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Crossover Between Universality Classes in the Statistics of Rare Events
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The crossover from orthogonal to the unitary universality classes in the distribution of the
anomalously localized states (ALS) in two-dimensional disordered conductors is traced as a function
of magnetic field. We demonstrate that the microscopic origin of the crossover is the change in the
symmetry of the underlying disorder configurations that are responsible for ALS. These disorder
configurations are of weak magnitude (compared to the Fermi energy) and of small size (compared
to the mean free path). We find their shape explicitly by means of the direct optimal fluctuation method.
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rent contradiction to the �-model predictions. On the
basis of this contradiction the authors [6] questioned the
ability of the NLSM to handle the ALS.

demonstrate that the fluctuations responsible for the tail
states of a fourfold degenerate semiconductor valence
band are of ellipsoidal rather than spherical shape.
Statistical properties of the wave functions,  �r�, in
disordered conductors have been the subject of an inten-
sive theoretical study during the last decade [1–4].
Considerable attention was devoted to the so-called
anomalously localized states (ALS). These states consti-
tute the large-j j2 ‘‘tail’’ of the wave function distribu-
tion, where this distribution deviates strongly from the
prediction of the random-matrix theory. Analytical re-
sults obtained to date are summarized in the comprehen-
sive review [5]. Calculations of the ALS density, based on
the nonlinear � model (NLSM) [1–4], yield exponen-
tially small tails with different numerical factors in the
exponent, depending on the universality class. A draw-
back of the NLSM approach is that it fails to pinpoint the
actual disorder realizations responsible for ALS. In an
attempt to overcome this deficiency, an alternative ap-
proach, the direct optimal fluctuation (DOF) method, was
proposed [6]. In two dimensions the optimal disorder
configuration obtained in [6] had a shape of a compact
potential well with a radius of the order of the Fermi
wavelength, supplemented by a periodic modulation at
large distances. It was observed in [6] that within a
numerical factor in the exponent, the NLSM-based re-
sults can be reproduced by considering a simplest con-
figuration yielding the ALS, namely, a circular (in two
dimensions) region of space surrounded by a high and
thick potential barrier. Then the anomalously large values
of the wave function,  , can be characterized by a single,
intuitively transparent, parameter

T � j inj
2=j outj

2; (1)

where ‘‘in’’ and ’’out’’ refer to the inner and outer bounda-
ries of the barrier. As a direct consequence of the com-
pactness of the fluctuations, the probability of their
formation is insensitive to weak magnetic fields, in appa-
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In the present paper we demonstrate that an appropriate
application of the DOF method yields the ALS density in
the large-T domain that is sensitive to the universality
class. In this domain the DOF method allows one to trace
the crossover between the orthogonal and unitary classes
with increasing magnetic field. Consideration is restricted
to the two-dimensional case. We start with the observa-
tion that the parameter T can be interpreted as a dimen-
sionless time (quality factor) during which an electron
remains trapped within a given disorder configuration.
This allows one to study the areal density of potential
fluctuations with a given trapping time in an infinite
sample rather than the distribution of the  �r� in a
finite-size sample. Later we establish the relation between
the two distributions.

The sensitivity to a weak magnetic field within the
direct optimal fluctuation approach is restored in two
steps. First, instead of circle-shape fluctuations [6] we
consider fluctuations of a ring shape, schematically de-
picted in Fig. 1. This step is in accord with the paper by
Karpov [7], who has demonstrated that, in three dimen-
sions, fluctuations of a toroidal shape, providing a given
value of T , are more probable than spherical fluctuations
[6]. Ring-shape fluctuations, having a much bigger area,
are sensitive to the magnetic field. However, this class of
fluctuations alone does not exhibit a crossover between
the orthogonal and unitary classes. To reveal this cross-
over, as a second step, we note that, on a ring, the states
with angular momenta m and �m are degenerate in the
absence of magnetic flux. This suggests that the fluctua-
tions lifting this degeneracy cause the increase of
P �EF;T �, which is the probability to find a state with
energy EF and a given value of T . The underlying reason
is completely analogous to the Jahn-Teller effect [8].
Kusmartsev and Rashba [9] employed this argument to
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FIG. 1. (a) Illustration of the crossover between universality
classes. Equipotential lines of the warped and ring-shaped
fluctuations are shown schematically. (b) Effective potential
for the angular harmonics m. Optimal V0�	� at  � 0 and at
critical  
 1=3 are plotted with solid and dashed lines,
respectively.
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Summarizing, in a zero magnetic field P �EF;T � is de-
termined by the warped ring-shape fluctuations of the
random potential. In a finite magnetic field the degeneracy
jmi, j �mi is lifted; the warp does not lead to an increase
of P anymore. Then the fluctuations contributing to P are
close to rings. Thus, in the statistics of rare events, the
crossover between the orthogonal and unitary classes can
be viewed as switching from warped to almost perfect
rings. This is illustrated in Fig. 1(a).

