a) A sliding and spinning disk on a flat horizontal
surface. (b)–(d) The relative velocity field on the surface of the
imply for the coupling of sliding and spinning motion? disk at " � 0:2, " � 1, and " � 5, respectively (" � v=R!).
Imagine two identical disks sliding with the same
initial velocity on a table. The only difference is that
one of them is also spinning. What do you expect:
(a) The two disks slide the same distance until they
stop, (b) the spinning disk slides further, or (c) the non-
spinning disk slides further? The correct answer is that
the spinning disk slides further, because the spinning
motion reduces the sliding friction force. Furthermore,
the sliding and spinning motion stop at the same moment,
no matter what the initial condition is. This phenomenon
is evaluated quantitatively in this Letter.

The results are important in more general contexts: As
a first example we consider the porosity of a dry powder
of faceted particles. If it simply settles under its own
weight or is pushed together by means of a piston, the
porosity depends on the friction coefficient [1]. Further
compaction requires the collective rearrangement of par-
ticles due to, e.g., tapping [2,3]. During the settling of a
porous powder, some contacts between grains will in
general be subject to a torque component normal to the
contact area. Therefore, torsion friction should be impor-
tant, if the powder particles are faceted and hence have
large contact areas. For this case we are going to show
that one overestimates the porosity of the powder signifi-
cantly, if one ignores the coupling between torque and
sliding friction (in the framework of the Coulomb friction
model). Avalanches or chute flow of dry granular material
provide a second example. Here again one overestimates
dissipation if one does not take the coupling of sliding
and spinning motion into account.

At first, however, to explain the coupling between
sliding and spinning motion, we consider a flat disk on
a horizontal flat surface with nonzero initial translational
and angular velocity. The disk is lying on one of its sides,
and we assume that this side is in full contact with the
table during the motion [see Fig. 1(a)]. The friction force
and torque acting on the disk will slow down the sliding
and spinning motion until the disk stops moving. We
address two questions: (i) How are the friction force
and torque related to each other, and (ii) what does this
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First we calculate the friction force and torque acting
on the disk as a function of its instantaneous velocity and
angular velocity. We apply the Coulomb friction law,
which states that the magnitude of the friction force is
proportional to the normal force, while its direction is
opposite to the direction of the surfaces’ relative velocity.
Assuming that the normal stress is uniform (equal to
Fn=�R2) throughout the contact area, the friction force is

F � �
�Fn

�R2

Z
r2A

v�!� r
jv�!� rj

d2r; (1)

where R is the radius, v is the velocity, and ! is the
angular velocity of the disk, � is the friction coefficient,
and the integration extends over the area of the disk with
r vectors starting at the center. Fn is the normal compo-
nent of the force pressing the objects together at the
contact; in our case, Fn � mg, where m is the mass of
the disk and g is the gravitational acceleration.We found it
useful to introduce the dimensionless quantity " � v=R!
with v � jvj and ! � j!j, because the friction force
depends on v and ! only through this combination:

F � �
�Fn

�

Z
~rr2A1

"ev � e! � ~rr
j"ev � e! � ~rrj

d2~rr; (2)

where ev � v=v, e! � !=!, ~rr � r=R, and A1 is the area
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FIG. 2. (a) The dimensionless friction force and torque, F
and T , as functions of the dimensionless velocity parameter ".
Squares and triangles with error bars represent experimental
data (explained in the text). (b) The friction force and torque
are coupled: the curve shows the possible �F ;T � pairs.
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of the unit disk. Figures 1(b)–1(d) show local relative
velocities on the surface of the disk for various values
of ". Note that the local friction force does not depend on
the absolute value of the relative velocity, only on its
direction. After evaluating the integral in Eq. (2) one
gets F � ��FnF �"�ev, where

F �"� �

8<
:

4
3
�"2�1�E�"���"2�1�K�"�

"� ; " 	 1

4
3
�"2�1�E�1"���"2�1�K�1"�

� ; " 
 1:

Here K�"� and E�"� are the complete elliptic integral
functions of the first and the second kind, respectively
[4]. The two parts of F �"� are smoothly connected at " �
1, since lim"!1F �"� � 8=3� and lim"!1F

0�"� � 4=3�
from both the left-hand and the right-hand sides. Here
prime denotes differentiation with respect to ". The lim-
iting values are F �0� � 0 and lim"!1F �"� � 1. Note
that the sliding trajectory is a straight line, because the
friction force is collinear with the velocity. As we show
below, this is in general not the case if the normal stress is
not uniform throughout the contact area.

The friction torque is

T � �
�Fn

R2�

Z
r2A

r�
v�!� r
jv�!� rj

d2r; (3)

and after calculating the integral we get T �
��FnRT �"�e!, where

T �"� �

8<
:

4
9
�4�2"2�E�"���"2�1�K�"�

� ; " 	 1

4
9

�4�2"2�E�1"���2"2�5� 3

"2
�K�1"�

"� ; " 
 1:

The two parts of this function are also smoothly con-
nected, as lim"!1T �"� � 8=9� and lim"!1T

0�"� �
�4=3� from both the left-hand and the right-hand sides.
The limiting values are T �0� � 2=3 and lim"!1T �"� �
0. Figure 2 shows F �"� and T �"� and also the F �T �
function. This latter exists and is invertible because both
F �"� and T �"� are strictly monotonic functions.

