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Signature for Vibrational to Rotational Evolution Along the Yrast Line
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We present a simple method for discerning the evolution from vibrational to rotational structure in
nuclei as a function of spin. The prescription is applied to the yrast cascades in the A� 110 region and a
clear transition from vibrational to rotational motion is found.

DOI: 10.1103/PhysRevLett.90.152502 PACS numbers: 21.10.Re, 21.60.Ev, 27.60.+j
sition between the two, to be vividly highlighted. and also to highlight the inherent dangers of simply
Shape and phase evolution are major themes in nuclear
structure research. This evolution is intimately related to
the mechanisms by which atomic nuclei generate angular
momentum. Although nuclei are composed of interacting
fermions, examples of collective excitations resulting in
both oscillations and rotations are well established. These
collective modes manifest their angular momentum gen-
eration in different ways, resulting in contrasting excited
state sequences and transition rates. For a theoretical,
harmonic quantum vibrator, the yrast level energies for
states of spin I are given by EI � n �h! [1], where the
phonon number n � I

2 and the reduced matrix element
between yrast states differing by �I � 2 is proportional
to

���
n

p
. For a perfect axially symmetric rotor, the energy

sequence is given by EI � � �h2=�2J��I�I � 1� [2], where J
is the static moment of inertia and the B�E2� values tend
to a constant value at high spins.

Rotational interpretations such as the cranked shell
model (CSM) [3] are mainstream tools in the analysis
of yrast states. The application of this model has been
spectacularly successful in interpreting much experimen-
tal data, particularly with respect to understanding the
microscopical basis behind the phenomenon of ‘‘back-
bending’’ [3], which has been explained for rotational,
deformed nuclei as stemming from a Coriolis-driven par-
ticle alignment [4]. In a standard CSM-type analysis, in
order to compare the model predictions with experimen-
tal data, a rotational approximation is applied (usually
based on the variable moment of inertia prescription) and
an effective, spin dependent moment of inertia extracted.

The purpose of this Letter is to point out that, while
such a prescription remains valid for well deformed sys-
tems, its use for nonrotational (e.g., vibrational) nuclei
may obscure interesting structural effects, such as the
transition between vibrational and rotational collective
modes as a function of nuclear spin. We will propose a
new approach, called E-GOS (E-Gamma Over Spin)
curves, which invokes no structural preconceptions and
allows vibrational and rotational behavior, and the tran-
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The gamma-ray decay energies for a perfect harmonic
vibrator are given by E
�I ! I 
 2� � �h! while, for an
axially symmetric rotor, E
�I ! I 
 2� � � �h2=�2J�� �

�4I 
 2�. The ratio, R �
E
�I!I
2�

I then provides an effec-
tive way of distinguishing axially symmetric rotational
and harmonic vibrational modes.
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0; (1)

rotor : R �
�h2

2J

�
4


2

I

�
���!I!1

4

�
�h2

2J

�
: (2)

For the idealized axially symmetric rotor, R increases
from 3� �h2=�2J��, for I � 2, to a constant value of
4� �h2=�2J�� for large I while, for a pure vibrator, R de-
creases hyperbolically towards zero. (Note that, in the
rotational model, R is equivalent to 2 divided by the
kinematic moment of inertia but, since deformation is
implicit in this concept, such definitions may be mislead-
ing for nonrotor nuclei.)

Figure 1(a) shows these theoretical limits plotted for
two schematic nuclei: (i) a vibrator in which the first 2�

excited state lies at an energy of 500 keV; and (ii) a rotor
where this energy is 100 keV. (These values were taken to
represent typical nuclear vibrator and rotor energies, re-
spectively.) Note that the curvatures of the vibrator and
rotor functions are markedly different. The sharp, hyper-
bolic decrease in R with spin provides a clear signature of
a vibrational nucleus since, by contrast, for a rotor, R
actually increases at low spins. We, thus, propose plots of
R � �E
�I ! I 
 2�=I� versus I as a simple prescription
for distinguishing rotational and vibrational ranges of
spin. We call the trajectories in such plots ‘‘E-GOS’’
curves. Note, R is an experimentally determined quantity
based on well-defined observables, and includes no rota-
tional ansatz nor the model-based concepts of rotational
frequency and moment of inertia.

