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Dynamical horizons are considered in full, nonlinear general relativity. Expressions of fluxes of
energy and angular momentum carried by gravitational waves across these horizons are obtained.
Fluxes are local, the energy flux is positive, and change in the horizon area is related to these fluxes. The
flux formulas also give rise to balance laws analogous to the ones obtained by Bondi and Sachs at null
infinity and provide generalizations of the first and second laws of black-hole mechanics.
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Black holes which are themselves in equilibrium but in
possibly time-dependent space-times can be modeled by
isolated horizons [1]. Over the past three years, properties
of isolated horizons were studied in detail. In particular,
the framework enabled one to extend the laws of black-
hole mechanics [2,3] and has been used to extract physics
from initial data of widely separated black holes [4] and
from numerical simulations of the final phases of black-
hole collisions [1,5]. The purpose of this Letter is to
outline a generalization of these ideas to fully dynamical
situations in which matter and gravitational radiation can
fall into black holes. Our definition of a dynamical hori-
zon is geared to practical applications in astrophysical
situations, particularly those considered in numerical
relativity.

Definition.— A smooth, three-dimensional, spacelike
submanifold H in a space-time is said to be a dynamical
horizon if it is foliated by a preferred family of 2-spheres
such that, on each leaf S, the expansion 6 of a null
normal €¢ vanishes and the expansion 6, of the other
null normal n“ is strictly negative.

Thus, a dynamical horizon H is a 3-manifold which is
foliated by marginally trapped 2-spheres. As shown be-
low, the area of these 2-spheres necessarily increases. An
example is provided by continuous segments of world
tubes of apparent horizons that naturally arise in numeri-
cal evolutions of black holes. In contrast to event hori-
zons, dynamical horizons can be located quasilocally;
knowledge of the full space-time is not required. The
condition that H be spacelike is implied by a stronger
but physically reasonable restriction that the derivative of
0¢) along n“ be negative [6]. Finally, the requirement that
the leaves be topologically S?> can be replaced by the
weaker condition that they be compact. One can show
that the topology of S is necessarily S? if the flux of
matter or gravitational energy across H is nonzero. If
these fluxes were to vanish identically, H would become
isolated and replaced by a null, nonexpanding horizon [2].

Dynamical horizons are closely related to Hayward’s
trapping horizons [6]. However, while the definition of
trapping horizons imposes a condition on the derivative of
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0(¢) off H, our conditions refer only to geometric quanti-
ties which are intrinsically defined on H. But in cases of
physical interest, the additional condition would be satis-
fied and dynamical horizons will be future, outer trapping
horizons. Nonetheless, our analysis and results differ con-
siderably from those of Hayward’s. While his framework
is based on a 2 + 2 decomposition, ours will be based on
the Arnowitt-Deser-Misner 3 + 1 decomposition. Our dis-
cussion includes angular momentum, our flux formulas
are new, and our generalization of black-hole mechanics
is different. Our analysis is geared to providing tools to
extract physics and perform checks on numerical simu-
lations of dynamical black holes. Therefore we will re-
strict ourselves to dynamical horizons with zero charge.

Let us begin by fixing notation. Let 7¢ be the unit time-
like normal to H and denote by V, the space-time de-
rivative operator. The metric and extrinsic curvature of H
are denoted by ¢,, and K, = nggvc?d, respectively;
D, is the derivative operator on H compatible with g,
and R, its Ricci tensor. Leaves of the preferred foliation
of H will be called cross sections of H. The unit spacelike
vector orthogonal to S and tangent to H is denoted by 7 “.
Quantities intrinsic to S will be generally written with a
tilde. Thus, the two-metric on § is Gu»- the extrinsic
curvature of S C H is K, = ?jf,?jZDc?d, the derivative
operator on (S, ¢,,) is D,, and its Ricci tensor is R .
Finally, we will fix the rescaling freedom in the choice of
null normals via €¢ :==7¢+7%and n¢ :=79 — 7 ¢

We first note an immediate consequence of the defini-
tion. Since 6(€) = 0 and 0(n) < 0, it follows that K > 0.
Hence the area ag of S increases monotonically along 7 .
Thus the second law of black-hole mechanics holds on H.
We will obtain an explicit expression for the change of
area below.