Now let us calculate how a sliding and spinning disk is
slowing down. Assuming that only gravity and friction
forces are acting, the scalar equations of motion are

m
dv
dt

� ��mgF �"�; (4)

I
d!
dt

� ��mgRT �"�; (5)

where the moment of inertia of a cylindrical disk is I �
mR2=2. By introducing dimensionless velocities and time
as v� � v=

�������
Rg

p
�, !� � !

���������
R=g

p
=�, and t� � t

���������
g=R

p
,

Eqs. (4) and (5) reduce to

dv�

dt�
� �F �"�; (6)
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d!�

dt�
� �2T �"�; (7)
with " � v�=!�. As F �"� and T �"� are positive for
" > 0, the translational and angular velocities are strictly
monotonically decreasing in time, as expected. Now the
question arises: Is it possible that any of them reaches
zero before the other, i.e., may it happen that an initially
sliding and spinning disk after some time is only sliding
or spinning? Let us first discuss qualitatively what hap-
pens. If the velocity is much higher than the angular
velocity (v � R!, i.e., " � 1), then the friction torque
is negligible compared to the force; see Fig. 2(a).
Therefore, the velocity decreases with a higher rate
than the angular velocity, and " decreases. On the other
hand, if the angular velocity is much higher than the
velocity (" � 1), then the friction torque is higher than
the force, and " increases. Thus, a negative feedback
effectively equilibrates the sliding and spinning motion.
Indeed, we now prove that " always tends to the same
value, "0 � 0:653, when the motion stops. This means
that !� and v� approach zero in proportion to each other,
which implies that the disk always stops its sliding and
spinning motion at the same moment.

To prove that " always has this value at the end of the
motion, we derive an autonomous differential equation
for " from Eqs. (6) and (7) using the variable transfor-
mation x � � ln!�:
248302-2
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d"
dx

� "�
F �"�

2T �"�
� f�"�: (8)

Note that !� ! 0, the condition of stopping, now corre-
sponds to x ! 1 (with the exception of pure sliding
motion). For small " the right-hand side of Eq. (8) van-
ishes like f�"� � "=4, while it behaves asymptotically for
" ! 1 like f�"� � �". In between, at "0, it changes sign
(Fig. 3). Therefore, Eq. (8) has three fixed points: Two of
them, " � 0 and " � 1, are trivial and correspond to
pure spinning or pure sliding motion, respectively. For all
other initial conditions (0< "<1) corresponding to
initial sliding and spinning, "0 is the attractive fixed
point, meaning that " has this value just before the disk
stops its motion, which is what we wanted to prove.

To check the prediction that for a spinning disk the
Coulomb friction force is velocity dependent, we per-
formed an experiment to measure the friction force
and torque acting on a sliding and spinning disk. We set
a plastic disk, with 8 cm radius and 2 cm width, into
motion manually on a horizontal polyamid fabric surface
several times and recorded its motion with a Sony DCR-
VX2000E PAL digital video camera (25 images=second).
Then we processed the images to obtain the position and
the orientation of the disk as functions of time. The upper
side of the disk had an appropriately colored pattern, so
that the image processing could be performed almost
fully automatically. Third-degree polynomials were fitted
to the spatial (x and y directions) and angular position of
the disk on the first 11 consecutive video frames of each
throw, and the derivatives of these polynomials were
evaluated at the middle (6th frame) of this window to
get the approximate translational and angular velocity
and acceleration in that moment. The measured velocities
varied between 0:1 and 2:2 m=s, while the angular veloc-
ities varied between 0:002 and 37:1 Hz.

Figure 2(a) shows that according to the theory the
friction force saturates to its usual, sliding-only value at
around " � 10. Hence, using Eq. (4), we were able to fit
the value of �g to the acceleration data in the cases where
" > 10 (68 out of 530 data points). The result was �g �
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FIG. 3. Function f�"� � "�F �"�=2T �"�, the right-hand
side of differential Eq. (8). It has zero value at " � 0 and "0 �
0:653 and is positive for 0< "< "0, negative for "0 < ".

248302-3
3:60� 0:01 m=s2, corresponding to a sliding friction co-
efficient � � 0:37� 0:01 (g � 9:81 m=s2). We had alto-
gether 764 data points (throws), but we used only the last
530 data points. The reason was that, considering only the
subset of data points for " > 10, we observed initially
some variation of the translational acceleration. We
interpret this variation as an indication of wear, which
changed the friction coefficient. However, after 200
throws, these variations could no longer be observed, so
that � could be determined reliably from the data as
described above. As we had no further parameter to
fit, we were able to process the rest of the data to get F
and T as functions of " by utilizing Eqs. (4) and (5).
Figure 2(a) shows the average of the 530 data points. The
error bars were obtained by averaging the data within
logarithmic bins of the " values. Each bin contained data
for many different velocities (and corresponding angular
velocities). Thus, the experiment confirms that different
velocities with the same " lead to the same force and
torque. Moreover, the data shown in Fig. 2(a) are in
agreement with the nontrivial prediction of the theory,
that the effective sliding friction coefficient is dynami-
cally reduced by spinning motion. The experiment also
confirmed that sliding and spinning stopped at the same
moment (results not shown here).

