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Fluctuation-Dissipation Ratio of the Heisenberg Spin Glass
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The fluctuation-dissipation (FD) relation of the three-dimensional Heisenberg spin glass with weak
random anisotropy is studied by off-equilibrium Monte Carlo simulation. The numerically determined
FD ratio exhibits a ‘“‘one-step-like” behavior, the effective temperature of the spin-glass state being
about twice the spin-glass transition temperature, Tes¢ = 27T, irrespective of the bath temperature. The
results are discussed in conjunction with the recent experiment by Hérisson and Ocio, and with the

chirality scenario of the spin-glass transition.
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The off-equilibrium dynamics of a spin-glass (SG) has
attracted much recent interest [1]. In equilibrium, there is
a relation between the response and the correlation
known as the fluctuation-dissipation theorem (FDT). In
off-equilibrium, the relaxation of the physical quantities
of a SG depends on its previous history. Most typically, it
depends not only on the observation time ¢ but also on the
waiting time ¢,,; i.e., it exhibits aging. While in the short-
time quasiequilibrium regime ¢, < t < t,, (f; is a micro-
scopic time scale), relaxation is still stationary and FDT
holds, it becomes nonstationary, and the FDT is broken in
the long-time aging regime ¢ >> t,. In particular, the
breaking pattern of the FDT, and its possible relation to
the static quantity, has been the subject of recent active
studies.

A quantity playing a central role here is the so-called
fluctuation-dissipation ratio (FDR) X, which may be
defined by the relation

X(ty, 1)) aC(t), 1)
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where R(¢, t,) is a response function measured at time ¢,
to an impulse field applied at time ¢, C(t;, t,) is a two-
time correlation function in zero field at times #; and ¢,
and T is the bath temperature. One may regard T/X =
T as an effective temperature. In the case FDT holds,
onehas X =land Ty = T.

Via the study of certain mean-field models,
Cugliandolo and Kurchan showed that, in the limit of
infinite time #;, t, — 0, the FDR X depended on the times
t; and t, only through the correlation function C(z, t,);
ie., X(11, 1) = X[C(z}, )] [2]. It was further suggested
that X(C) could be related to an appropriate static quan-
tity; i.e., X(C) is equivalent to the x(g) function describing
the replica-symmetry breaking (RSB) pattern in the
Parisi’s scheme, which is related to the overlap distribu-
tion function via P(q) = dfi—(q) [2]. This conjecture was
supported both by numericaf simulation [3] and analytic
work [4] (see, however, also Ref. [5]).

Experimental studies on the FDR of SG have been
hampered for a long time by the difficulty in performing

R(t), 1)) = , (1)
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high-precision measurements of correlations (noise mea-
surements), although some interesting preliminary re-
sults were reported [6]. Recently, however, a remarkable
experiment by Hérisson and Ocio for an insulating
Heisenberg SG CdCr ;Ing3S, has eventually opened a
door to experimental access to the FDR of SG [7].
Some comparison was already made between these ex-
perimental results and the numerical results obtained by
off-equilibrium simulation on certain SG models.

Meanwhile, it should be remembered that all numerical
results of the FDR thus far available are limited to the
Ising-like SG models, which represent an extremely an-
isotropic limit [3,5,8—11]. By contrast, the SG material
studied in Ref. [7] was more or less Heisenberg-like.
Recent experimental and numerical studies suggested
that both equilibrium and off-equilibrium properties
might differ significantly between the Ising and
Heisenberg SGs [12-17]. Under such circumstances, in
order to make a direct link between theory and experi-
ment, it is clearly desirable to study the Heisenberg-like
SG where magnetic anisotropy is weak. The purpose of
the present Letter is to perform extensive off-equilibrium
simulations on such a weakly anisotropic Heisenberg-like
SG model, and numerically investigate its FDR. In-
terestingly, the calculated FDR of the three-dimensional
(3D) Heisenberg SG exhibits a feature of the so-called
one-step RSB.