As an example of the physics which can be extracted
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FIG. 1. (a) E-GOS curves for a perfect harmonic vibrator and
axially symmetric rotor with first 2� excitations of 500 and
100 keV, respectively. (b) E-GOS plot for the yrast sequence in
102Ru. (c) Total aligned angular momentum for the yrast
sequence in 102Ru as a function of rotational frequency.
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assuming the rotational model over the entire spin range,
Fig. 1(b) shows the empirical E-GOS curve for the yrast
sequence of stretched E2 transitions in 102Ru, while
Fig. 1(c) highlights the same data on a standard quasi-
particle alignment plot. Figure 2 shows the partial decay
scheme for 102Ru from which the data shown in Fig. 1
were taken. These data come from a recent experiment
performed at the Wright Nuclear Structure Laboratory at
Yale where the nucleus of interest was populated using
the reaction 96Zr�9Be; 3n�102Ru at a beam energy of
44 MeV. The 
-ray transitions were detected using the
YRASTBALL array [5] and the full experimental details
FIG. 2. Sum of triple gamma-ray gates showing the yrast
sequence for 102Ru in the current work.
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can be found in Ref. [6]. The spectrum in Fig. 2 shows a
sum of triple gates on the yrast sequence, which extends
this structure from the ground state to the yrast spin 20 �h
level. The lower-spin yrast states of this nucleus confirm
those in the literature [7].

As Fig. 1(c) shows, the standard rotational model
analysis suggests a signature for rotationally driven
alignment in this system. The backbending in Fig. 1(c),
associated with an increase in total aligned angular mo-
mentum, Ix �

�����������������
I�I � 1�

p
, of approximately 10 �h is consis-

tent with the neutron h11=2 alignment predicted by CSM
calculations [6]. In the framework of the CSM, this be-
havior would be interpreted as the standard change in the
moment of inertia between two rotational phases follow-
ing a Coriolis-driven pair breaking. However, as Fig. 1(b)
clearly demonstrates, the E-GOS plot for the same data
allows an alternative interpretation, namely, the evolution
from a vibrational structure to a rotational sequence
above spins of �10–12� �h. This interpretation does not
require a rotational phase at lower spin, but rather implies
a crossing between a deformed minimum and the (anhar-
monic) vibrational ground state configuration. Note that
the ratio of excitation energies for the yrast 4� and 2�

states in 102Ru is 2.32, a value usually associated with an
anharmonic vibrational system, which suggests the latter,
nonrotational explanation.

The vibration-to-rotational transition can be explained
microscopically by the population of a 10� state, with a
wave function predominantly consisting of the maxi-
mally aligned coupling of two h11=2 neutron orbitals [8].
Since these specific orbitals reside low in the h11=2 sub-
shell, they have large components of angular momentum
along the rotation axis (i.e., small � values). They can,
thus, be thought of as ‘‘polarizing’’ the potential to a
shape with a small, but rigid quadrupole deformation,
thus allowing collective rotational motion to develop.
Note, it is the inducement of this small but rigid quadru-
pole deformation which has been proposed as the mecha-
nism which allows ‘‘antimagnetic’’ rotational structures
to evolve [9]. Such sequences have been reported in 100Pd,
built on top of the I� � 10� aligned neutron configura-
tion [10]. In these cases, the stiff, deformed potential
formed by the population of this configuration allows
weakly deformed rotational-like sequences to evolve fol-
lowing the gradual alignment of the proton g9=2 angular
momentum vectors along the now well-defined axis of
rotation.

The data on 102Ru shown in Fig. 1 demonstrate how
both the standard ‘‘alignment’’ and the vibration-to-
rotation pictures for this sequence can be obtained from
a manipulation of the same data. We argue that this case
highlights the potential dangers of applying a rotational-
based approximation to low-spin states in ‘‘vibrational’’
nuclei where such concepts are not well defined. Although
it is well known that one can plot a vibrational sequence
on a backbending plot (i.e., the kinematic moment of
inertia, J�1� � I

! versus rotational frequency, ! 
E


2 ) as
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FIG. 3. E-GOS curves for the A� 110 region. These data are
taken from Refs. [7,11– 40].
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a vertical line, this is somewhat physically misleading,
since the quantity which is being plotted as a constant
value, namely, the rotational frequency, has no definition
outside the confines of a deformed, rotational paradigm.
While a similar effect can also be demonstrated by plot-
ting other variations of energy and spin variables, we
propose that the major advantages of using the E-GOS
prescription are that (i) it uses a linearly increasing vari-
able on the x axis; (ii) it assumes no a priori (rotational)
model interpretation; and (iii) it clearly and simply high-
lights the transition between vibrational and rotation
states. In contrast, for example, a plot of excitation energy
E�I� against spin is qualitatively similar for both a vi-
brator and a rotor: Both trajectories are monotonically
increasing functions with spin (albeit at quantitatively
different rates), while in an E-GOS plot, one decreases
sharply, whereas the other is a slightly increasing func-
tion and asymptotically flat.

