
P H Y S I C A L R E V I E W L E T T E R S week ending
2 MAY 2003VOLUME 90, NUMBER 17
Giant Stress Fluctuations at the Jamming Transition
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We study the stress response to a steady imposed shear rate in a concentrated suspension of colloidal
particles. We show that, in a small range of concentrations and shear rates, stress exhibits giant
fluctuations. The amplitude of these fluctuations obeys a power-law behavior, up to the apparition of a
new branch of flow, leading to an excess of high amplitude fluctuations which exhibit a well-defined
periodicity.
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We used monodisperse silica particles with a diameter
ranging from 400 nm to 2:5 �m. They were synthesized

sharply increases, and the associated strain becomes ex-
tremely noisy. The critical stress at which the moduli
When submitted to shear, a concentrated suspension of
colloidal particles exhibits a rich variety of behaviors.
One of the most striking is of jamming: when sheared
above a critical stress, the suspension may stop flowing
[1]. This phenomenon is key to many geophysical flows,
such as shearing of faults filled with slurries, and is of
importance for a number of industrial applications, such
as flow of hydrate gas and casting of cement pastes [2].
Numerical simulations [3] and experimental results [4]
showed that, at high Péclet numbers, when Brownian
forces are negligible compared to shearing forces, the
pair distribution function of the particles becomes asym-
metric: there is an excess of particle pairs along the
compressional axis. Moreover, at high enough volume
fractions, many-body interactions play a great role, and
the collapse of gaps between particles induces the forma-
tion of elongated clusters around the compressional axis
of the shear flow [5]. Concentration fluctuations lead to an
increase of the viscosity [6] or eventually to the jamming
of the suspension [7]. One may thus assume, by similarity
with granular materials, that clusters form force chains
able to sustain stress along the compressional direction
[8]. This implies that, under constant shear rate, strong
stress fluctuations associated to building and destruction
of these aggregates occur. Such fluctuations have been
observed in granular materials [9]. They exhibit long
range fluctuations, and the distribution of force fluctua-
tions decreases exponentially with force amplitude [10].
In concentrated suspensions, one may expect a differ-
ent situation, as, when a shear rate of increasing ampli-
tude is applied, the suspension goes from a low shear rate
state, characterized by a low viscosity, to a high shear
rate state, highly viscous [11]. In an intermediate shear
rate regime, stress fluctuates but is bounded by these two
branches of flow.

The aim of this Letter is to describe the statistical
properties of stress fluctuations near the jamming tran-
sition in a concentrated suspension of monodisperse par-
ticles submitted to a constant shear rate.
0031-9007=03=90(17)=178301(4)$20.00 
via a Stöber-like synthesis [12]. The size of particles was
measured with scanning electronic microscopy. What-
ever their size, particle density was 2.1. Stress-imposed
measurements were performed with an AR-1000 rhe-
ometer. Strain-imposed experiments were done with a
Rheometrics RFSII, and we recorded the stress fluctua-
tions. They were performed with a Couette geometry of
17.5 mm outer diameter and 0.25 mm gap. Before each
experiment, sample was sheared at 10 s�1 for 1000 s to be
placed in a reproducible state. In order to get an accurate
enough statistical response in stress time evolution, the
stress was measured at a sampling rate of 200 Hz and
each experiment lasted for 400 s.

Let us first consider the dynamical phase diagram of a
suspension of particles with volume fraction � between
35% and 48% and diameter between 400 nm and 2:5 �m
[Fig. 1(a)]. We impose a sinusoidal stress of 1 Hz fre-
quency. At low enough shear stresses, the response is
elastic (we will call this phase the ‘‘gel phase’’). As the
stress is increased, the suspension begins to flow (‘‘liquid
phase’’). We define the transition stress as the value of the
stress at which the loss modulus exceeds the elastic modu-
lus. It increases exponentially with volume fraction.When
the diameter of the beads is increased, the transition
between the gel and the liquid phase occurs at a lower
stress. As expected [13], whatever the size of the par-
ticles, the transition between the gel and the liquid phases
occurs at the same dimensionless stress, �a3=kBT, where
a is the radius of the particles and kBT is the thermal
energy [Fig. 1(a) inset]. The transition between the gel and
liquid phases is thus governed by interparticular forces. In
the liquid state, if one does a continuous shear flow
experiment, one gets a plastic response; i.e., the stress �
increases as a power law of the shear rate, _

