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Spatial Weak-Light Solitonsin an Electromagnetically Induced Nonlinear Waveguide
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We show that a weak probe light beam can form spatial solitons in an electromagnetically induced
transparency (EIT) medium composed of four-level atoms and a coupling light field. We find that the
coupling light beam can induce a highly controllable nonlinear waveguide and exert very strong effects
on the dynamical behavior of the solitons Hence, in the EIT medium, it isnot only possible to produce
spatial solitons at very low light intensities but also simultaneously control these solitons by using the

coupling-light-induced nonlinear waveguide.
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Finding new physical systems that produce optical
solitons at very low light intensities with good control -
lability isvery important for investigating the nonlinear
dynamics of quantum solitons and inventing new optical
devices for quantum information processing [1-3].

All previous research on optical spatial solitons is
limited to conventional nonlinear mediums|[2,4]. In con-
ventional nonlinear mediums, such as two-level atomic
mediums[4], a large nonlinear refractive index is always
associated with large absorption, which is a basic limi-
tation to producing solitons at very low light intensities
and studying quantum solitons with only a few photons
per soliton cross section [1-4].

In comparison with conventional nonlinear mediums,
electromagnetically induced transparency (EIT) medi-
ums have many unique features that are advantageous
for producing spatial solitons at low light intensities
with good controllability. Recently, EIT mediums have
been found to be able to transmit alight field at ultraslow
light speed [5], as well as to provide very large optical
nonlinearity to form very strong interactions between
photons [6—11]. I n addition to theseinteresting properties,
they exhibit the following other important features. First,
the magnitude of the nonlinear coefficient is approxi-
mately inversely proportional to the coupling light inten-
sity and highly controllable in a very large range [8,11].
Second, both the linear absorption and linear refractive
index, aswell asthe nonlinear susceptibility, are approxi-
mately independently controllable [8,11,12]. Third, their
i nfluence on the coupling light beam is negligible, which
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permits us to shape the coupling beam with fairly large
freedom. In contrast, no conventional nonlinear medium
has been found to possess these properties

Here we will prove that spatial solitons can be formed
at very low light intensities (such as a few photons per
soliton cross section per nanosecond) in an EIT medium
composed of four-level atoms and a coupling light field,
analyze some basic limitations on the formation of soli-
tons in the medium due to the EIT conditions, and show
the controllability of the spatial solitons via a coupling-
light-induced nonlinear waveguide.

Let us consider the propagation of a very weak probe
light field of frequency w, in an EIT medium composed
of four-level atoms and a strong coupling light field of
frequency w,., as shown in Fig. 1. According to previous
studies of thissystem, we know that when most atomsare
in the ground state |1), the coupling light field can not
only induce transparency for the probelight field, but also
enhance the optical Kerr nonlinearity very effectively
[7,9,11]. From the Maxwell-Bloch equations of the light
fields and the four-level atomic system, assuming the
amplitude of the probe light field varying slowly in the
z direction, we can obtain the following propagation
equation for the probe light field:

2ikp% +V3E, = —k3xE, )
where E, and k, are the amplitude (the time-dependent
traveling wave part is eliminated) and the wave vector
length of the probe light field, respectively. y is the
susceptibility of the EIT medium, the form of which is
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where n isthe atomic density, w3, 424, and w3 are electric dipole moments, E, isthe amplitude of the coupling light

field, [Q,31> = [u13%|E,|*/(47%) and |Q

2al* = |u2al?|E,1?/(452) are the squared Rabi frequencies induced by the

probelight, and |Q5]> = |M23|2|EC|2/(4E§) isthe squared Rabi frequency induced by the coupling light. Additionally,
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FIG. 1 Energy levels and optical couplings of the four-level
atomic system. o, and w, are the angular frequencies of the
coupling light and the probe light, respectively. Direct electric-
dipole transition between two ground states, |1) and [2), is
forbidden. y,, 3, and vy, are decay rates of the atomic states
Ays, Az, and A,y are light detunings

M =T, + QP /Ty + |Qesl*/T5, T3 =475+ ivys,
Py=A0 + A —Ap+iy,, and I = Ay — A —
iy,. In the derivation process [13], we used the rotating
wave approximation and the adiabatic approximation,
assuming the EIT condition

Y3 Yar [Qeas| > Q151 [Q 4l (2
If the conditions

100 _ 102
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[Axs + Az — Aps| > vy,
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are also satisfied, then we can neglect the single-photon
and two-photon absorption effects Thus, we simplify
Eg. (2) to the well-known nonlinear Schrodinger equa-
tion (NLSE):