Our main analysis is based on the fact that, since H is a
spacelike surface, the Cauchy data (g, K,;) on H must
satisfy the usual scalar and vector constraints

Hg =R + K* — KK, = 167GT,,7°7>, (1)

H{ := D,(K — Kq"’) = 87GT"7 .qf.  (2)
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We will often focus our attention on a portion AH C H which is bounded by two cross sections S| and S,.

Angular momentum.—The angular momentum analysis is rather straightforward and is, in fact, applicable to an
arbitrary spacelike hypersurface. Fix any vector field ¢ on H which is tangential to the cross sections of H. Contract ¢
with both sides of Eq. (2). Integrate the resulting equation over the region AH C H, perform an integration by parts, and
use the identity £ ,q,, = 2D, ¢} to obtain

1 1
— K TGPV — — K rhd*v f (T b+ ——pab[ >d3V, 3
87G abP Tt 87G ah§0 r Al abT ¢ 167G qoqah ( )

where P := K — Kq”b. It is natural to identify the |

surface integrals with the generalized angular momen- ' only of . We denote the resulting permissible vector fields

tum J¥ associated with those surfaces and set by f?r) := N,€“. Recall that, on an isolated horizon,
1 physical fields are time independent and null normals
Jg‘”) =——— ¢ K,,0"rtd?V, (4)  can be rescaled by a positive constant [2]. Now the
87G Js horizon fields are ‘“‘dynamical,” i.e., r dependent, and

where we have chosen the overall sign to ensure compati-  the rescaling freedom is by a positive function of r.
bility with conventions normally used in the asymptoti- We are interested in calculating the flux of energy

cally flat context. The term “generalized”” emphasizes the ~ associated with &(,) for any radial coordinate r. Denote

fact that the vector field ¢“ need not be an axial Killing  the ﬂux of matter energy across AH by Fi =

field even on S; it has only to be tangential to our cross [ an T, f(r)d3 V. By taking the appropriate combina-

sections. tion of (1) and (2) we obtain
The flux of this angular momentum due to matter fields
and gravitational waves are, respectively, %) ] N{Hg + 27 JHOPV. )
167G
(o) — _ ~a b g3
m = [AH TapT@°dV, () Since H is foliated by 2-spheres, we can perform a 2 + 1
split of the various quantities on H. Using the Gauss-
1 Codazzi relation we rewrite R in terms of quanti-
(o) _ _ ab & (6) .
g 167G ¢qab ties on S:
and we get the balance equation R=TR+K— K, K + 2D, a" (10)
J&‘D) J(q’) Jl 4 J(q’) (7)  where a® =7°D,7* —79D,7?. Next, the fact that the

expansion 6 of € vanishes leads to the relation
As expected, if ¢ is a Killing vector of the three metric P ©

q.p», then the gravitational flux vanishes: ]; =0.1Itis K+K= K,,Far?. (11)
convenient to 1ntroduce the angular momentum cur—
rent j¢ = —K,,¢7? so that (4) becomes Jg o) — Using (10) and (11) in Eq. (9) and simplifying, we obtain
87G)™! 6 jed2V. the result
Energy fluxes and area balance.—As is usual in gen- ~
eral relativity, the notion of energy is tied to a choice of a N,Rd*V = 1677Gf TuT af?,)dsv
vector field. Here we will consider vector fields £ = N€¢ AH AH
wh@re the le}pse N is constructed as follows. Let r be a + ] NAlol? + 2121733V, (12)
radial coordinate on H defined such that the cross sections AH
of H are level surfaces of r. Then 7,  D,r. It turns out
that in order to get the balance law for energy, we must tie
our lapse functions N to radial coordinates such that
N,7,. (Since & = N{¢, as usual the term “lapse”
refers to space-time evolution, not to “evolution” along 3 ; s
#¢.) Thus each r determines a permissible lapse function Vo}lllme Zelement d ;/ on H can be written as d°V =
N,. If we use a different radial coordinate ', then the  Nr drd”V where d°V is the area element on S. Using
lapse is rescaled according to the relation the Gauss-Bonnet theorem, the integral of N,R can then
be written as

