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Concentration of Small Ring Structures in Vitreous Silica from a First-Principles Analysis
of the Raman Spectrum
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Using a first-principles approach, we calculate Raman spectra for a model structure of vitreous silica.
We develop a perturbational method for calculating the dielectric tensor in an ultrasoft pseudopotential
scheme and obtain Raman coupling tensors by finite differences with respect to atomic displacements.
For frequencies below 1000 cm�1, the parallel-polarized Raman spectrum of vitreous silica is
dominated by oxygen bending motions, showing a strong sensitivity to the intermediate range structure.
By modeling the Raman coupling, we derive estimates for the concentrations of three- and four-
membered rings from the experimental intensities of the Raman defect lines.
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(PPs) [12,13], suitable to treat atomistic model structures
of relatively large size. Raman cross sections are then

We determined the polarizability tensor within varia-
tional density-functional perturbation theory [14,15]. To
Raman spectroscopy is routinely used in many experi-
mental laboratories for investigating vibrational proper-
ties of materials [1]. While Raman frequency shifts
directly give access to vibrational frequencies, a mean-
ingful interpretation of Raman cross sections necessarily
relies on accurate theoretical modeling. For disordered
materials, the spectrum of vibrational frequencies is con-
tinuous and the provided information is mainly contained
in the distribution of Raman intensities [1]. Such infor-
mation could also include structural properties, which are
not accessible by any other experimental probe [2]. For
instance, in the case of vitreous silica, the Raman spec-
trum shows two sharp defect lines, known as D1 and D2

[3,4], which have convincingly been assigned to breath-
ing vibrations of O atoms in four- and three-membered
ring structures, respectively [5–7]. The concentrations of
such rings are in principle related to the intensities of the
defect lines but remain elusive in the absence of a reliable
description of Raman cross sections.

Theoretical approaches based on density-functional
theory have proved successful in the description of
Raman spectra of crystalline materials [8]. In particular,
for �-quartz, calculated and measured intensities have
been found to agree within an average error of 13% [9].
These methods should give results of similar accuracy for
disordered systems, but their application to such cases has
so far been prevented by their prohibitive computational
cost. Therefore, one generally has recourse to simpler but
less reliable schemes [10].

In this Letter we calculate from first principles the
Raman spectra for a model structure of vitreous silica
[11]. We develop a general perturbational method to cal-
culate the dielectric tensor within a scheme based on
plane-wave basis sets and ultrasoft pseudopotentials
0031-9007=03=90(2)=027401(4)$20.00 
obtained by finite differences with respect to atomic
displacements. The calculated parallel-polarized (usually
noted HH) Raman spectrum shows a strong sensitivity to
O bending motions. In particular, we find a clear depen-
dence of the Raman coupling on the Si-O-Si angle.
Finally, we derive the concentrations of three- and four-
membered ring structures in vitreous silica from the
experimental intensities of the Raman defect lines.

In a first-order Stokes process of Raman scattering, an
incoming photon of frequency !L and polarization êeL

gives an outgoing photon of frequency !S and polariza-
tion êeS and a vibrational excitation of frequency !k �
!L �!S. The Raman cross section (in esu units) is given
by [1]
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where V is the volume of the sample, c is the speed of
light, E is the exchanged energy, n� �h!� is the boson
occupation factor, and �k is the Raman susceptibility
associated to the normal mode k:
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where ��� is the dielectric polarizability tensor, �k
I are

