
P H Y S I C A L R E V I E W L E T T E R S week ending
13 JUNE 2003VOLUME 90, NUMBER 23
Scattering of Sound by Sound in theVicinity of the Liquid-Vapor Critical Point
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We report an experimental study of the scattering of sound by sound in the vicinity of the liquid-
vapor critical point of carbon dioxide. We measure the amplitude of the scattered difference frequency
wave generated by acoustic bulk nonlinearities. We observe that it is strongly increased in the vicinity of
the critical point.
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FIG. 1. Sketch of the experimental setup. (a) Top view,
(b) side view. Ei: sound emitters, Ri: sound receivers, Pti:
acoustic scattering volume. The second one is along
the lateral boundary, 25 mm below the top.

platinum resistors, P: pressure transducer. D � 200 mm, L �
107 mm, l � 30 mm, H � 100 mm, and h � 25 mm.
Introduction.—The study of physical properties of
fluids in the vicinity of their liquid-vapor critical point
(CP) has a long history that has witnessed several revivals
of interest motivated by fundamental questions such as
the study of critical phenomena and their universal be-
havior [1,2], phase transition dynamics [3], and also by
applications of supercritical fluids to various chemical
engineering problems [4]. Acoustic techniques have
been widely used to probe fluids in the vicinity of their
CP. Low frequency sound velocity is directly related to
the singular behavior of thermodynamic properties [5–8]
while sound absorption gives information about transport
properties and critical relaxation processes [9–12]. Both
absorption and dispersion are strongly affected by critical
fluctuations and many theoretical studies have been de-
voted to elucidate the relevant coupling mechanisms
responsible for the anomalous critical absorption and
dispersion [13–17]. Most of the experiments on acoustics
in critical fluids have been performed in the linear regime
so far, except an observation of rarefaction shock waves
that has been related to an anomalous increase of sound
velocity with decreasing pressure at constant entropy
close to the CP [18]. The possibility of a slow divergence
of the nonlinear acoustic parameter along the critical
isochore has also been discussed in the literature [18].
We report here the experimental observation that the
nonlinear acoustic behavior of a fluid is strongly enhanced
in the vicinity of the CP.

Experimental setup and measurement techniques.—
Experiments are performed in a stainless steel cylinder,
D � 200 mm in inner diameter and H � 100 mm in
height sketched in Fig. 1, immersed in a thermally regu-
lated water bath of volume 250 l.

The vessel is filled with carbon dioxide at nearly criti-
cal density. This is roughly achieved by visual inspection
of the liquid-vapor meniscus using two opposite windows
made of sapphire. The pressure within the vessel is mea-
sured with a resistive transducer (Entran EPXM-N02-
100B) and temperature is measured with two platinum
resistors. The first one is located along the axis of the
cylinder, 60 mm above the bottom, i.e., just below the
0031-9007=03=90(23)=234301(4)$20.00 
The pressure-temperature curve is recorded during
each experiment in order to determine the filling density.
This is done by comparing the variation of its slope from
the two-phase to the supercritical state with the prediction
given by a standard state equation [19]. Three different
fluid densities � are thus determined: �=�c � 0:905, 0.95,
and 0:97� 0:005, where �c is the critical density.
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FIG. 2. Temperature derivative d�=dT of the phase of the
measured wave at frequency f1 � 107 kHz with respect to the
temperature T ( � ). d�=dT � !1Lc�2dc=dT, calculated from
a standard state equation [21], as a function of T (solid line).
The density is � � 0:97�c, L � 107 mm. The minimum value
of sound velocity in our experiments is 143 m=s (see Ref. [21]).
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Four piezoelectric transducers are located in the plane
perpendicular to the cylinder axis, 75 mm above its
bottom. Two of them, 30� apart along the inner lateral
boundary, (E1 and E2 in Fig. 1) are used as emitters. Two
acoustic sinusoidal waves, at frequencies f1 � 107 kHz
and f2 � 203 kHz, are generated toward the center of the
cell where they interact nonlinearly. The emitters diame-
ter, d � 20 mm, gives the typical size of the scattering
volume. The diameter of the vessel has been chosen large
enough in order to avoid near field effects of the emitters.
The two other piezoelectric transducers are used as re-
ceivers (R1 and R2 in Fig. 1). They are located at a
distance L from each emitter. For the measurements
reported below, L � 107 mm, but comparison with mea-
surements performed for L � 160 mm has been used in
order to determine the absolute value of sound absorption
as a function of temperature.

