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Anomaly-Free Brane Worlds in Seven Dimensions
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We present an orbifold compactification of the minimal seven-dimensional supergravity. The vacuum
is a slice of seven-dimensional anti—de Sitter space where six-branes of opposite tension are located at
the orbifold fixed points. The cancellation of gauge and gravitational anomalies restricts the gauge
group and matter content on the boundaries. In addition, anomaly cancellation fixes the boundary gauge
couplings in terms of the gravitational constant, and the mass parameter of the Chern-Simons term.
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The geometry of extra spacetime dimensions has re-  theory. It should be stressed that, as in the HW case,

cently played a prominent role in theories beyond the supersymmetry is a central element in our construction.
standard model. A generic feature of these models is  This is because supersymmetry dictates the possible fields

that one extra dimension is compactified on a line seg-  allowed in the bulk as well as on the boundaries, and
ment (or orbifold) where boundary worlds exist at the  furthermore restricts their possible couplings.
end points. In particular, the standard model gauge and The vacuum of the 7D theory will be a slice of AdS-

matter fields are normally assumed to be confined on (7D anti—de Sitter space), where six-branes of opposite
the boundaries while gravity propagates in the bulk.  tension are located at the orbifold fixed points. This leads
It is this geometric separation of the two boundary to a localized gravity, tensor, and hypermultiplet.
worlds, interacting only gravitationally in the bulk, = Moreover, anomaly cancellation will require the addition

which has provided new insight into the hierarchy prob-  of extra vector, tensor, and hypermultiplets on the
lem [1,2]. boundaries. The boundary theory must then have locally
In the generic brane world scenario there is no restric- supersymmetric couplings to the 7D bulk supergravity
tion on the possible gauge group structure on the bound-  multiplet. We will find that the gauge couplings are fixed
ary. Clearly such a restriction on the gauge group of a by the anomaly cancellation in terms of the bulk gravita-
higher-dimensional theory could help to explain the par-  tional coupling, and a mass parameter of the bulk Chern-
ticle content of the low-energy world. The one notable  Simons term.
example is the Horava-Witten (HW) theory in eleven Furthermore, by the AdS/CFT correspondence [5], our

dimensions [3], where the cancellation of gauge and 7D bulk theory is dual to a strongly coupled 6D confor-
gravitational anomalies restricts the gauge group on the  mal field theory (CFT), in much the same way that the
ten-dimensional boundaries to be Eg. The bulk eleven-  HW theory is dual to the strongly coupled Eg X Eg het-
dimensional theory is then further interpreted to be the  erotic string theory. This dual correspondence provides a
strongly coupled limit of the ten-dimensional Eg X Ejg way to further understand the properties of strongly
heterotic string theory [3]. coupled 6D conformal field theories.

Apart from ten dimensions, gravitational anomalies Let us consider the minimal N = 2 7D gauged super-
also exist in six (and two) dimensions [4]. In this Letter =~ gravity [6—8]. The gravity multiplet in this theory con-
we shall show that in seven-dimensional (7D) brane sists of the graviton gy, an antisymmetric three-form
worlds the gauge group structure and matter content is A, yk, an SU(2) triplet of vectors A}, a scalar ¢, and the
similarly restricted on the six-dimensional (6D) bounda- ~ SU(2) pseudo-Majorana gravitino %, and spinor y'. A
ries by gauge and gravitational anomalies. Unlike the HW  dual version where the three-form is replaced by a two-
theory where there is a unique gauge group, we will show  form is discussed in [9,10]. The capital Latin indices
that many more possibilities exist in the 7D theory, which M,N =0,1,...,6 are 7D spacetime indices, while i, j =
are not necessarily dimensional reductions of the HW 1, 2 label the SU(2) R-symmetry group. The bosonic part
| of the 7D action is

Stomone = s [@x =gl LR =T B2 = T P = 20,007 + — Fymo| Fluil — 28 te(agA, Ap)
bosonic  ° 3 TVTE T g e T T it 5 P g2 Mnre| FkLiR) — tAxArdr

