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Abrupt Topological Transitions in the Hysteresis Curves of Ferromagnetic Metalattices
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When a metal is confined to the interstices of an inert colloidal crystal, the intrinsic order
parameter(s) of electronic and magnetic phenomena within the metal interact with the structural order
parameter of the surrounding (and confining) colloidal crystal. If the magnetic stiffness length is
comparable to the colloidal lattice constant, the interplay of competing interactions stabilizes multiple
topologically distinct magnetic phases separated by sharp transitions in the hysteresis curves. The
colloidal confinement also induces substantial coercivity in metals that are perfectly soft in the bulk.
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sands of nanometers, we concentrate on continuum-level
magnetic properties rather than the detailed atomic-scale M�r� 	 Msf�r=D;Hext=Ms; d�: (5)
In the well-known cases of zero-, one-, and two-
dimensional quantum confinement, (i.e., dots, wires, and
thin films), the low-temperature dynamics in free dimen-
sion(s) is largely decoupled from the discretized degrees
of freedom in the confining directions. Here we describe
an alternative regime of confinement wherein the confined
and extended degrees of freedom cannot be separated: an
ordered three-dimensional superstructure (or metalattice
[1]) that confines an infiltrant, yet also permits extended
states therein. If the electronic states of an infiltrant metal
possess, in the bulk, an order parameter with a character-
istic length scale comparable to the lattice constant of the
confining superstructure, then the structural order pa-
rameter of the metalattice can interact richly with the
intrinsic order parameter of the infiltrant metal. Several
such examples can be envisioned, including normal met-
als [1] (scattering lengths, etc.), superconductors (pene-
tration depth and coherence length), and ferromagnets
(e.g., the exchange stiffness length). In this Letter, we
focus on one archetypal example: a ferromagnet infil-
trated into the interstitial spaces of a nonmagnetic face-
centered cubic colloidal crystal. The well-ordered
magnetic confinement within this ferromagnetic meta-
lattice stabilizes a sequence of unusual intermediate mag-
net phases, each with distinct topological character; these
are separated by sharp magnetically induced phase tran-
sitions wherein the microscopic magnetization texture
abruptly changes local curl, divergence, and/or direction.
In essence, the familiar bulk demagnetization factor of a
macroscopic sample is translated into a nanometer-scale
intrinsic material property with fascinating consequences
for the range of accessible microscopic states. This con-
finement can also induce a nonzero coercivity with values
ranging up to a few kilogauss. Infiltrated metallic meta-
lattices are beginning to be synthesized by filling the
interstices of close-packed colloidal crystals [2,3].

Since experimentally accessible monodisperse colloi-
dal spheres have diameters ranging from tens to thou-
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structure. To isolate the essential physics, we treat a
minimal set of magnetic interactions, the exchange en-
ergy and the magnetostatic energy, within a 2� 2� 2
supercell of an fcc colloidal lattice. This supercell loosens
the constraints due to periodic boundary conditions and
permits domain formation within the supercell. Later we
discuss possible extensions to larger systems and other
structures, once the basic physics is in hand.

In the continuum limit, the nearest-neighbor exchange
interaction contributes to the energy density a term

A��rm1�
2 � �rm2�

2 � �rm3�
2�; (1)

where A (> 0) is the exchange stiffness and m �
M=Ms 	 �m1; m2; m3� is the magnetization normalized
with respect to the saturation magnetization Ms. In our
calculations, jmj � 1 to within a few percent.

The magnetostatic energy provides a crucial geometri-
cal contribution within a ferromagnetic metalattice, since
the dipole-dipole interaction prefers a magnetization that
aligns parallel to the interface. The magnetostatic energy
density (in cgs units) is

Emag 	 �1
2M�r� H0�r� 	 �1

2M
2
sm�r�  h0�r�: (2)

The dipole field H0 � Msh0 is

H0�r� 	
Z
V
d3r0

3n̂n�n̂n M�r0�� �M�r0�
jr0 � rj3

; (3)

where n̂n is the unit vector along r0 � r and V extends over
the entire sample [4]. Finally, the energy density due to
the external field Hext is �Hext M�r�. Combining these
contributions and rescaling to a dimensionless length
x 	 r=D with the diameter of colloidal sphere D, the
total energy density becomes

E 	 M2
s �

1
2d

�2jrmj2 � 1
2m  h0 � hext m�: (4)

The dimensionless diameter d 	 D=
�������������
A=M2

s

p
, while the

dimensionless external field hext 	 Hext=Ms. The result-
ing magnetization has a scaling form
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FIG. 1 (color online). Left: The tetrahedral and octahedral
interstitial spaces of an fcc colloidal lattice (with spheres
centered at the vertices) are filled with ferromagnetic material.
Intersections of necks with the cell edges are in light gray.
Right: The primitive infiltrant cell within a single fcc cell, with
colloidal spheres on each vertex. The necks between filled sites
penetrate each face. Arrows show magnetization directions in
the necks for a moderately strong external field pointing up-
ward, along (001).
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Within this approximation, d governs the magnetic be-
havior; an increase in the exchange stiffness A is equiva-
lent to a decrease in the colloidal lattice constant. For
specificity, we use the exchange stiffness and saturation
magnetization of bulk Ni (i.e., A 	 0:82� 10�11 J=m,
Ms 	 0:53� 10�6 A=m [5,6]); the results can then be
scaled to represent other materials.