the vibrational eigenmodes, MI is the atomic mass, and
RI is the atomic position of atom I. Hence, in addition to
the vibrational frequencies and eigenmodes, the calcula-
tion of Raman cross sections requires the derivatives of
the polarizability tensor with respect to atomic displace-
ments (@�=@R).
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FIG. 1. Calculated (dotted line) and measured [5] (solid line)
reduced HH and HV Raman spectra of vitreous silica.
The calculated spectra are scaled to match the integrated
intensity of the experimental HH spectrum. The integrated
Raman intensity under the theoretical HH curve is 2:01	
10�7 bohr�2 � amu�1. For clarity, the curves in the lower panel
are magnified by a factor of 2. A Gaussian broadening is used
(22 cm�1). Inset: HH Raman spectrum for the second model
structure defined in the text (dot-dashed line) compared to
experiment (solid line) and to the initial model structure
(dotted line). The contribution from the breathing vibration
in the four-membered ring is shaded.
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treat disordered systems of large size including first-row
elements, we extended the scheme developed in Ref. [15]
for norm-conserving PPs to the case of ultrasoft PPs [12].
At variance with previous treatments of the polarizability
tensor [8,15], the perturbation due to an electric field is
first considered at the level of the all-electron Hamil-
tonian. The perturbation scheme for ultrasoft pseudopo-
tentials is then derived by transforming the all-electron
valence wave functions (zero- and first-order) into pseudo
ones [12,16,17]. This scheme, which also applies to the
projector augmented-wave method [16], gives perturba-
tive expressions in a straightforward way [18]. For small
molecules, such as H2O, NH3, and CH4, we obtained
Raman intensities in excellent agreement with docu-
mented results [19–21]. For instance, for H2O, we ob-
tained intensities of 0.739, 119, 25:6 �A4 � amu�1 for
modes of increasing frequency, to be compared with
all-electron results of 0.632, 115, 24:8 �A4 � amu�1 [19]
and experimental results of 0:9� 2, 108 � 14, 19:2�
2:1 �A4 � amu�1 [21].

In our study of vitreous silica, we considered at first a
model structure consisting of a network of corner-sharing
tetrahedra, generated by first-principles molecular dy-
namics [11]. This model structure contains 72 atoms in
a periodically repeated cubic cell, at the experimental
density (2:20 g=cm3). The inelastic neutron scattering
and infrared absorption spectra were previously calcu-
lated for the same model structure and found in good
agreement with experiment [22,23]. The choice of this
model structure was motivated by the opportunity of
obtaining theoretical spectra associated to the three prin-
cipal vibrational spectroscopies for the same atomic
structure.

The polarizability was calculated within the local
density approximation to density-functional theory. We
used a norm-conserving PP for Si [24] and an ultrasoft PP
for O [12]. The electronic parameters for the calculation
of the polarizability were set as in Ref. [22], where the
vibrational frequencies !k and eigenmodes �k

I were ac-
quired. The derivatives @�=@R were obtained for every
atom in the model by taking finite differences of the
polarizability tensors calculated as described above. We
used atomic displacements of �0:07 bohr, in a regime in
which the polarizability shows a linear dependence.

Raman spectra of disordered materials are usually
recorded in configurations in which the polarizations of
incoming and outgoing photons are either parallel (HH)
or perpendicular (HV) [1]. We calculated HH and HV
spectra by taking appropriate orientational averages [1].
Theoretical and experimental spectra [5] are compared in
Fig. 1. Since the experimental spectra are given on a
relative scale, we rescaled the theoretical ones by a
constant factor to match the integrated intensity of the
experimental HH spectrum. The overall comparison be-
tween theory and experiment is not impressive. A fair
agreement is found for the location of the principal peaks
and for the average ratio between the intensities of the HH
027401-2
and HVspectra. However, significant differences occur in
the HH spectrum for frequencies ranging from 300 to
700 cm�1, precisely where the D1 and D2 lines appear. In
the calculated HH spectrum, the intensity of the large
peak at 450 cm�1 is underestimated while the D2 line is
more intense than in the experiment. This shift of inten-
sity towards the D2 line is consistent with the occurrence
of a high concentration of three-membered rings in our
model structure [6], for which as much as 30% of the O
atoms belong to such rings. This suggests that the differ-
ences between theory and experiment in Fig. 1 result from
a different description of the intermediate range order in
the model structure rather than from an inaccurate deter-
mination of the Raman intensities. This interpretation is
supported by the good agreement between first-principles
and experimental intensities found for �-quartz [9].