2 2 8 2 h
X GMNPQKLR + 60(m - §h0'4> —10<m + §h0'4> + %EKLMNPQRFKLMNAPQR}, (1)
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where m = —go~'/(5+2), o = exp(—¢/+/5), and g is
the SU(2) gauge coupling. It can be shown that the 7D
supergravity Lagrangian is invariant under x; — —x;
provided that [11]

_ J _Ad
Aune — —Aynps Ay = — Ay

h— —h, m— —m. 2)

Since the Z, transformation, x; — —x; is a symmetry of
the theory, we will consider the compactification down to
six dimensions on the orbifold S'/Z,. Then the only fields
which survive at the orbifold fixed points are the Z,
singlets, and form the gravity (g,,. A, ¢), tensor
(Ag.. ¢, x), and hyper (Al €, Lﬂi)' multiplets, where
Aiv = A;iuﬂ’ A{ = A%i’ g = 877> '701 = ’7le7’ and l//fu, =
-, are left-handed symplectic Majorana-Weyl fermions
while y' = x'. and ' = ¢, are right handed. Thus, the
compactification of the 7D supergravity theory on an
orbifold results in a chiral 2N = (0, 1) 6D theory with
the above massless spectrum.

In order to make the truncated theory on the orbifold
supersymmetric we must introduce six-branes at the orbi-
fold fixed points with specific boundary potentials. This is
very similar to the 5D supersymmetric Randall-Sundrum
model [12,13], where supersymmetry requires the intro-
duction of brane tensions. If we introduce the boundary
potential term [11]

So= [ dox [ dyy=g20(m - Sho* Jl50) ~ 80y~ k),
(3)

then the complete action S; + Sy will be supersymmetric,
where S5 is the full 7D action including fermionic terms,
and y denotes the seventh coordinate x;.

The supersymmetric vacuum is now the one which
satisfies the Killing equations Oy, = ox; =0.
Assuming that all bulk fields are zero except for the
scalar field ¢, we find that (o) = g/(8+/2h). In this
vacuum the bulk action becomes [11]

Spuk = 87+ So) + S(zr) 4
1
S; = fdﬁxfdy\/—_g[EMsR - A7} ®)

Son = f dx/=gel Ly) = Aye)] (6)

where g¢ is the induced metric on the six-brane located
at y*. The cosmological constants are given by A; =
—15M°k*, and Ag) = —A(z) = 10M°k, where k° =
hg*/16. The Einstein equations for the combined bulk
and boundary action (4) can be solved to obtain a 7D
Randall-Sundrum solution

ds? = e_zklyldxg + dyz, @)
where 0 = y = 7R and k is the AdS curvature scale. This

101601-2

leads to a slice of AdS;, where the 6D gravity multiplet is
localized on the UV brane at y* = 0, while the tensor and
hypermultiplet are localized on the IR brane at y* = 7R.

The orbifold compactification of the 7D supergravity
theory has resulted in a theory with a localized gravity
multiplet as well as a tensor, and a hypermultiplet.
However, unlike the 5D case where arbitrary matter can
be added to the boundaries [12], in the slice of AdS; the
6D fermions of the vector, tensor, and gravity multiplets
will in general lead to gravitational and gauge anomalies.

In six dimensions the anomalies are formally described
by an eight-form, I5. For ny vector multiplets, ny tensor
multiplets, and ny hypermultiplets the requirement for
the cancellation of the irreducible trR* term in I g, where R
is a curvature two-form, leads to the condition n, —
ny — 29n7 + 273 = 0 [14]. From the dimensional reduc-
tion of the bulk gravity multiplet there will be one tensor
multiplet and one hypermultiplet in the 6D theory.
However, this theory by itself is anomalous and we are
forced to introduce extra boundary fields. In particular we
will be interested in introducing vector multiplets on the
boundary which will also produce gauge anomalies. The
gauge group should be G, X G,, where each G; factor is
localized at the two fixed points (for simplicity we will
consider only semisimple G). Notice that although the
anomaly should cancel locally, it does not have to be
equally distributed between the fixed points as in the
HW case.