I consider the weakly anisotropic classical Heisenberg
model whose Hamiltonian is given by

H =D (8-S, + DL'SIS) —hY S:, (2)
i i
where S; = (57, 8%, S) is a three-component unit vector at
the ith site, and the sum runs over all nearest-neighbor
pairs of a 3D simple cubic lattice with N = L3 spins. Jijis
the isotropic random exchange coupling taking the value
J or —J with equal probability ( = J or binary distribu-
tion), Dﬁj" (u, v = x, y, 7) is the random exchange anisot-
ropy which is assumed to be symmetric (D};” = D;}) and
uniformly distributed between the interval [ — D,D], and

© 2003 The American Physical Society 237201-1



VOLUME 90, NUMBER 23

PHYSICAL REVIEW LETTERS

week ending
13 JUNE 2003

h is a magnetic field applied along the z direction. Aimed
at clarifying the properties in the limit of weak anisot-
ropy, I assume here a rather weak anisotropy of D/J =
0.01. The SG transition temperature of this model esti-
mated from equilibrium Monte Carlo (MC) simulation is
T,/J ~0.21 [18].

Dynamical Monte Carlo simulation is performed ac-
cording to the standard single spin-flip heat-bath method.
At time zero, I quench the system from an infinite tem-
perature to a working temperature 7 below T, and wait in
zero field during the time ¢,,. In calculating the response,
a weak dc field of intensity 4 is applied, and subsequent
growth of the magnetization per spin, [(m_(t + t,))], is
recorded at time z+ ¢, ((---) and [---] are thermal
average and average over quenched randomness). In cal-
culating correlation, I measure the two-time correlation
function of magnetization at times ¢, and t+¢,,
C(t;t,,) = [(m.(t,) - m (¢t + t,,))], always staying in zero
field in this case.

The integrated FD relation Eq. (2) yields the zero-field
cooled (ZFC) susceptibility y = [(m,(t,, + 1))]/h as

1
Xt:1y) = ] X(C') dc’, 3)
C(tt,)

3ksT

where the factor% takes care of the number of components
of Heisenberg spins.

The lattice size mainly studied is L = 32 with periodic
boundary conditions. I generate a total of 10° Monte Carlo
steps per spin (MCS) in each run, with ¢, = 2.5 X 10* or
10° MCS. The sample average is taken over 40—160
independent bond realizations.

The calculated spin autocorrelation functions are
shown in Fig. 1 as a function of observation time scaled
by the waiting time, #/t,,, for several temperatures below
T,. The decay of the autocorrelation at lower tempera-
tures occurs in two steps. Near the end of the quasiequi-
librium regime, the decay curves tend to level off
exhibiting a plateaulike structure, which is expected to
correspond to the static Edwards-Anderson order pa-
rameter ggs [12]. Furthermore, at lower temperatures
T/J = 0.10 and 0.05, the two curves for different z,, cross
around #/t,, ~ 1, and, at t > r,,, the data for larger r,, lie
above that for smaller ¢, (superaging). Such a superaging
behavior means that the aging is apparently more en-
hanced than the one expected from the naive /1, scaling.
The observed superaging of spin correlations is similar to
the one previously observed in the Heisenberg SG with
the Gaussian coupling [12]. At higher temperatures
T/J = 0.15 and 0.20, by contrast, the curve for longer
t,, lies slightly below the one for shorter #,, (subaging), or
nearly comes on top of it for longer ¢ (near full aging). To
examine the robustness of the observed aging behavior
against the system size and the waiting time, I show in the
inset the autocorrelation for the smaller size L = 16 for
the temperatures 7/J = 0.15 and 0.05, with ¢,, = 5 X 103
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FIG. 1 (color). Decay of the spin autocorrelation function of
the weakly anisotropic 3D Heisenberg spin glass with D/J =
0.01, plotted versus log,o(¢/7,) at several temperatures below
T,. The lattice size is L = 32, averaged over 80 (T/J = 0.20),
160 (T/J = 0.15), and 40 (T/J = 0.10) samples. Inset: The
autocorrelation decay for the smaller system of size L = 16
averaged over 40 samples. The waiting times are 7, = 5 X 10
(blue) and 2.5 X 10* (pink) here.

and 2.5 X 10*. The superaging/subaging tendency ob-
served for L = 32 can also be seen here.