To constrain the magnitude of the magnetization to the
vicinity of Ms, we add to the square bracket of Eq. (4) a
potential � 

2 jmj2 � �
4 jmj4 with positive  and �. For 

and � of order �10, the magnetization jmj differs from 1
by less than 10%, and the results described below are
insensitive to the specific values chosen.

We ignore crystalline anisotropy and magnetostriction.
Although including them requires only a modest compu-
tational effort, the simpler model adopted here most
clearly reveals the new effects of confinement which arise
from the competing length scales of the exchange stiff-
ness and metalattice structure. In addition, the composi-
tion of magnetic alloys can be tuned to obtain conditions
of low crystalline anisotropy and magnetostriction [7].

We start in the well-defined high-field state and gradu-
ally decrease the external field, sweeping the field until a
converged hysteresis loop results. At each point on the
hysteresis curve, the configuration from the previous
magnetic field value (with a small amount of noise added)
provides the initial state for successive conjugate gradient
[8] energy minimizations. We use a 32� 32� 32 mesh
point grid, also of fcc symmetry. Adequate spatial reso-
lution [9] was confirmed by tests on denser grids in a
system with a single primitive cell.

The primitive cell of the fcc lattice contains one octa-
hedral interstitial site and two tetrahedral sites, each
filled with magnetic material and bounded by nonmag-
netic spheres (see Fig. 1). The sizes of these sites and the
connections between them are crucial to determining the
magnetic behavior. The magnetostatic energy is minimal
when the local magnetization curves around the void
surfaces and thereby avoids terminating in a free surface.
However, excessive curvature increases the exchange
stiffness energy. The thin necks between the infiltrant
sites impose the strongest constraint: the magnetization
tends to stream along the necks. For example, Fig. 1
shows the most stable neck configuration when a moder-
ately strong external field points along (001). The magne-
tization on faces (111), �1�111�, � �1111�, and � �11 �111� points
outward while that on faces �11�11�, �1�11 �11�, � �111�11�, and
� �11 �11 �11� points inward. The tetrahedral sites each have
two faces with inward magnetization and two with out-
ward magnetization. The configuration for the external
field along (001) is the most symmetric and has the lowest
energy. Therefore, metalattice confinement imposes a
(001) easy axis on an isotropic bulk magnetic infiltrant.

We first discuss the simplest case: an external field
along the easy axis, (001). In the limit of small colloidal
spheres [10] (D & 40 nm), the magnetization in each in-
filtrant site aligns perfectly with the external field (as
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seen in Stoner-Wohlfarth theory for hard magnets [11]).
Because of the cubic symmetry, the effective dipoles
arising from the demagnetization fields on the surfaces
of each spherical void feel no net magnetostatic interac-
tion from the surrounding dipoles [12]. Therefore, the
coercivity is zero in the limit D ! 0. The reversal is
then a one-step transition, as shown in the top plot in
Fig. 2(a). A simple dimensional argument shows that (for
a defect-free isotropic system) the coercivity increases as
Hc �Msd

2 �M3
sD

2=A at small D [see Fig. 2(a)]. This
confinement-induced coercivity can exceed 1 kG even for
soft magnets such as permalloys.

As the lattice constant increases, the magnetic mo-
ments in the necks soften and more complex magnetic
patterns begin to form. The first such phase is a stacking
of ferromagnetic planes that are antiferromagnetically
coupled to each other. For D 	 90 nm at A2 in the middle
plot in Fig. 2(a), the magnetic state in each layer aligns
with the (001) axis as shown in Fig. 3(a). The magnetiza-
tion curls around the colloidal sphere surfaces; this cir-
culating magnetization mediates the antiferromagnetic
coupling between layers.

The coercivity maximum of Fig. 2(a) (which lies close
to the transition between soft and hard behavior) occurs at
‘mag � 4

����
A

p
=Ms, comparable to the characteristic mag-

netic length scale of the system, as expected. At larger
lattice constants, the magnetization gradually begins to
conform more closely to the void surfaces to minimize
the magnetostatic contribution. When D * ‘mag [i.e., the
bottom plot in Fig. 2(b) with D 	 200 nm], the hysteresis
loop develops a precursor at B2 before the magnetization
jump. This precursor signals the onset of substantial
magnetic curling [13] within the octahedral site, as
shown in Fig. 3(b). The magnetization spirals around
the (001) axis; the local magnetization has a positive
(001) component in addition to a nonzero circulation.
The magnetic ring appears only inside the octahedral
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FIG. 3. (a) Layered ferromagnetism at D 	 90 nm with H
along �001� (A2 of Fig. 2). Layered ferromagnetic domains form
normal to (001). (b) The magnetic ring along (001) inside an
octahedral site, showing only a single cell of the supercell (B2