The two received wave pressure amplitudes, P1 and P2,
and their phases, �1 and �2, are measured by lock-in
amplifiers (Stanford SR844RF and SR830RF). Each
measurement is averaged during 1 min. The amplitude
Pm of the nonlinearly generated wave at frequency f2 �
f1 � 96 kHz, recorded by the transducer R1, is measured
with a spectrum analyzer (Agilent 3589A) after averag-
ing during 1 min on a 78 Hz frequency band. During the
experiments, the two calibrated temperature probes far
apart display temperature differences smaller than
20 mK. The experiments are conducted as follows: we
start with the water bath at about 2� above the critical
temperature (Tc � 304:13 K) and we turn off the tem-
perature regulation. The bath being well insulated, the
temperature of the vessel begins to decrease slowly,
roughly at a rate 1 mK per minute. We take measurements
every 1 min and average them during 1 min. Thus, we
record the temperature, the static pressure, the two acous-
tic wave’s amplitudes Pi and their phases �i and the
difference frequency wave amplitude Pm, roughly every
2 mK. As said above, the size of the vessel has been
determined to avoid near field effects. Thus, it is larger
than in usual CP experiments and density gradients which
involve very long relaxation times and the effect of grav-
ity are important close to the CP [20]. However, the paths
followed by the acoustic waves and the scattering region
involve only a small horizontal layer within the vessel.
Moreover, our aim is not to perform quantitative mea-
surements of critical exponents but to show the increase
of acoustical nonlinearities close to the CP. Fortunately, it
has not been necessary to go very close to the CP to
display this effect, already visible a few tenths of a
Kelvin from the CP.

Experimental results.—We first present our data related
to sound velocity and absorption versus temperature in
order to check agreement with previous experimental
measurements close to the CP. Sound velocity c can be
obtained from the phase difference, ��i � �!iL=c,
where !i � 2�fi is the wave pulsation (i � 1; 2) and L
is the distance between the emitter and the corresponding
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receiver. The lock-in amplifiers only measure �i, the
phases of the received signals. In order to avoid the
determination of the absolute value of the unwrapped
phases, we compute d�i=dT from the experimental mea-
surements and compare with !iLc�2dc=dT where c�T� is
determined by using a standard state equation of carbon
dioxide [21]. Figure 2 shows that the agreement is good.
We note that for one series of experiments (�=�c � 0:97),
we had to shift the temperature origin by 160 mK in order
to get a good agreement. We think that this may result
from nonrelaxed gradients within the vessel.

Measurements of the pressure wave amplitudes, P1 and
P2, as a function of temperature show that the waves are
strongly attenuated in the vicinity of the CP, roughly by
3 orders of magnitude at 0.1 K from Tc. Note that for the
two larger filling densities, this absorption does not allow
one to perform measurements in the very-critical region
of each sample, the signal to noise ratio being too small.
Using the measurements performed for L � 107 mm to-
gether with additional ones for L � 160 mm, we can
estimate the absorption coefficients per wavelength �1�
(respectively, �2�) at frequency f1 (respectively, f2).
They are displayed in Fig. 3 for both the vapor and the
supercritical phases of the most absorbing sample
(�=�c � 0:97).

We now consider the generation of the wave at fre-
quency f2 � f1 as a function of temperature. This wave is
created by nonlinearities of the conservation equations
and of the state equation. For two waves of amplitudes A1

and A2, propagating along a distance Lint in the same
direction in a medium without dissipation, the amplitude
Am of the difference frequency wave is given by
234301-2
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FIG. 4. Temperature dependence of the normalized amplitude
Pm=P1P2 (arbitrary units) for three different densities: � �
0:97�c ( � ), � � 0:95�c (
), � � 0:905�c (�).
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FIG. 3. Temperature dependence of the absorption coeffi-
cients per wavelength �1� and �2� at frequencies f1 �
107 kHz ( � ) and f2 � 203 kHz (
) in the vapor and super-
critical phases for �=�c � 0:97.
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where " is the acoustic nonlinearity parameter,
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�
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B
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�
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where A and B are the coefficients of the linear and
quadratic terms in the Taylor series expansion of the
isentropic equation of state of the fluid [22,23],