Hence, whether the spin correlation exhibits superag-
ing or subaging apparently depends on the bath tempera-
ture, superaging at lower temperatures, and subaging (or
near full aging) at higher temperatures. In the present
case, the borderline temperature is around 7/J =~ 0.15,
corresponding to = 0.77,. In the recent noise experiment
by Hérisson and Ocio, subaging behavior is observed at
T =0.8T, [7]. It might be interesting to see experimen-
tally whether the superaging behavior as observed here
ever arises at lower temperatures. In a real experiment,
however, care needs to be taken to an inevitable cooling-
time effect which might give some bias toward apparent
subaging [19,20].

In the lower panel of Fig. 2, I show the growth of the
ZFC susceptibility T x(z; t,,) as a function of ¢/r,, at sev-
eral temperatures. I applied a very weak field of intensity
h/J = 0.01. Aword of caution is in order here. Generally,
applied fields should be sufficiently weak so that one is in
the linear response regime. In the previous simulations on
the Ising SG, the field intensity of #/J = 0.1 turned out to
be weak enough [3,5,9]. In the case of Heisenberg SG,
however, a still weaker field appears to be necessary to
guarantee the linearity of the response. This is illustrated
in the upper panel of Fig. 2, where I show the ¢ depen-
dence of the ZFC susceptibility at 7/J = 0.15 for three
different field intensities, i/J = 0.05, 0.02, and 0.01.
Some deviation is discernible between these curves at
longer ¢, suggesting that the requirement of the linearity
is rather severe in the Heisenberg case. In the following, I
show the response data for the weakest field studied,
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FIG. 2 (color). Growth of the ZFC susceptibility x(z;1,) of
the weakly anisotropic 3D Heisenberg SG with D/J = 0.01.
The lattice size is L = 32, averaged over 80 (T/J = 0.20), 160
(T/J = 0.15), and 40 (T/J = 0.10) samples. Upper panel:
x(t; 1,,) plotted versus the observation time # for several applied
field intensities. The temperature is T/J = 0.15, with the wait-
ing time ¢,, = 10° MCS. Lower panel: T x(t; t,,) plotted versus
logo(t/t,) at several temperatures below T, with #,, = 2.5 X
10* and 10° MCS.

h/J = 0.01, where the linearity seems almost satisfied in
the investigated time range.

Indeed, such a strong nonlinearity of the response
appears to be even more enhanced in the isotropic limit
D = 0.1 also made a preliminary simulation on the fully
isotropic Heisenberg SG with D = (0 at a temperature
T/J = 0.15 to study its response, with varying the field
intensity H/J = 0.05, 0.02, 0.01, and 0.005. While, for a
field of moderate intensity H/J = 0.05, the response y(r)
of the isotropic system D = 0 is almost common with the
one of the weakly anisotropic system D/J = 0.01, on
decreasing the field intensity, y(¢) of the isotropic system
constantly gets larger at a longer observation time beyond
the corresponding value for D/J = 0.01, without show-
ing any tendency of saturation up to H/J = 0.005. This
strongly suggests that the field scale associated with the
linear response is closely correlated with the strength of
the magnetic anisotropy D, although its detailed proper-
ties are yet to be clarified.

As can be seen from the lower panel of Fig. 2, the curve
for longer ¢,, tends to lie slightly above the one for shorter
t,, (subaging), whereas for ¢t >> r, the two curves for
different #,, merge asymptotically (full aging). The super-
aging behavior, which has been seen in the correlation, is
not clearly visible here in the response. Experimentally,
response of SG usually exhibits a weak subaging [1,7] or
near full aging [20], which seems consistent with the
present result.
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In Fig. 3(a), I show a parametric plot T x(z; ¢,,) versus
C(t; t,,) for several temperatures. The straight line in the
figure is the FDT line, Ty = (1 — C)/3. In the short-time
quasiequilibrium regime, the data lie on the FDT line,
and deviate from the line in the long-time aging regime.
In the aging regime, the data for longer ¢, tend to lie
above the data for shorter ¢, slightly, but systematically.
Such a systematic drift of the data with varying ¢, is a
common aspect observed both in experiment [7] and in
simulations on the Ising SG [3,5,8-11].