In order to define the properties that an improved
model structure of vitreous silica should satisfy, we fur-
ther analyze the sensitivity of the HH Raman spectrum to
the intermediate range order. By considering the contri-
bution from O and Si atoms separately, we found that the
HH Raman spectrum in the frequency region below
1000 cm�1 almost exclusively arises from the coupling
to O motions. We then analyzed the tensors @�=@R asso-
ciated to O atoms in terms of a local basis set. This
analysis shows that the intensity is principally given by
the fully isotropic components resulting, for every O atom
I, from bending motions along the bisector direction b̂bI of
the Si-O-Si bond angle. The associated Raman coupling
027401-2
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can thus be expressed in terms of a scalar coupling factor,

fI �
1

3
V Tr

X
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normalized to be volume independent. The HH spectrum
calculated on this basis is confronted in Fig. 2 with the
one obtained with the full coupling tensors. This com-
parison shows that the fI provide an excellent description
of the HH spectrum for frequencies below 1000 cm�1.
Note that the fI do not contribute to the HV spectrum
which arises solely from nonisotropic components
[1]. This explains why the HV spectrum does not show
defect lines.

The coupling factors fI associated to the O atoms in the
model structure show a clear correlation with the Si-O-Si
bond angle �I (Fig. 2, inset). This correlation is consistent
with the relation

fI � ��=3� cos��I=2�; (4)

predicted by the bond polarizability model for a system
of regular tetrahedral units [9]. Using the data in Fig. 2,
we derived an optimal value of 46:5 bohr2 for �. The
coupling factors calculated by first principles for �-quartz
and for a set of cristobalite structures [9] are also well
described by (4) with the same value of � (Fig. 2, inset).

The modeling scheme introduced above provides us
with a viable framework for deriving the concentration
of three- and four-membered rings from the experimental
HH Raman spectrum. We assumed that the contribution
from O bending motions accounts for the entire Raman
spectrum up to 1000 cm�1, via the coupling factors fI.
For the hypothetical case of a constant coupling factor,
the intensity can be shown to be strictly proportional
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FIG. 2. Full HH spectrum (solid line) compared with the one
obtained with coupling tensors in which only the fully isotropic
components resulting from O bending motions are retained
(dotted line). Inset: coupling factor fI vs the Si-O-Si angle � for
all O atoms in our model structure of vitreous silica (disks), in
�-quartz (square), and in a set of cristobalite structures
(circles). The correlation is well described by Eq. (4) with � �
46:5 bohr2 (solid line).
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to the number of O atoms, because of the isotropic nature
of the adopted coupling. Under such an assumption, the
concentration of three- and four-membered rings has
tentatively been estimated to be about 1% [5,25]. In the
present study, an estimate is provided which accounts for
the dependence of the coupling factor on the Si-O-Si
angle. On the basis of (4), we estimated this effect by
considering the average Si-O-Si angle in three- (�3R �
128� [6]), and in four-membered rings (�4R � 136� [6])
with respect to that in vitreous silica (h�i � 151� [26]).
The ratios between the intensities of each of the defect
lines and the background are therefore enhanced with
respect to the concentration of O atoms in the small
rings. We derived enhancement factors of cos2��3R=2�=
cos2�h�i=2� � 3:1 and cos2��4R=2�= cos2�h�i=2� � 2:2 for
the D2 and D1 lines, respectively. Using these enhance-
ment factors and the experimental ratios between the
intensities of the defect lines and the background, we
obtained that 0.22% and 0.36% of the O atoms are found
in three- and four-membered rings, respectively, (Table I).
We stress that these results directly follow from the
dependence on the Si-O-Si angle in (4) and do not
depend on the specificity of our model structure or on
the value of �.