The phenomena of a vibration-to-rotational crossing
appears to be prevalent in many nuclei in this region, as
we shall discuss below, in the context of E-GOS plots. The
low-lying states in nuclei with A  110 and Z < 50 have
long been proposed as among the best examples of quad-
rupole vibrational structures in the nuclear chart [11].
Such nuclei are characterized by sequences of multipho-
non excitations, which have been identified in the Cd
(Z � 48 [12,13]), Pd (Z � 46 [14]), and Ru (Z � 44
[15]) isotopes, with up to five phonon (i.e., n � 5) states
being observed [12]. Interestingly, where the data exist,
the higher-spin yrast states of many of these nominally
vibrational nuclei often demonstrate a weakly deformed
behavior, with sequences of stretched E2 transitions
which can be described as rotational bands (see, e.g.,
[16–23]). Although the predicted quadrupole deforma-
tions in these systems are generally rather small (�2 �
0:15), these small deformations give rise to very large
Coriolis effects [4], which in turn lead to the observation
of what are described in the CSM as rotational align-
ments. Where published information exists (e.g., 108;110Cd
[24]), the E2 transition rates in the nominally vibrational
and rotational parts of the decay schemes are similar
(20 ! 50 Wu) and thus cannot be used to distinguish
directly between vibrational and rotational-like excita-
tions. As outlined above, the first yrast crossing in this
region has been explained by numerous authors [7,16–
23,25] as arising following the rotational alignment of a
pair of low-� h11=2 neutrons. However, we argue that,
while the structure above the backbend may be clearly
assigned as ‘‘rotational,’’ the low-spin precursor structure
is ambiguous in an alignment plot, but readily visible
using the E-GOS prescription.

Figure 3 shows the E-GOS curves for the stretched E2
yrast sequences for the even-even nuclei between Z�
42! 48 and N � 56! 66. In some cases, there is a dis-
tinct evolution from the hyperbolic locus expected for vi-
brational structures to the near constant limit associated
with rotational motion. Specifically, the N � 58 isotones
152502-3
and cadmium isotopes with N� 60 and 62 demonstrate
this trend dramatically, with the vibrational-rotational
structure change occurring around spin 10! 12�h.

Once this weakly deformed shape is stabilized by the
occupation of equatorial, high-j intruder, h11=2 neutron
orbitals, rotational motion becomes energetically favored
over the lower-lying vibrational excitations. While the
predicted rms quadrupole deformation values for the vi-
brational and rotational phases are predicted to be similar
by Total Routhian Surface calculations [41] (h�2i1=2 
0:15), it is the occupation of these orbitals which leads to a
significant nonzero value for the static (
  0�) quadru-
pole deformation, �2. A similar behavior can also be
found in other regions, such as the light rare-earth nuclei
with A� 130, where the low-� h11=2 protons appear to
play an analogous role.

Most, if not all, nominally vibrational nuclei actually
exhibit a significant anharmonicity, as evidenced by the
typical ratio for the excitation energies of the yrast 4�

and 2� states lying closer to 2:2 ! 2:3 rather than the
harmonic limit of 2.0 [42]. In these cases, the first order
expression for the level energies of an anharmonic vibra-
tor given by En�n � 2I� � nE2 � f�n�n
 1��=2g�4 � . . . ,
where �4 � E4 
 2E2 and E2 and E4 are the excitation
energies of the yrast 2� and 4� states, respectively, has
been shown to work very well [43].

With this formula
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For a pure harmonic vibrator (�4 � 0), Eq. (3) recovers
the vibrational limit of Eq. (1), while a value of �4 �

4
3E2
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recovers the axial rotor limit. For a gamma-soft nucleus
[the ‘‘O(6) limit’’], E
=I � �E�2��=4��1� 2

I�, which de-
creases with I, but at a slower rate than for a vibrator.

In summary, we have proposed a new empirical ap-
proach based on the connection between transition ener-
gies and spin which allows one to distinguish vibrational
from rotational regimes in atomic nuclei, and indeed
other mesoscopic quantal systems which exhibit compet-
ing collective vibrational and rotational modes. This work
also tackles the issue of structural evolution as a function
of angular momentum, complementing the traditional
approach of studying such changes as a function of nu-
cleon number. New, high-spin data on 102Ru vividly dem-
onstrate the transition from a vibrator-like nucleus at low
spins to a rotor when the maximally aligned neutron
�h11=2�

2 configuration becomes energetically favored.
The current work also highlights the potential risk of
using purely rotational-based concepts (e.g., moments of
inertia, backbending, rotational alignment, etc.) in spin
ranges for nuclei which are not statically deformed.
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