We used the sliding and spinning disk as a simple,
illustrative example to show how friction force and torque
are coupled. In this case we were able to derive all results
analytically, because the local pressure is everywhere the
same in the contact area. However, in general the pressure
distribution over the contact area will be nonuniform. As
an example, if we replace the flat disk by a cylinder
standing on one of its flat faces, then the friction force
leads to a torque with respect to the center of mass.
Provided that the cylinder does not topple, this torque
must be compensated by a pressure increase at the front
and a pressure decrease at the rear part of the contact area
(see Fig. 4). Therefore, the spinning motion induces a
friction component perpendicular to the translational
motion, in the direction of ev � e!. Hence, in contrast
to the straight sliding of a flat spinning disk, the path of
(b)(a)

FIG. 4. (a) The pressure distribution of the normal force
acting on a sliding tall cylinder is nonuniform, because it has
to counterbalance the torque exerted by the friction force F,
provided that the cylinder does not topple (schematic side
view). (b) As a consequence of the nonuniform normal pressure
distribution, if the cylinder is also spinning, the net friction
force is not collinear with the velocity; therefore, the trajectory
is curved.
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the cylinder will be curved in this direction. This resem-
bles the Magnus effect [5], although the physical origin is
completely different. To estimate the order of magnitude
of this effect for a homogeneous cylinder of height H, we
assume a linear pressure correction �p � �r � ev, which
occurs as a weight in the integrand of Eq. (1). By sym-
metry this does not change the component F � ev �
��FnF �"�. Therefore, � can be estimated by the re-
quirement that the torque FH=2 must be compensated
so that the cylinder slides without toppling. One obtains
� � 2FH=�R4. Evaluating Eq. (1) including the addi-
tional linear pressure in the integrand gives a force
component �2FnF �"��H=R�FM�"� whose direction is
ev � e!. The function FM�"� is similar to T �"�, its
special values are FM�0� � 2=3, FM�1� � 64=45� �
0:45, and lim"!1FM�"� � 0. Thus, the force component
perpendicular to the velocity is just the parallel compo-
nent multiplied by the friction coefficient, the aspect ratio
H=R of the cylinder, and function FM�"� [6].

The pressure distribution can also depend on the shape
and elastic properties of the sliding body. For instance,
if it is a sphere, linear elasticity theory predicts
a

����������������������
1� r2=R2

p
shaped radial pressure function [7]. We

calculated the F �"� and T �"� curves numerically for
this case and found that their qualitative behavior re-
mains the same [8]. Therefore, coupling between the
friction force and torque is still present: For large "
torsion friction is suppressed by sliding; for small "
sliding friction gets reduced by spinning. This may ex-
plain why the translational motion of a fast spinning top
is hardly decelerated.

Now let us come back to the examples of dry powder
settling and of chute flow, which we mentioned in the
beginning. Typical sliding velocities will be comparable
to !Rp, so that " � Rp=R, where Rp denotes the particle
radius and R the contact radius, as before. Hence, for
faceted particles " � 1. As shown in Fig. 2(b), ignoring
the coupling (i.e., setting F � 1 and T � 2=3 irrespec-
tive of the value of ") leads to an overestimation of
friction force and torque by as much as 30%–50%. This
means that the compaction of the powder is actually
easier than one would expect. Likewise, the dissipation
rate at the particle contacts in an avalanche �FnvF �"� �
�FnR!T �"� � �Fnv�F �"� �T �"�="� is smaller than
�Fnv�1� 2=3"�, which would be the value if one ignored
the coupling. (For " � 1 this means a reduction by 30%.)
However, for hard spherical particles, " � 1, so that
torsion friction should be unimportant in the sliding
case, and the friction force is not reduced.

We have preliminary experimental results which show
that a qualitatively similar coupling as in Fig. 2(b) exists
also in the static case: A torque which is too small to set a
disk into rotation still reduces the threshold force needed
to induce sliding, and vice versa. This shows that also the
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static stability of a powder can be strongly overestimated
if the coupling is ignored.

In this Letter, we focused on the frictional coupling
between tangential velocity and normal angular velocity
at a contact. In granular media there is also dissipation
connected to the other two modes of relative motion,
which are described by a normal velocity (normal resti-
tution mode) and a tangential angular velocity (rolling
mode), and the question may be posed whether they are
coupled as well. Indeed, there is a clear indication for
such a coupling for viscoelastic particles [9–11]; however,
the dynamical consequences of such a coupling have not
yet been worked out in detail. Moreover, for collisions
with high speed, plastic deformation cannot be neglected,
and for this case the coupling between normal restitution
and rolling mode has not yet been studied. Our discussion
of the frictional ‘‘Magnus effect’’ indicates that in general
all four modes of relative motion (sliding, spinning, roll-
ing, and normal restitution mode) could be coupled.
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