where  |o|> = 0,0  with o = q5qiV L~
19upq°?V Ay, the shear of €4, and |{|* = (¢, with ¢ :=
q°*7 <V £,. Both o, and £ are tensors intrinsic to S. To
simplify the left side of this equation, note that the

dr'
N, =N,—. 8 ~ r ~
dr ®) N, RV = jzdr<j{ Rd2v>= 87(ry — ).
A r
Thus, although the lapse itself will in general be a func- . ' g
tion of all three coordinates on H, the relative factor
between any two permissible lapses can be a function  Substituting this result in Eq. (12), we finally obtain

(13)
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( ry T > _ f B h 3 of the first law for H and a mass formula for an arbitrary
— | = TahT d :

2G 2G cross section of H.

Denote by E¢® the &g energy of cross sections S of H.

j NA{lal? +21212d3V.  (14) While we do not yet have the explicit expression for it, we

167TG can assume that, because of the influx of matter and

This is the key result we were looking for. Let us now  gravitational energy, E® will change by an amount

interpret the various terms appearing in this equation. A Ef® = _’]—"Sf) + j—‘ng) as we move from one cross section

The first integral on the right side of this equation is the  to another. Therefore, if we define effective surface grav-

flux F) of matter energy associated with the vector field ity kg associated with £%, as kg := 1/2R, the infinitesi-

&(,- Since &, is null and 7 timelike, if T, satisfies, say,  mal form of (16) implies (kz/87G)da = dE¢®. For a

the dominant energy condition, this quantity is guaran-  general choice of the radial coordinate r, (14) yields a
teed to be non-negative. It is natural to interpret the  generalized first law,
second term as the flux F fg’) of £{;, energy in the gravita- k
tional radiation: da = dE*0, 17
877G

(r) .

g - 16 Gf NAlal® + 211V (I5)  where the effective surface gravity k, of §?R) is given by
This expression shares four desirable features with the k, = ﬂkR, where &4, = dr £l (18)
Bondi-Sachs energy flux at null infinity. First, it does not dR T

refer to any coordinates or tetrads; it refers only to the  This rescaling freedom in surface gravity is analogous to
given dynamical horizon H and the evolution vector field  the rescaling freedom which exists for Killing horizons
&(,)- Second, the energy flux is manifestly non-negative.  or, more generally, isolated horizons. The new feature in
Third, all fields used in it are local; we did not have to the present case is that we have the freedom to rescale the
perform, e.g., a radial integration to define any of them.  surface gravity (and €“) by a positive function of the

Finally, the expression vanishes in the spherically sym-  radius instead of just by a constant. This is just what one

metric case: if the Cauchy data (q,;,, K,;) and the foliation =~ would expect in a dynamical situation. Finally, note that

on H is spherically symmetric, o,, = 0 and {% = 0. the differentials appearing in (17) are actual variations

To conclude this section, let us choose for our radial  along the dynamical horizon due to an infinitesimal

coordinate the area radius R := \/a/4. Then, change in r and are not variations in phase space as in
R some of the formulations [2,3,7] of the first law.

ﬁ - 2G = Fn R 4 }'(R) (16) To include rotation, pick a vector field ¢* on H such

that ¢¢ is tangent to the cross sections of H, has closed
Thus, as promised earlier, we have obtained an explicit orbits, and has affine length 277. (At this point, ¢“ need
formula relating the change in the area of the horizon to not be a Killing vector of ¢,;,.) Consider time evolution
fluxes of matter and gravitational &g, energy. vector fields * which are of the form ¢ = N,£¢ — ()¢

Mass and the first law.—Let us now combine the results ~ where N, is a permissible lapse associated with a radial
of the last two parts to obtain the physical process version = coordinate r and ) an arbitrary function of r. Evaluate
| the quantity [, T,,7 %> &V using (3) and (14):

I~ 1y 1 . : @, . ~ 1
+—1¢ Q <"d2V—j€ Q ¢d2v—f deg “’dzv} =] T, 7t d3V + f N.(lol? + 21D dPV
Te 877(;{ Y L o . oy labT 167G ) Alal* +21{1P)