A � �c2; B � �2

�
@c2

@�

�
: (3)

For waves propagating in an absorbing medium, Lint

should be replaced by a characteristic attenuation length
��1 
 �2�

�1 [24]. There is also an additional geometrical
factor when the wave vectors are not parallel [24,25]. We
have displayed Pm=P1P2 as a function of temperature for
the three densities �=�c � 0:905, 0.95, and 0.97 in Fig. 4.
We observe that this ratio strongly increases in the vicin-
ity of Tc. As said above, the absorption is too large to
allow measurements very close to Tc in the case of the
two larger filling densities. The maximum of Pm=P1P2 is
thus observed only with the lowest density � � 0:905�c.
Note also that Pm=P1P2 for different values of � first
increase along the same curve below Tc, whereas the
decrease at higher temperatures clearly depends on the
density. Indeed, thermodynamic properties of the vapor
phase do not depend on the filling density as long as the
system is along the liquid-vapor coexistence curve. Note
finally that the temperature domain around the CP where
absorption cannot be measured is wider than the one
where Pm=P1P2 cannot be measured because absorption
measurements imply pressure measurements for L �
160 mm, i.e., with a signal attenuation larger than
for L � 107 mm. It is the temperature domain of absorp-
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tion measurements that ultimately fixes the tempera-
ture domain where the nonlinearity parameter can be
determined.

Discussion and conclusion.—The experimental result
displayed in Fig. 4 needs to be discussed before conclu-
sions can be drawn about the behavior of the nonlinearity
parameter in the vicinity of the CP where the medium
becomes more and more absorbing. Indeed, the ampli-
tudes P1, P2, and Pm that are measured are smaller than
the ones in the scattering region where the two waves of
amplitude A1 and A2 interact to generate the difference
frequency wave of amplitude Am.We may assume that the
attenuations of the two waves at frequencies f1 and f2 �
f1 are similar and compensate since f1 � f2 � f1, but the
exponential attenuation of the wave at frequency f2 on the
propagation length l� 30 mm from the scattering region
to the receiver clearly leads to overestimate Am=A1A2 if
the value of Pm=P1P2 is not corrected. We have to take
into account the dependence of �c3 on T as well as the one
of the attenuation length, ��1 
 �2�

�1, which, as said
above, replaces Lint in Eq. (1), since ��1 
 �2�

�1 < Lint

in our temperature range (Lint � 30 mm). We are thus left
with

" / �c3��1 
 �2�
Pm

P1P2
exp���2l�; (4)

for the temperature dependent terms of ". This is dis-
played in Fig. 5 which shows that the nonlinearity pa-
rameter increases roughly by a factor 10 at 0.2 K from the
critical temperature. This is only in qualitative agreement
with the theoretical prediction of Borisov et al. [18].
Indeed, the best fit of the form ajT � Tcj

b 
 c gives b �
�2:3 in the vapor phase and b � �2 in the supercritical
phase whereas the predicted exponent is �0:89. This
discrepancy could be ascribed to a possible overestima-
tion of the absorption far from the CP due to the finite size
234301-3
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FIG. 5. Temperature dependence of the nonlinearity parame-
ter " normalized by its value "0 1 K away from the critical
temperature: in the vapor ( � ) and supercritical (
) phases.
� � 0:97�c. Best fits of the form ajT � Tcj

b 
 c in the vapor
phase (solid line, b � �2:3) and in the supercritical phase
(dotted line, b � �2).
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of the emitters, or to the complex behavior of the back-
ground contributions to the nonlinear parameter (e.g.,
sign changes). This requires further theoretical as well
as experimental investigations.

Although the increase of the nonlinearity parameter in
the vicinity of the CP is reported here for the first time,
we note that the effect of a phase transition on acoustic
waves has been also studied in other systems: reduction of
velocity and enhancement of absorption and acoustic
nonlinearities have been observed in the vicinity of phase
transitions in ferroelectric and magnetic materials [26].
Nonlinear effects dominate the behavior of second sound
sufficiently near the � transition [27]. Surface waves at
the liquid-vapor interface are also strongly modified in
the vicinity of the CP [28]. It would be of great interest to
find whether there exist generic features concerning
the effect of phase transitions on the nonlinear properties
of waves.
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