In Fig. 3(b), the data for longer t,, are replotted in the
form of x(r;1,) versus C(¢;¢,,). One sees that the data in
the aging regime at various temperatures lie on top of
each other, indicating that y is temperature independent
in the aging regime, apparently satisfying the Parisi-
Toulouse hypothesis [3,10].

Remarkable in Fig. 3 is the strikingly linearity of the
plot in the aging regime, although some curvature is
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FIG. 3. Ty versus C plot (a), and y versus C plot (b), of the

weakly anisotropic 3D Heisenberg SG with D/J = 0.01 at
several temperatures below T,. The applied field intensity is
h/J = 0.01. The lattice size is L = 32, averaged over 80
(T/J = 0.20), 160 (T/J = 0.15), and 40 (T/J = 0.10,0.05)
samples. In (b), t, is 105 MCS. The broken lines represent
the FDT lines. The solid line in (b) is the straight-line fit to the
data in the aging regime, its slope being equal to 0.8.
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discernible in the part where the data begin to deviate
from the FDT line. In particular, the data in the aging
regime appear to come to the C = 0 axis with a nonzero
tangent. Such a behavior seems distinct with the behavior
of the Ising SG where the data exhibit some more curva-
ture, and appear to come to the C = 0 axis almost hori-
zontally, or at least be consistent with a vanishing tangent
at C = 0[3,9,10]. By making a linear fit of the data in the
aging regime in Fig. 3(b), I estimate the slope to be
about 0.8, which corresponds to the effective temperature
Tepp = 0.42J =~ 2T, irrespective of the bath temperature
T(<T, = 0.21J).

Such a one-step-like behavior of the FDR, though
familiar in structural glasses, may sound surprising in
SG. However, this observation finds a natural explanation
in the recently developed chirality scenario of SG tran-
sition, which ascribes the true order parameter of the SG
order to the chirality [12,21]. In this scenario, chirality
exhibits a one-step-like RSB in the ordered state (chiral-
glass state) [13], which is manifested in the SG order in
real Heisenberg-like SG via the weak random magnetic
anisotropy. Thus, the chirality theory predicts the occur-
rence of a one-step-like RSB in the SG ordered state of
real Heisenberg-like SG, which, in its off-equilibrium
dynamics, might well be reflected in a one-step-like
behavior of the FDR. In particular, a nonzero tangent is
expected at C = 0 for the FDR, which corresponds to the
delta-function peak in the static overlap distribution
function P(g) at ¢ = 0 [13]. The present numerical ob-
servation seems fully consistent with such an expectation
from the chirality scenario.

Now, I wish to compare the present numerical result of
the FDR with the recent experiments. The one-step-like
linear behavior observed in the present simulation seems
at least not inconsistent with the experimental data of
Refs. [6,7], although the data of Ref. [7] appear to exhibit
some curvature showing a tendency to level off toward
C = 0. It would be interesting to experimentally explore
deeper into the aging regime (smaller C regime), to see
whether a finite tangent persists or not at C— 0.
Meanwhile, the experimentally determined effective
temperature of the SG state of CdCr; ;Ing3S, was Ty =
30 K=~ 1.9T, (T, =~ 16.2 K) at the measuring temperature
T = 13.3 K [7], which is in good agreement with the
present estimate of T given above.

It should be noticed that CdCr; 7Iny3S,, though basi-
cally a Heisenberg-like magnet, might possess a bit
stronger anisotropy than the very weak anisotropy as-
sumed here (D/J = 0.01). Such an Ising-like tendency of
CdCr, ;Iny 5S4 might be a possible cause of the curvature
observed in the y-C plot of Ref. [7]. It would then be
highly interesting, both experimentally and numerically,
to investigate T at various bath temperatures for various
systems with varying degrees of anisotropy.