1
167G Jay

QP L ,q.,d°V. (19)

Again, if we denote by E’ the t energy associated with |

cross sections S of H, the right side of (19) can be ' each allowed choice of lapse N,, angular velocity Q(r)

interpreted as AE’. If we now restrict ourselves to infini-  and vector field ¢ on H, we obtain a permissible time
tesimal AH, the three terms in the curly brackets combine  evolution vector field 1 = N, €4 — Q¢% and a corre-
to give d(Q0J) — Jd(), and we obtain sponding first law. This situation is very similar to what
dr happens in the isolated horizon framework where we ob-
—+QdJ =—"-da+ QdJ] = dE'. (20)  tainafirst law for each permissible time translation on the
26 8wG horizon. Again, the generalization from that time inde-
This equation is our generalization of the first law for  pendent situation consists of allowing the lapse and the
dynamical horizons. Since the differentials in this equa-  angular velocity to become r dependent, i.e., dynamical.
tion are variations along H, this can be viewed as a For every allowed choice of (N,, Q(r), ¢*), we can

“physical process version of the first law.” Note that for ~ integrate Eq. (20) on H to obtain a formula for E’ on
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any cross section but, in general, the result may not be
expressible just in terms of geometric quantities defined
locally on that cross section. However, in some physically
interesting cases, the expression is local. For example, in
the case of spherical symmetry, it is natural to choose
Q) =0 and R as the radial coordinate in which case we
obtain E' = R/2G. This is just the irreducible (or
Hawking) mass of the cross section. Even in this simple
case, (19) provides a useful balance law, with clear-cut
interpretation. Physically, perhaps the most interesting
case is the one in which ¢, is only axisymmetric with
¢“ as its axial Killing vector. In this case we can natu-
rally apply, at each cross section S of H, the strategy used
in the isolated horizon framework to select a preferred 7“:
Calculate the angular momentum J defined by the axial
Killing field ¢, choose the radial coordinate r (or, equiva-
lently, the lapse N,) such that

R* — 4G*J?
k, = ky(R) i= @0
2R3VR* + 4G2J?
and choose () such that
2GJ
Q=0Q,R)i=—m——-—. (22)
RVR* + 4G*J?

This functional dependence of k, on R and J is exactly
that of the Kerr family. [The condition on surface gravity
can always be implemented provided the right side of (21)
is positive, which in the Kerr family corresponds to
nonextremal horizons. The resulting » and N, are unique.]
With this choice of N, and (), the energy EY is given by
the well-known Smarr formula

VR* + 4G22
Elo = 2( koa + on>: —G‘]; (23)
87G 2GR

as a function of its angular momentum and area, each
cross section is assigned simply that mass which it would
have in the Kerr family. However, there is still a balance
equation in which the flux of gravitational energy F if”) is
local and positive definite [see (19)]. (The gravitational
angular momentum flux which, in general, has indeter-
minate sign vanishes due to axisymmetry.) Motivated by
the isolated horizon framework, we will refer to this
canonical E™ as the mass associated with cross sections §
of H and denote it simply by M. Thus, among the infi-
nitely many first laws (20), there is a canonical one:

k
dM = —"-da + Q,dJ. 24
a.c et 24

T
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We conclude with three remarks: (i) Note that the mass
and angular momentum depend only on local fields on
each cross section S, and changes in these quantities over
finite regions AH of H have been related to matter and
gravitational radiation fluxes, determined by the local
geometry of H. (ii) Unlike the vector fields ffr) = N,£,
general permissible vector fields * are not necessarily
causal. Therefore, the matter flux [, 7,17 *d*V need
not be positive. Similarly, if ¢“ is not a Killing field of
qab» the gravitational flux need not be positive. Therefore,
although the area a always increases along 74, E' can
decrease. This is the analog of the Penrose process in
which “‘rotational energy” is extracted from the dynami-
cal horizon. (iii) While the infinitesimal version Eq. (20)
of the first law is conceptually more interesting, the finite
balance Eq. (19) is likely to be more directly useful in the
analysis of astrophysical situations. In particular, the
presence of an infinite number of these balance equations
can provide useful checks on numerical simulations in the
strong field regime.
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