Consider the case of ny = 1. Assuming that the ir-
reducible part of the anomaly trR* is canceled, then
the remaining reducible part (normalized as in [15]) is
given by

1 2
Iy = (rR?)? + 8trR2(X§2) +x%) - 3 XY+ xY), (®)

where Xl(.") =TrF? + >, nitr;F!, and Tr, tr; are traces in
the adjoint and the R; representation, respectively,
whereas n; is the number of hypermultiplets in the repre-
sentation R;. The anomaly (8) can be canceled by the
Green-Schwarz mechanism [16] provided that it can be
factorized into the form

Iy = (trR2 + u; ZtrF$><trR2 + v, ZtrF$>, )

where u;, v; are constants. This ensures that at the mass-
less level the theory is anomaly free.

However, from the 7D orbifold perspective the 6D
anomaly must be distributed between the two fixed
points. The bulk topological Chern-Simons term plays a
crucial role in canceling the anomaly by a local Green-
Schwarz mechanism as occurs in the 11D HW theory.
Thus, by writing Iy = Iél) + Iéz) and demanding the local
factorization

1V = (c;rR? + a,rF)(uR? + b;rF?),  (10)

where a;, b;, ¢; are constants and c¢; + ¢, = 1, the two
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terms in the sum /g vanish by a local Green-Schwarz (n, ny, ng) solution (2, 7, 156), and similar exceptions exist
mechanism at each orbifold fixed point [17]. It can be  for the other gauge groups. It is also possible to have two
shown [11] that the factorization (10) is indeed possible as  different gauge groups distributed between the fixed points.
long as a;trF? = 0. For a; # 0, this occurs for all the  These include Eg X E;, Eg X Eg, Eg X Fy, Eg X Gy, E; X
irreps of Eg, E, Eg, F4, G,, SU(3), SU(2), U(1), for the 28  Eq, E7 X F4, E; X Gy, Eg X Fy, Eg X G, and  F4 X G,.
of Sp(4) and SU(8), and all the irreps of SO(2n) with These exceptions and other possibilities will be presented
highest weight (f}, f2, f1, —f2,0,...,0) in the Gel’fand-  in Ref. [11]. Our solutions differ from the usual compacti-
Zetlin basis [18]. fications of the HW theory because in HW compactifications

In the case where there is only one tensor multiplet in  there is matter charged under both local gauge groups
the 6D theory (ny = 1), arising from the dimensional [19,20]. This is true even in compactifications of weakly
reduction of the bulk theory, we are lead to the irreducible  coupled string theory [21].

constraint ny = ny + 244. Under G, X G, let us suppose Note also that in the ny = 1 case, there are no solutions
that the total number of hypermultiplets consists of the  with SU(n), SO(n), or Sp(n) gauge groups because the
representations n,(dg,, 1) + ny(1, dg,) + (ng + 1) X (1, 1), cancellation of the quartic Casimir does not allow one
where dp. is the dimension of the fundamental represen-  to simultaneously satisfy (9) and (10). Nevertheless, as

tation of the group G;, and | ,, ng are the numbers of each  will be shown in [11] such solutions can exist for ny > 1.
representation. Note that we have automatically included =~ However, in this case one must employ the generalized
the extra singlet hypermultiplet (or radion multiplet) Green-Schwarz mechanism of Ref. [22].

arising from the dimensionally reduced bulk theory. Finally, note that the 6D theory may still be ill defined
Thus, assuming the irreducible constraint is satisfied due to nonperturbative anomalies [18,23,24]. Global
together with (9) and (10), we find the following solutions anomalies exist as long as 74(G) is nontrivial. In our
forG,=G,=G: case only the gauge group G, may be plagued by global
anomalies since 74(G,) = Z3. In particular, with np fun-

Gxg mtm s damentals of G,, the condition for the absence of global
G, X G, 20 131 anomalies is ny = 1 mod3 [25]. Thus, for the G, X G,
Fy X Fy 10 87 case, the absence of nonperturbative anomalies further
Eg X Eg 12 75 restricts the values of (n), n,) in the above table.