IE
2ikpa—” +V3iE, = C,E,I’E, 4
Z

: - _ 2uonlusPlusl ol
where the nonlinear coefficient C, [ PTE PRe(C R

Thisis a (2 + 1)-dimensiona NLSE, which has many
classes of nonlinear solutions that describe various self-
sustained structures, such as self-focused light beams,
optical vortices, and quasi-(1 + 1)-dimensiona optical
bright and dark solitons [2,14,15]. Because these solu-
tions have many common features, we consider only one
typical class here, i.e, the quasi-(1 + 1)-dimensiona
bright solitons when Re(I'y) < 0. The form of a funda-
mental bright soliton is

E, = 2mEgsech(y/2|C,|mEyx) exp(im*E}|C,|z/k,), (5)

where m isthe eigenvalue of the soliton, E, = hiy/u (for

simplicity, welet w3 = poy = uo3 = p and yy = y; =
¥). The maximum amplitude of the soliton is E, ,,x =
2myh/u, and it is related to the width of the soliton,

Ypwam = 2In(2 + \/§)\/SolRe(r4)|ﬁ/n/-L2k%Ec/Epmax
Thus, we find that the width of the soliton is actually
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determined by the amplitude ratio between the coupling
light and the probe light instead of by the amplitude of
each light. Thisindicates that, aslong as Eqgs (2) and (3)
can be well satisfied, we can reduce the coupling light
amplitude gradually along the propagation direction to
keep the soliton width constant even if there remains
some small absorption in the medium that attenuates
the probe light intensity and hence leads to broadening
of the soliton width [4,16]. Apparently, in a conventional
nonlinear medium, we have no choice but to introduce a
gain process [14]. Additionally, as long as the decay rate
v, issmall enough, it is possible to produce these spatial
solitons with finite width at very low probe light inten-
sities, which is exactly what we mean by spatial weak-
light solitonsin this Letter.

Because the NLSE is obtained under the conditions
defined by Egs (2) and (3), the soliton solution should
also satisfy them. Thus, these requi rements set fundamen-
tal limitations on the amplitude and the width of the
soliton, such that E, .« = 2myh/u < min(yhi/u, E.)
and xpwpy > 2In(2 + ﬁ)/(\/n,u,z/soyﬁkp). These limi-
tations indicate that the soliton can be produced only at
weak-light intensities and it isimpossible to produce one
with an arbitrary narrow width. Before further discus-
sion, wegive arough numerical estimate of thewidth and
photon flux of the soliton. We assume an atomic medium
of density n=1X 10" cm™3, typical dipole matrix
elements for alkali atoms, such as Rb or Ce, u =
3 X 107% C - m, the decay rates of upper excited states
v = 30 MHz, the maximum amplitude of the probe light
E,mix = 1072E,, thewavelength of the probelight A, =
800 nm, and Re(I';) = —10y. Then we can obtain
Xpwam = 0.06 mm. If E, = v/i/u, then the photon flux
of the probe light is about 6 mm~2ns~!. This rough
estimation shows not only that a soliton can be produced
with observable quantum properties within the current
experimental achievable range, but also that the photon
flux that passes through such a soliton can be so low that
it is possible to reach a much lower light intensity regime
than those in previous experiments on quantum solitons
[1]. For experimental implementation, we suggest that
the work is not restricted to the use of cold atoms; for
example, a thermal atomic vapor and a Doppler-free
copropagation of two light beams, such as that used in
[8], might be enough to observe the phenomenon.

The unique features of an EIT medium enable the
coupling light beam to induce a very special nonlinear
waveguide, which can exert very strong effects on the
dynamical behavior of solitons formed by the probe light
beam and hence give rise to new soliton controllabilities
Next, solving Eg. (1) (neglecting the coordinate y) nu-
merically by using the Crank-Nicolson method, we show
several typical effects of the nonlinear waveguide on the
evolution of (1 + 1)D solitonsin the EIT medium. Inthe

calculation, we use Ey = yhi/u, L, = \/eoyh/(npu?k3),
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and L, = 2gyyh/(nu*k,) as units to normalize the am-
plitudes of the electromagnetic fields and the spatial
coordinates x and z, respectively.