 : �� _

�,
where 0:5 � � � 1 increases with the particle size
[Fig. 1(b)]. The suspension is thus shear thinning, the
smaller the particles, the stronger the shear-thinning
behavior. When the amplitude of the stress is further
increased, a critical stress appears at which the elasticity
2003 The American Physical Society 178301-1
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FIG. 2. (a) Time evolution of stress for four different imposed
shear rates (from bottom to top: 80, 190, 1000, and 2200 s�1

(right axis)] of 700 nm particles at a volume fraction of 43%.
For _

 � 1000 s�1, we indicate the mean stress value and the
width of the Gaussian noise. (b) Probability distribution func-
tions of stress for different shear rates (left to right: 80, 190,
480, 780, 1000, 1200, 1400, 2200 s�1). The fit of the Gaussian
fluctuations is indicated on the 190 and 1000 s�1 curves
(dashed line).
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FIG. 1. (a) Dynamic phase diagram for five particle sizes
[400 nm (�), 700 nm (�), 1 �m (�), 1:5 �m (�), and
2:5 �m (�)]. Filled symbols delimit the gel from the liquid
states, whereas hollow symbols define the liquid from jammed
phases boundary. Inset: boundary between the gel and liquid
states, in adimensional stress units, �a3=kBT. (b) Stress, �, vs
shear rate, _

, for a suspension of 700 nm particles at � � 43%.
Filled symbols are mean stress values, and hollow symbols are
stress most probable values (they cannot be distinguished from
each other for _

 � 300 s�1). The line is a power-law fit of the
average stress in the liquid regime, leading to � / _

0:63.
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increase defines a new transition, from the shear-thinning
liquid regime to a jammed state. Jamming appears at
lower stress (or strain) when the volume fraction in-
creases. At high concentration of particles, the liquid
domain disappears, and it becomes impossible to distin-
guish between the gel and the jammed phase. Within
experimental uncertainties, the boundary between liquid
and jammed states does not change when the size of the
particle varies [Fig. 1(a)] and cannot be rescaled the same
way as the stress at the gel/liquid boundary was. This
implies that the stress at which jamming transition occurs
does not rely upon thermal fluctuations on the length
scale of the particles, but that jamming is essentially a
geometrical transition, governed by the free volume of
the suspension.
178301-2
Let us now apply a constant shear rate. In the ‘‘liquid’’
phase, the stress is well defined and fluctuates around
a mean value, with Gaussian noise of small ampli-
tude [Fig. 2(a)]. Then, when one reaches the transition
shear rate between the liquid and the jammed states, the
stress distribution is no longer Gaussian but assumes an
extreme-value distribution statistics. Nevertheless, the
probability distribution function of the stress exhibits a
well-defined maximum. The most probable stress value
continuously increases as _

 is increased while the ampli-
tude of the fluctuations increases [Fig. 1(b)]. It thus exists
a well-defined low-viscosity branch of flow from which
fluctuations develop. The amplitude of the largest fluctu-
ations may be 10 times higher than the most probable
stress value. The stress distribution function exhibits a
very long power-law tail [Fig. 2(b), from _

 � 190 to
780 s�1]. At higher strain rates, the fluctuations are cut
178301-2
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off by a high viscosity branch of flow. This flow regime is
characterized by large stress fluctuations symmetric
around a mean value. Huge fluctuations of well-defined
amplitude develop between the two flow regimes ( _

 �
1000 s�1). One may thus consider two different classes
of fluctuations: critical fluctuations of widespread ampli-
tude, leading to a long tail of the stress distribution
function, on one hand, and fluctuations of well-defined
amplitude between the two branches of flow on the other
hand. As we have observed that the most probable stress
state continuously evolves at the jamming transition
[Fig. 1(b)], these high fluctuations may be unambiguously
separated from Gaussian noise. Let us thus define a peak
as a stress fluctuation whose amplitude is larger than the
most probable stress value increased by twice the width of
the Gaussian fluctuations. Each of these peaks defines an
event during which a given amount of energy is dissi-
pated. The density of energy released per unit volume
during one peak is given by

E �
Z
peak

���t0
 � �max� _

dt
0; (1)

where �max is the most probable stress. Whereas the
average energy released by critical fluctuations, E0, in-
creases when the shear rate amplitude increases (Fig. 3
inset), the probability distribution of released energies
exhibits (Fig. 3) a power-law behavior, P�E
 / E�2, over
a wide range of strain rates, 680 s�1 � _

 � 1400 s�1.
The system thus behaves as a critical system, where
energy fluctuations occur on every scale. Nevertheless,
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FIG. 3. Probability distribution functions of the energy re-
leased by stress fluctuations for several shear rates (380, 480,
580, 680, 780, 900, and 1000 s�1) of 700 nm particles at a
volume fraction of 43%. Energy is rescaled by the mean
released energy, E0. The straight line is a power law of slope
�2. Inset: mean released energy, E0, as a function of shear rate,
_