E; X E; 8 61 The addition of vector, tensor, and hypermultiplets

propagating on the boundaries implies that there must
In particular, we see that not only the gauge groups, but also  exist locally supersymmetric couplings of the 6D multi-
the number of hypermultiplet generations, are restricted on  plets to the 7D supergravity multiplet propagating in the
the boundaries. For example in the Eq X Eg¢ case, if one  bulk. Let us consider first the addition of vector multiplets
boundary contains 3 generations of the fundamental 27 then ~ on the boundary. One can show [11] that the combined
the other boundary must have 9 generations. There is also an | bulk and boundary action is locally supersymmetric up to
| fermionic bilinear terms where

2

1 - 1- -1 _ -1
Sym = —Ffdﬁx\/—_g[%FﬁyF‘“‘” + S ATHD, A + O—Tlﬁﬂrypr“)\ang +

g

245

ACFS THY y

o2 _
— A“F“”P)\“FWN +

242

o - . ;
ﬁ )L“’I‘”FL%./\“; :| (11)

and the supersymmetry transformations are |

. 8k+/37mh/y, where 7y is a constant defined by X§4) =
o&el, A, (12)  y(trF?)2. This relation is similar to that found in the
HW theory, except that now there is an extra dependence
on the topological mass parameter, /.
SN = 1 o ' THF4 €. (13) Similarly we can introduce hypermultiplets on the
4 boundary. Under the supersymmetry transformations

0A

N =

a
i

As in the HW theory one requires the modification of D Y S

the Bianchi identity for F,,,;. The modified Bianchi S = 7 Vive's, (14)
identity has the effect of changing the Chern-Simons |

term in Sy, into a Green-Schwarz term. The Green- 87 = _0.1/2V‘I§il“yaﬂ¢a€i’ (15)

Schwarz term precisely cancels the anomalous varia-
tion of the effective action for 6D Weyl fermions provided  the locally supersymmetric boundary action for neutral
that the boundary gauge coupling A satisfies A? = hypermultiplets is [11]

101601-3 101601-3



VOLUME 90, NUMBER 10

PHYSICAL REVIEW LETTERS

week ending
14 MARCH 2003

1 1- o - .
Sy = fdéx\/—g[ ) 8ap(@)d, @ 9+ P — Es“YF"D,L{y + ——=Vay'TH0 0% Y

o2

where ¢*(a, B=1,...,4ny) and Y (X,Y = 1,...,2ny)
are the scalars and fermions of the ny hypermultiplets,
respectively, and g,z is the metric of the scalar mani-
folds. Similarly, as in the case of the vector multiplets the
Bianchi identity for F';,,,;; must be modified which results
in a correction to the supersymmetry transformation of
F ;'ﬂ ;- This is crucial in showing that the scalar manifold
is quaternionic, as required by 6D N = (0, 1) local super-
symmetry [26]. Details will be presented elsewhere [11].

In summary, we have presented a new class of models
with a boundary, where the gauge group structure on the
boundary is determined by the cancellation of gauge and
gravitational anomalies. The vacuum of the bulk theory is
a slice of AdS; with localized gravity. Anomaly cancel-
lation also places constraints on the possible boundary
matter, and determines the boundary gauge coupling in
terms of the bulk gravitational constant, and the mass
parameter of the Chern-Simons term. By the AdS/CFT
correspondence our 7D brane world is dual to a 6D CFT.
Much like the 5D counterpart [27], this CFT is defined
with a cutoff, and couples to gravity. Boundary fields on
the UV (IR) brane are identified as fundamental (com-
posite) states in the CFT, and the strong coupling regime
of this 6D theory is described by our 7D solution.

The 6D boundary theories also have phenomenological
interest. For example, the hierarchy problem is naturally
solved and the gauge group structure on the boundaries
can contain the standard model gauge group. Moreover,
there are also possible monopole compactifications on S2,
such as those considered in [29], which give rise to chiral
four-dimensional N° = 1 theories. The low energy par-
ticle content would then be fixed by anomaly cancellation
(see also [30]), and the hierarchy problem is explained by
the warped bulk. These issues as well as cosmological
implications remain to be investigated.
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