The estimated concentrations of O atoms in small rings
differ significantly from those in our model structure
(31% in three- and 17% in four-membered rings) [6],
most likely as a consequence of the high cooling rate
used in the first-principles generation procedure [11]. To
verify that a better description of intermediate range
order results in an improved accord between calculated
and measured Raman spectra, we then considered a sec-
ond model structure. From an extended set of 72-atom
model structures generated by classical molecular dy-
namics [31], we selected the one with the lowest amount
of small rings. The selected structure contains a single
four-membered ring and no three-membered rings. The
intermediate range order of this model structure is char-
acterized by an average Si-O-Si angle of 152�, close to the
experimental estimate of 151� [26] and significantly dif-
ferent than for the model structure used initially (137�).
As for the initial model structure, we relaxed the atomic
TABLE I. Oxygen concentrations in three- and four-
membered rings as derived from the experimental HH
Raman spectrum, compared to estimates from classical mo-
lecular dynamics (MD) [27,29,30]. In parentheses, we give an
upper bound as derived from the spread of intensities in the
model structures. The O concentrations from Refs. [29,30] are
derived from the ring statistics [27]. The values from Ref. [30]
correspond to the lowest cooling rate.

MD simulations
Present Ref. [29] Ref. [30]

O in threefold rings 0.22% (0.26%) 3% 6%
O in fourfold rings 0.36% (1.0%) 26% 36%
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positions and calculated the vibrational frequencies and
eigenmodes within a first-principles scheme. For the
range of frequencies dominated by O bending motions,
we obtained the associated HH Raman spectrum (Fig. 1,
inset) using the coupling factors fI as given by (4). The
calculated spectrum for the second model structure no-
ticeably improves the agreement between theory and ex-
periment. The peak at 440 cm�1 in the calculated
spectrum agrees well, both in intensity and location,
with the principal experimental peak at 450 cm�1.
The theoretical spectrum does not show any feature in
correspondence of the D2 line, in accord with the absence
of three-membered rings. The contribution from the
breathing vibration in the four-membered ring gives a
peak at 490 cm�1 [32] in excellent agreement with the D1

line at 495 cm�1 [5].
To characterize the structure of vitreous silica beyond

the short-range order, the ring-size statistics has emerged
as a useful theoretical concept [28]. However, it has so far
not been possible to provide any experimental data
describing this statistics. Our results for the O concen-
trations trivially translate into amounts of three- and
four-membered rings [27], providing the first estimate
of this kind based on an experimental Raman spectrum.
We note that the atomic structures obtained with classical
molecular dynamics simulations [27,29,30] exhibit too
large concentrations of small ring structures (Table I),
most likely as a result of excessively high cooling rates.

In conclusion, we introduced a density-functional
scheme for the calculation of Raman spectra of disor-
dered materials. Applied to vitreous silica, we found that
the HH Raman spectrum is strongly sensitive to inter-
mediate range order, through the dominating coupling to
O bending motions. The prominent role of O bending
motions suggests that also in the case of other oxide
glasses the Raman spectra could similarly reveal inter-
mediate range structural properties, which would other-
wise remain mostly inaccessible.
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Rev. B 26, 4199 (1982).

[25] J. C. Mikkelsen, Jr. and F. L. Galeener, J. Non-Cryst.
Solids 37, 71 (1980).

[26] F. Mauri et al., Phys. Rev. B 62, R4786 (2000).
[27] The values for three- and four-membered rings in the

ring statistics (defined by shortest path analysis [28]) are
obtained by multiplying the respective O concentrations
by 2. We assumed isolated rings.

[28] S.V. King, Nature (London) 213, 1112 (1967).
[29] J. P. Rino et al., Phys. Rev. B 47, 3053 (1993).
[30] K. Vollmayr, W. Kob, and K. Binder, Phys. Rev. B 54,

15 808 (1996); K.Vollmayr and W. Kob, Ber. Bunsen-Ges.
Phys. Chem. 100, 1399 (1996).

[31] A. Bongiorno and A. Pasquarello, Phys. Rev. Lett. 88,
125901 (2002).

[32] This peak does not show up in the calculated spectrum
because its width is overestimated as a result of the
limited relaxation allowed in a 72-atom model
structure [6].
027401-4