Because the coupling light intensity is approximately
inversely proportional to the nonlinear susceptibility
under the EIT condition, the coupling-light-induced
transverse variation of the nonlinear susceptibility can
strongly affect the dynamical behaviors of high-order
solitons in the EIT medium. For example, the gradient
of the real part of the coupling-light-induced third-order
susceptibility, as shown by the thin solid curve in
Fig. 2(b), can lead to splitting of a second-order soliton
[the maximum amplitude is twice that of the soliton
described by Eq. (5)], as shown in Fig. 3. In this calcu-
lation, we assume that the coupling light beam has a
Gaussian profile along the x axis [see the solid curve in
Fig. 2(a)] and propagates along the z axis with negligible
diffraction. Other parameters are as follows. A; =
A23 = 0'}/, A23 == 100')/, Y2 = 1 X 1078'}/. The |Ineal‘
and nonlinear susceptibilities induced by this light
beam are shown in Fig. 2(b). The initial second-order
soliton formed by the probe light beam has a small trans-
verse displacement from the center of the coupling beam,
as shown by the dashed line in Fig. 2(a). It therefore
experiences a nonuniform nonlinear phase modulation
due to the gradient of the third-order susceptibility. As
we know, if a second-order soliton propagates in a uni-
form Kerr nonlinear medium, it exhibits only periodic
oscillation [14]. The splitting of the second-order soliton
into two solitons is therefore just due to the transverse
variation of the nonlinear susceptibility. Because the
split solitons have opposite transverse momentums, one
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FIG. 2. (@) The transverse profile of the coupling light beam
(solid curve) and the fundamental soliton (dot-dashed curve) or
second-order soliton formed by the probe light beam. (b), (c),
and (d) The transverse structures of the coupling-light-induced
nonlinear waveguide: linear susceptibility y! (thick lines) and
third-order susceptibilities y® (thin lines), in which solid lines
present the real parts and the dashed linesthe imaginary parts,
under different conditions, respectively. " is in units of
w?n/(gohy). 3 isin units of u?n/(eghyE}).

183901-3

propagates into the lower coupling intensity regime, i.e,
the larger nonlinearity region; it becomes narrower. The
other propagates to the higher coupling intensity regime,
i.e, the smaller nonlinearity region; it becomes wider.

At the boundary of the coupling beam, the linear
absorption due to ground-state dephasing increases very
fast. Asaresult, if asoliton propagates toward the bound-
ary of the coupling beam, its amplitude will decay very
quickly because of the absorption, as shown in Fig. 4. In
this calculation, we dightly increase the decay rate of the
gound state [2), i.e, y, = 2 X 10~8y, to make the linear
absorption more apparent, as indicated by the imaginary
part of the linear susceptibility (thick dashed line) in
Fig. 2(c). Theinitial fundamental soliton with zero trans-
verse velocity has a larger offset from the center of the
coupling beam, as plotted by the dot-dashed line in
Fig. 2(a). Because of the gradient of the nonlinear sus-
ceptibility, the soliton is transversely accelerated and
propagates toward the boundary of the coupling beam.
Because the linear absorption becomes larger and larger,
the amplitude of the soliton is quickly reduced. However,
the width of the soliton decreases in comparison with its
initial value, although the amplitude becomes smaller
because the nonlinear susceptibility becomes larger rela-
tively more rapidly in this specific condition.

If the detuning A5 is finite, the coupling beam can
form a high-linear-refractive-index waveguide overlap-
ping the nonlinear one and force the soliton to oscillate
nonlinearly inside the waveguide [12]. For example, in
using the above parameters values except for setting
Ay =-5%X10"y, y, =5X%X 10"y, we find that the
real part of the linear susceptibility is much reduced at
the boundary of the coupling beam [see the thick solid
linein Fig. 2(d)]. Thus, the linear susceptibility behaves
as a potential, which confines the soliton to oscillate, as
shown in Fig. 5. The oscillation is nonlinear because of
the nonuniform nonlinear susceptibility. For example, the
initial transversely static soliton is accelerated by the
gradient of the nonlinear susceptibility because the am-
plitude of the soliton is very large and the soliton propa-
gates toward the boundary of the coupling beam, as
shown in Fig. 5(b). But, because the linear absorption

Z/Lb 40000

50000

FIG. 3. Second-order soliton splitsinto two solitons under the
influence of the transverse variation of the coupling-light-
induced nonlinear susceptibility [see Fig. 2(b)].
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FIG. 4. Absorption of the soliton due to the increasing linear
absorption at the boundary of the coupling beam.

becomes larger and larger, the intensity of the soliton
become smaller and smaller. Asa result, the acceleration
due to the nonlinear susceptibility becomes smaller and
smal ler. When the acceleration due to the linear suscepti-
bility overcomes the nonlinear one, the soliton gradually
decelerates, and finally reverses its propagation direction
and oscillates around the center of the coupling beam.
In conclusion, we have shown that a weak probe light
beam can form spatial solitonsin an EIT medium com-
posed of four-level atoms and a coupling light field. Our
numerical estimation showed that in the EIT medium the
photon flux passing through a spatial soliton can be very
low and a much lower light intensity regime than thosein
the previous experiments on quantum solitons is reach-
able. We have also found that the coupling light beam can
induce a highly controllable nonlinear waveguide and
exert very strong effects on the dynamical behavior of
the solitons. Hence, in the EIT medium, it is not only

(b)
zZ/Lp” < <
e

FIG. 5. Nonlinear oscillation of the soliton due to the
transverse confinement produced by the coupling-light-
induced non-uniform linear and nonlinear susceptibilities
[See Fig. 2(d)]. Here (b) is the contour graph of (a).
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possible to produce spatial solitons at very low light
intensities but also simultaneously control them by using
the coupling-light-induced nonlinear waveguide.
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