In summary, I studied the fluctuation-dissipation ratio
of the 3D Heisenberg SG with weak random anisotropy
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by off-equilibrium MC simulation. The calculated FDR
exhibits a one-step-like behavior with the effective tem-
perature of the SG state Ty = 2T, irrespective of the bath
temperature. The observed one-step-like behavior of the
FDR is interpreted in terms of the recently developed
chirality scenario of SG transition.
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computer center, ISSP, University of Tokyo.

[1] For reviews, see, e.g., E. Vincent, J. Hammann, M. Ocio,
J.-P. Bouchaud, and L. E Cugliandolo, Sitges Conference
on Glassy Systems (Springer, New York, 1966);
J-P. Bouchaud, L.FE Cugliandolo, J. Kurchan, and
M. Mezard, in Spin Glasses and Random Fields, edited
by A. P. Young (World Scientific, Singapore, 1997), p. 161;
P. Nordblad and P. Svedlindh, ibid., p. 1.

[2] L.E Cugliandolo and J. Kurchan, Phys. Rev. Lett. 71, 173
(1993); J. Phys. A 27, 5749 (1994).

[3] E. Marinari, G. Parisi, E Ricci-Tersenghi, and J. J. Ruiz-
Lorenzo, J. Phys. A 31, 2611 (1998).

[4] S. Franz, M. Mézard, G. Parisi, and L. Peliti, Phys. Rev.
Lett. 81, 1758 (1998).

[5] H. Yoshino, K. Hukushima, and H. Takayama, Phys. Rev.
B 66, 064431 (2002).

[6] L.E Cugliandolo, D.R. Grempel, J. Kurchan, and
E. Vincent, Europhys. Lett. 48, 699 (1999).

[71 D. Hérisson and M. Ocio, Phys. Rev. Lett. 88, 257202
(2002); Physica C (Amsterdam) (to be published).

[8] A. Barrat, Phys. Rev. E 57, 3629 (1998).

[9] G. Parisi, E Ricci-Tersenghi, and J. J. Ruiz-Lorenzo, Eur.
Phys. J. B 11, 317 (1999).

[10] E. Marinari, G. Parisi, E Ricci-Tersenghi, and J. J. Ruiz-
Lorenzo, J. Phys. A 33, 2373 (2000).

[11] S. Franz and H. Rieger, J. Stat. Phys. 79, 749 (1995).

[12] H. Kawamura, Phys. Rev. Lett. 80, 5421 (1998).

[13] K. Hukushima and H. Kawamura, Phys. Rev. E 61,
R1008 (2000); (unpublished).

[14] H. Kawamura and D. Imagawa, Phys. Rev. Lett. 87,
207203 (2001); D. Imagawa and H. Kawamura, J. Phys.
Soc. Jpn. 71, 127 (2002).

[15] D. Petit, L. Fruchter, and I. A. Campbell, Phys. Rev. Lett.
83, 5130 (1999); 88, 207206 (2002).

[16] V. Dupuis, E. Vincent, J.-P. Bouchaud, J. Hammann,
A. Tto, and H. Aruga Katori, Phys. Rev. B 64, 174204
(2001).

[17] P.E. Jonsson, H. Yoshino, P. Nordblad, H. Aruga Katori,
and A. Ito, Phys. Rev. Lett. 88, 257204 (2002).

[18] K. Hukushima and H. Kawamura (unpublished).

[19] L. Berthier and J.-P. Bouchaud, Phys. Rev. B 66, 054404
(2002).

[20] G.E Rodriguez, G. G. Kennig, and R. Orbach, cond-mat/
0212259.

[21] H. Kawamura, Phys. Rev. Lett. 68, 3785 (1992); Int. J.
Mod. Phys. C7, 345 (1996).

237201-4