of Fig. 2). This magnetization pattern minimizes the magneto-
static energy. (c) Layered ferromagnetism at D 	 30 nm with
H along �111� (D2 of Fig. 2). The layer planes are normal to
(111) and the magnetization within the domains is along one of
the easy-axis directions.
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FIG. 2. Top: The coercivity as a function of colloidal sphere
diameter D with the external field in the easy direction, (001).
At D � ‘mag, the system behaves as a hard magnet. For D >
‘mag, the system better accommodates gradual changes in
magnetization and behaves like a soft magnet. The coercivity
peaks near D� ‘mag. Bottom left: Hysteresis loops for an
external field along (001). At D 	 30 nm, the magnetization
aligns parallel to the field. At D 	 200 nm (D > ‘mag), the
reversal traverses several stages of local energy minima.
Bottom right: The magnetization along a noneasy axis (111).
The reversal is triggered at a smaller external field, is softer,
and passes through more complex local minima.
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sites because the tetrahedral ones are too small to accom-
modate a strong spatial variation in magnetization. The
octahedral sites also have higher (fourfold) symmetry
along the (001) axis than the (twofold) tetrahedral sites.
The handedness of this rotation is arbitrary and decided
by the numerical noise.

The system makes another transition to B3 as the
external field continues its reversal. At the B2-B3 transi-
tion, the magnetic spirals uncoil and the average magne-
197203-3
tization in each octahedral site settles into one of the
easy-axis configurations. These local dipoles are primar-
ily governed by the local anisotropy of the underlying
colloidal lattice and the magnetically floppy necks pro-
vide only weak intersite interactions. Because of the
degeneracy of the easy axes (for an external field aligned
197203-3
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with a symmetry direction), the global magnetic configu-
ration in this phase has a high degeneracy and the small
random noise in the simulation chooses a particular con-
figuration. It is interesting to consider whether this highly
degenerate system with trifold intersite interactions
would be prone to any glasslike magnetic behavior.

External fields along noneasy axes can yield a yet
richer set of transitions due to the competing influences
of the external field and the easy axis. The coercivity
maximum still appears at the roughly same value of D.
For an external field along (111), the hysteresis curve even
in the hard-magnet regime [i.e., the top two curves in
Fig. 2(c)] has a quite different structure from that for an
easy-axis field. At high fields (C1) the magnetization is
forced along the (111) axis. At lower fields the system
jumps between successive easy-axis directions along the
path to complete reversal, forming patterns of increasing
complexity as the lattice constant increases. At small d,
the magnetization in the intermediate state (C2 in the top
curve) aligns along an easy direction before undergoing
an abrupt transition to the reversed state. When the mag-
netic length scale falls below the supercell size, ferro-
magnetic substructures begin to appear. At D 	 30 nm,
the intermediate state again splits into layers (D2 in
the middle figure), but this time perpendicular to the
(111) direction [see Fig. 3(c)]. The magnetization within
the domains can take any of the (100), (010), or (001)
directions, since the external field and layer normal align
with (111).

At a large lattice constant (D 	 200 nm), the system is
magnetically more compliant and therefore generates an
ever-increasing number of intermediate states. The local
magnetizations of the octahedral sites are still in the
easy-axis directions, but the intersite correlations become
more complex as the exchange-coupling constraints from
the connecting necks weaken and the long-range dipolar
interactions become more important. The hysteresis
curves still show abrupt jumps in magnetization between
distinct phases [see the bottom curve in Fig. 3(c)]. As the
metalattice size increases, sample inhomogeneities will
eventually wash out the sharp structures in the globally
averaged magnetization, although a rich local dynamics
should survive. In this regime, it may be possible to ignore
the neck-mediated exchange coupling between adjacent
octahedral sites and instead treat the system in terms of
effective dipole-dipole interactions between octahedral
sites to elucidate the larger-scale dynamics. Since the
magnetization patterns within the simulation supercell
already optimize the demagnetization field on a small
scale, the tendency to domain formation on larger scales
should be weaker than for an equivalent bulk magnet.
Nevertheless, larger-scale domain structures should ap-
pear in the limit of increasing D.

The competition between magnetic stiffness, demag-
netization fields, and geometrical constraints within or-
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dered nanoscale matter opens several avenues for further
interesting physics. For example, the transition involving
a spiraling magnetization pattern may be tunable by
external currents along the axes of the spiral. Spin waves
within such structures may exhibit optical branches. At
finite temperatures, entropic factors will contribute to
relative phase stability along the hysteresis curves. The
phases with patterns of local moments or local spirals on
octahedral sites could be treated with effective interac-
tions to study larger-scale and statistical properties.
Disorder in colloidal size and packing will lend further
avenues for investigation. Finally, metalattice supercon-
ductors provide a natural extension of this length-scale
competition to a new physical regime, with prospects for
inducing effective or intermediate type I/II behavior,
among other physics.
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