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sistent.
It is remarkable that if the above crude formu-

lBs for f] 1 are used in the low -energy physical
region, we have

4k'-
f»(~) = ' "- — " +4C, ln 1+, for &~2,

Ill

(14)

dropping the small contribution from nucleon ex-
change. Thus the prescription of merely adding
the p term. as proposed by Bow cock, Cottingham,
and Lurid, ' seems roughly correct even when the
nucleon is treated as a bound state. However, if
one were to include in a better approximation to
(4) terms odd in u, or to improve the approxi-
mation (12), the p effects would not be simply ad-
ditive. Formula (14) with y~~=0. 11 and (.'&, =0.4

predicts that 6]y should start off negative at thresh-
old and change sign at ~ =2, a behavior not in dis-
agreement with experimental knowledge, as dis-
cussed in reference 6.

It is reasonable to hope that a relativistic ver-
sion of the bootstrap calculation outlined here,
taking due account of the Regge asymptotic be-
havior, " will not require cutoffs and will yield
rough values for the nucleon and (3, 3) masses
as well as absolute values for X» and X33 If
this goal can be reached. the most striking
characteristic of strong-interaction theory v ill

have been demonstrated: It would then be almost
certain, even without a detailed treatment of the
strange particles, that no arbitrary parameters
can be tolerated.

This» ork»'as performed under the auspices of the
L. S. Atomic Energy. Commission.
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In an interesting paper, Blankenbecler, Cook,
and Goldberger' have recently raised the ques-
tion as to whether the photon should be treated
as a Regge pole. Their main motivation was tha
the effective electromagnetic interaction should
decrease at high energy: otherwise it would over-
take the strong interactions if the latter are gov-
erned by Regge poles (including the so-called
"vacuum" trajectory). They also noted that this
Regge behavior of electromagnetic interactions
might come either from the photon being a com-
posite particle (in the technical sense of not be-
ing associated with a quantized wave field) or
from the accumulation of many "elementary" pho-

ton effects. %e wish to point out that the summa-
tion of a large number of emissions and absorp-
tions of soft (or "infrared") photons leads, indeed,
to a Regge behavior of electron scattering cross
sections which is directly connected with the en-
ergy spectrum of positronium.

The electromagnetic radiative corrections at
high energy were studied in detail by Yennie,
Frautschi, and Suura, ' who showed that they are
dominated by the infrared real and virtual pho-
tons. They demonstrated in a general way the
cancellation of all infrared divergences and proved
that the contribution from soft photons can always
be separated as an exponential factor multiplying
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the uncorrected elastic cross section. To be more
precise, let us consider a.s an exa, mple the ca.se
of electron scattering by a potential (or, equiv-
alently, by protons of infinite mass). The correct-
ed cross section can be written in this case as

dg/dQ = G(t)(E, /e) dg, /dQ,
2 y(t) +v

where do, /'dQ is the usual elastic cross section.
Here, t is the invariant square of the momentum
transfer of the electron (t& 0 in the physical re-
gion), E the energy of the incident electron, and
e the lowest energy of the photons which can be
detected by the experiment. y(t) is defined by

nt f' (1+x')dx
y(t) = v+ Jl 4 2 t(1 2)~ (2)

where a is the fine-structure constant and m the
electron mass. v is a constant which we have for-
mally added to the exponent in Eq. (1) and sub-
tracted from y(t); its meaning will become clear
later. y(t) was first obtained by Schwinger' who
also conjectured that, if 5(8, t) is the lowest or-
der radiative correction to elastic scattering,
exp(-5(E, t) j should be the corresponding sum to
all orders. Equation (1) constitutes a partial
proof, limited to the infrared part, of this con-
jecture. G(t) is the product of several factors of
which we can isolate at least two:

G(t) =F (t) exp[p(t) ]G,(t). (3)

4Q
&& —[1-exp(-tuz)] . (4)

In principle, it can be evaluated in terms of known
functions. The second term exp[p(t)] comes from
the rest of the infrared exponential factor and is
given by