. The line is a guide to the eye.
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the tuning of the control parameter, _

, does not have to be
accurate, and we observe this power-law distribution of
energies over a wide range of values of _

. In that sense,
the situation is very similar to what is observed in self-
organized critical systems. The flow regime exhibits here
strong analogies with the flow of granular materials,
where energy is released during avalanches of widespread
amplitudes, and whose size probability distribution func-
tion obeys a power law. But a second branch of flow,
corresponding to a ‘‘grinding flow,’’ develops. This leads
to a dynamical instability and gives birth to giant fluctua-
tions, leading to an excess of high energy peaks (Fig. 3)
whose temporal properties are of interest.

Let us consider now the temporal properties of the
stress fluctuations and the distribution of peaks life-
times. This distribution exhibits two distinctive features
[Fig. 4(a)]: a decaying behavior at short times, and a long
time peak, corresponding to the lifetime of the fluctua-
tions between the two branches of flow.
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FIG. 4. Lifetime distributions of fluctuations (700 nm par-
ticles at a volume fraction of 43%) for five different shear rates,
_

 � 780, 900, 1000, 1200, 1400 s�1. Inset: probability distri-

bution functions of lifetimes rescaled by the shear rates, _

.
(b) Inverse of the lifetime fluctuations vs shear rate, for 700 nm
(respectively, 2:5 �m) particles at � � 43% (�) (respectively,
�). The straight line is a linear fit leading to 
c � 2:85 104%
(respectively, 
c � 1:32 104%).
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We are not able to define a characteristic law for the
short time fluctuations, but the long characteristic life-
times � of the fluctuations are very well defined and
decrease when _

 is increased. They obey � � 
c= _


[Fig. 4(b)], and one may thus define a characteristic
shear amplitude, 
c, that does not depend on the shear
rate. In other words, whatever the shear rate, a transition
between the two branches of flow occurs when the system
has been sheared by 
c.

The characteristic deformation defined by one period
of the fluctuation is 
c � 2:85 104% for 700 nm par-
ticles and 
c � 1:32 104% for 2:5 �m particles. These
fluctuations thus define a very long length scale, of the
order of a fraction of the deformation corresponding to an
entire rotation of the cylinder (which corresponds to 
 �
4:33 104%). Similar fluctuations have been observed in
shear-thickening surfactant solutions [14] and onion-
phase surfactants [15]. They were in both cases associated
to a phase transition under flow. A model of ‘‘rheochaos’’
has been recently proposed, which accounts for strain
fluctuations under a controlled stress [16]. Assuming the
existence of strain inhomogeneities inside the material,
and under the hypothesis that high-strained regions pos-
sessed a higher modulus than low-strained regions, the
authors showed that a positive feedback coupling between
the dynamics of low-strained regions and high-strained
regions occurred, leading to an instability characterized
by well-defined oscillations. The high values of 
c ob-
served here are at odds with the results of this model,
which predicts that the characteristic deformation of the
fluctuations should be of the order of unity. This implies
that there must exist, in our case, a macroscopic length
scale much higher than the diameter of the particle, and
of the order of the largest size of our system. We have
checked that this behavior was not a property of the
Couette geometry but remained in plate/plate geometries
of various gaps. The origin of this length scale was not
elucidated. One may assume it is linked to the travel of an
aggregate along the circumference.We have also observed
that the normal stress induced close to the jamming
transition fluctuates in phase with the tangential stress.
Solid friction thus plays a dominant role in the dynam-
ics of the system. The main feature of the observed
dynamics— the existence of two well-defined classes of
fluctuations—may thus be due to the role played by solid
friction between particles. Indeed, the Burridge-Knopoff
model of sliding blocks exhibits very similar properties.
In this model, a chain of blocks attached to each other by
a spring and to a fixed surface by leaf springs is put in
178301-4
contact with a rough surface moving at a constant speed
[17]. Localized motions of the blocks whose statistics
obeys a power-law distribution occur. These small move-
ments smooth the heterogeneities of relative positions of
neighboring blocks, which are put on the verge of slipping
by the moving rough surface, thus leading to an excess of
large delocalized motions involving the whole system
[18]. This behavior is very similar to the distribution of
energy relaxation events we observed. Thus, a concen-
trated suspension of colloidal particles under flow appears
to be a very simple model system that exhibits some
essential features of self-organization, which are key to
understanding the complex flow of many concentrated
dispersions.

We thank É. Lécolier for many fruitful discussions.
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