I is the remaining contribution from the emission
of real soft photons and has been given by Yennie
et al. :

t +oO

dz exp(iz) exp 2[y(t) + v]2pf y

pear in Eq. (1) in the limit of large E and finite t,
if higher-order corrections were included. (These
terms would have to add up to a factor like
exp[/(t) In(E/m)]. ] It is possible that the "mag-
netic" terms, for example, could give such a
contribution, as we shall see later. It would cor-
respond in any case to a higher-order correction
in o. to y(t). Also, it can be said that Eq. (1) be-
comes exact in the limit of high resolution (i.e. ,

0).
We would like now to argue that Eq. (1) expres-

ses the contribution to the electron-proton scat-
tering channel ("t channel" ) of a Regge pole formed
in the crossed "s channel, " namely, electron-posi-
tron scattering (in other words, a Regge pole as-
sociated with positronium). This is first suggested
by the fact that the same exponential factor appears
in a various number of cross sections involving
pairs of incoming or outgoing electrons or posi-
trons, as has been shown by Yennie et al. How-
ever, the basic confirmation of the interpretation
of y(t) as the "positronium trajectory" comes
from an analysis of its behavior as a function of

For t &4m', y(t) is real and is given by one of
the following two expressions (we write z=

~ t /4m'~):
for -~ & t& 0 (physical region),

y(t) = -v —(o/~)((1+2z)[z(z+1) ] '~'

xln[zv'+(z+1)"'] - Ij;
for 0&t &4m' ("positronium region"),

y(t) = -v -(o/&){(I -2z)[z(I -z)] '&'

xtan '[z/(1-z)]"' —I).
For t =0, y(t) is continuous and is given by

y(t) = -v+at/3vm'.

Note that y'(0) is much larger than the slope of
the vacuum trajectory np'(0) which has been es-
timated' as =(50 p„') '.

(y0)/a '(0) = [50/3v(137)](p, /m)'= 2.3 &103.

n &' t
p(t) = — dx in 1 —,(1-x') .

4~g, 4m' (5) Above threshold, i.e. , for t & 4m, y(t) becomes
complex:

[p(t) contains also small t:-dependent terms of or-
der m/E which we have neglected. ] Finally, G, (t)
is the sum of all the uncalculated radiative cor-
rections which could also perhaps add up to an
exponential ("magnetic" terms, vacuum polari-
zation by the potential, etc.). One may ask if
there are not other powers of 8 which could ap-

y(t) =-v -(Q jv)[(2z -1)[z(z - I))-'~' In[zv'+(z -I)&']
—1 —-', iv(2z —1)8(z —1)/[z(z - 1)]v') . (10)

Note that Imy(t) is always positive, as should be
expected.
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p =p+1. (12)

We have a series of trajectories which are, how-
ever, all obtained by translating one of them along
the y axis. (Figure 1 represents Rey and Imy as
functions of t for v =1). It might be worth noting
that the a' correction in Eq. (11) is the exact spin-
independent correction' which can be calculated
from the Breit equation. Presumably, if the con-
tribution from the "magnetic" or spin-dependent
terms to the radiative corrections were included
in Eq. (1), each of the above trajectories would
split into four, according to whether we are deal-
ing with singlet or triplet states, or to whether

6the charge conjugation quantum number,

E+1
c = (25' —1)(-1)

(8 is the spin and l the angular momentum), is
even or odd. However, each of the trajectories
would contain only states corresponding to values
of the angular momentum changing by two units at
a time (for example, the states '5, 'D, 'G, etc.
would belong to the even singlet trajectory; the
states 'I', 'F, etc. to the even triplet one, and so
on). It is clear that it is the number c which de-
termines here what is called the signature of the
trajectory. We believe that the division between
the "even" and "odd" contributions to the cross

Re V

4m~

FIG. 1. Real and imaginary parts of the positronium
trajectory y(t) .

It is now interesting to interpret the states cor-
responding to the values of t for which y is an in-
teger. These occur when t is smaller than, but
fairly close to, 4m'. Putting y = l and using Eq. (7),
we find, by expanding I, in powers of a,
t~'= 2m -o m/4(l+v)'+ —'„'a'm j(l+v)'+ ~ ~ ~ . (ll)

This is evidently the spin-independent part of the
positronium spectrum. It shows that the constant
p is related to the "radial" quantum number p:

section is probably realized automatically by the
function G(t) in Eq. (1).

One may wonder why it is the infrared radiative
corrections which determine the main part of the
positronium trajectory. The answer probably is
that the exponential in Eq. (1) represents mainly
a vertex part containing the effect of the tail of
the electron-positron interaction, i.e. , the effect
of the Coulomb potential. This also explains why
the photon itself is not a member of the y trajec-
tory. Presumably, if the photon could be trans-
formed into a Regge pole by the summation of
many radiative effects, this would only appear
in corrections of higher order in n.7

A last remark about y(f): One verifies directly
on Eq. (2) that, as could be expected, it is analytic
in the finite complex plane, except for a cut on the
real axis for 4m'&t&+~. It has, however, a log-
arithmic singularity at infinity.

The fact that the infrared part of the radiative
corrections induces a Regge behavior in the cross
section enables us to draw a certain number of in-
teresting conclusions:

(1) First of all, the value of the Regge approxi-
mation at high energy is confirmed since Yennie
et al. have given a fairly convincing proof that the
bulk of the radiative corrections at high energy is,
indeed, given by Eq. (1).' On the other hand, this
behavior is not something really new in quantum
electrodynamics: The general form of Eq. (1) was
certainly known to Schwinger in 1949, and the van-
ishing of the elastic cross section in the limit of
infinite resolution (e «0) was proved long ago by
Bloch and Nordsieck. '

(2) If we increase e up to the order of E, so as
to include the whole of inelastic scattering, it
seems likely that the Regge behavior of Eq. (1)
disappears. Perhaps one could conclude that the
Regge approximation is valuable only for elastic
or nearly elastic processes, and that it is some-
what "washed out" when the inelastic channels be-
come important. Presumably, however, the fine-
structure splitting of the even and odd trajectories
would remain. This w'ould correspond to residual
Regge poles varying much more slowly with t. It
could be also that, in addition to y(t), there is a
"true" Regge pole associated with the photon, as
Blankenbecler et al. have postulated. Since, in
principle, radiative corrections to electron scat-
tering can be calculated exactly, one could sepa-
rate them and see if there is any residual effect.
However, because of Eq. (9), it seems difficult
to make this separation in the type of experiment
which they have suggested [namely, measuring
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the ratio cr(E,„t)/o(E, „t) at a. moderate value of t].
(3) The connection which we have found between

radiative effects and Regge poles puts the calcula-
tion of electromagnetic radiative corrections in a
new perspective. For example, it is our knowl-

edge of the fine structure of the positronium spec-
trum which leads us to believe that there probably
are spin-dependent terms which should be summed

in an exponential factor in the electron-proton
scattering cross section. Also, the main part of
the radiative corrections in a given process at
high energy can probably be estimated directly
from the known energy spectrum of the interme-
diate states allowed in the crossed channel.

(4) Finally, we would like to make a, remark on

the question of the origin of the Regge poles which

has been widely discussed recently. In the theory
of strong interactions, where we do not have a
consistent field theory to start with, the question
of whether Regge poles are "fundamental" or
whether they can be derived by calculations based
on a specific Lagrangian is rather a matter of
taste (or, as has been said, a "philosophical"
question). In quantum electrodynamics, the situ-
ation is different, because there exists a field
theory enabling us to make predictions which can
be tested experimentally. And since a Regge be-
havior of the cross sections can be obtained by a
consistent high-energy approximation to the field
equations, we do not see any reason at present to
question the elementary nature of the photon.
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A scattering amplitude' as a function of energy
t and momentum transfer s is known to have sin-
gularities at threshold values of these variables
and on Landau curves. ' It is a remarkable prop-
erty of Landau singularities that the threshold of
one of the variables, e.g. . f, is a line in the (s, f)
plane which, as s increases to infinity, is asymp-
totic to an infinite number of Landau curves. ' Qn
the other hand, it has become clear recently that
the asymptotic behavior of the scattering ampli-

tude at high s is determined by analytic properties
of partial-wave amplitudes ff(t), as functions of
angular momentum l. in the channel where ~t is
the total energy. ' The problem is how the accu-
mulation of Landau curves near the threshold val-
ue of t is manifested in the behavior of singulari-
ties of the amplitudes as functions of angular mo-
mentum l. It will be shown that at the energy t

=t; corresponding to any two-particle threshold,
the accumulation of an infinite number of poles
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