The above discussion suggests the following analytical
steps. First, the fluctuation V�r� of the white-noise ran-
dom potential is presented as a sum of the angular har-
monics V�r� �

P
m Vm�	�e

im�, where 	 � jrj. Second, in
the probability P fV�r�g of the fluctuation V�r�

j lnP j �

��
2 �h

Z
drV2�r� �


2��
�h

X1
m��1

Z
d	 	jVm�	�j

2;

(2)

only the angular harmonics V0�	� and V
2m�	� are re-
tained. This is because the jmi, j �mi coupling is pro-
vided by the harmonics 
2m of the random potential. In
Eq. (2) � and � stand for the scattering time and the
density of states, respectively. Then the system of equa-
tions relating the components �m and ��m of the wave
function 	1=2 �	;�� takes the form

ĤH0� � �
�h2

2M
d2�

d	2 � �V�m�
eff �	� � V̂V 2�̂�x�� � EF�; (3)
126601-2
where M is the electron mass, � � ��m;��m� is a
two-component wave function, the matrix V̂V 2 �
diag�V2m; V�2m� is diagonal, and �̂�i are the Pauli matri-
ces. The effective potential in (3) is a sum of a centrifugal
potential �h2�m2�1=4�

2M	2 and V0�	�. The turning point, 	c, is
determined by V�m�

eff �	c� � EF [see Fig. 1(b)]. As we will
see below, the characteristic width w of the fluctuation
V0�	� and the barrier thickness d [see Fig. 1(b)] are
related as w� d� 	c. Similarly to [7], this separation
of spatial scales allows a number of crucial simplifica-
tions: (i) since w� d, it follows that, within the barrier,
V�m�
eff �	� is dominated by the centrifugal term; (ii) since
d� 	c, this term can be linearized within the barrier
region as V�m�

eff �	� � EF � "0�	c � 	�d�1, where "0 

�h2m2d=M	3

c is the barrier height. Using the above sim-
plifications the ratio T � j E�	c�j

2=j E�	c � d�j2 can
be readily calculated lnT � 2

�����
2M

p

�h

R	c
	c�d

d	�Veff�	� �
EF�1=2, yielding

lnT � �2m=3��2d=	c�3=2 � �2m=3��"0=EF�3=2: (4)

It is seen from Eq. (4) that the condition 	c � d can be
rewritten as m� lnT . Equation (4) relates T to the
energy level position "0 in the potential well centered
around 	c � d� w=2 [see Fig. 1(b)]. Thus the problem of
finding the distribution of T reduces to the conventional
problem [10,11] of finding the most probable configura-
tion of random potential which confines the energy level
of a depth �"0. In our case �"0 is the eigenvalue of the
matrix Hamiltonian ĤH � � �h2

2M
d2

dx2
� V0�x� � V̂V 2�̂�x,

where x � 	 � 	c � d � w=2. The form of the Hamil-
tonian follows from the system Eq. (3) and the condition
w � d which allows one to neglect the change of the
centrifugal potential within the potential well [see
Fig. 1(b)].

The straightforward generalization of the approach
[10,11] to the matrix Hamiltonian ĤH implies minimizing
the functional FfV0; V
2mg � j lnP j � ����ĤH��. With
an appropriate choice of the Lagrange multiplier, �, we
obtain the expressions for V0 and V
2m in terms of the
two-component wave function, �. Namely, V0 � ���,
V
2m � ���̂�
�. At this point it is convenient to intro-
duce dimensionless variables as z � x�2M"0�

1=2= �h and
~�� � "�1=2

0 �. With new notations, the matrix Schrödinger
equation, ĤH� � �"0�, reduces to

~��00 �
3

2
�~���~���~�� �

1

2
�~����̂�z~����̂�z~�� � ~�� � 0: (5)

The probability Eq. (2) of the fluctuation, providing a
given value of T , takes the form

j lnPmj � 
2 ��	c
�h

Z
dx�jV0�x�j2 � 2jV2m�x�j2�

� �3=8�
kFlCm lnT ; (6)

where kF � �2MEF�1=2= �h is the Fermi momentum, l �
�hkF�=M is the mean free path; dimensionless factor Cm
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FIG. 2. Normalized logarithm of the ALS density is shown
versus the dimensionless magnetic field,  . The inset shows the
‘‘orthogonal’’ optimal wave function �~��m; ~���m� for crossover
value  
 1=3.
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in Eq. (6) is defined as

Cm �
1

2

Z
dz�3�~���~���2 � �~����̂�z~���2�: (7)

Equations (5)–(7) express analytically the Jahn-Teller
physics discussed in the introduction. Indeed, this system
has a conventional instanton solution ~���m � 0 and ~��m �
21=2 cosh�1z, corresponding to the absence of warp
(V
2m � 0). This solution yields Cm � 16=3. On the other
hand, the Jahn-Teller–type solution ~��m � ~���m �
�2=3�1=2 cosh�1z leads to a smaller value Cm � 32=9,
which corresponds to exponentially higher probability
Pm. Thus, the final result for the orthogonal case reads

lnPm � ��4=3�
g lnT ; (8)

where g � kFl is the dimensionless conductance.
Remarkably, lnPm does not depend on the value of the
angular momentum m, provided that m� lnT . In fact,
the conditionm� lnT justifies all the assumptions made
in deriving the result Eq. (8). Indeed, making use of the
relation "0 � EF�3 lnT =2m�2=3, one can verify that this
condition insures V0�x� � EF, i.e., the potential well is
shallow. Other assumptions used in the calculation are
less restrictive. Indeed, the typical width of the potential
well is w� �h=�M"0�1=2 � k�1

F �m= lnT �1=3. On the other
hand, for barrier width d we have from Eq. (4) d �
�	c=2��3 lnT =2m�2=3. Since 	c � m=kF, we have d �

m1=3�3 lnT =2�2=3=2kF, so that w=d� ln�1T � 1. We
have also assumed that the change of the centrifugal
potential within the potential well is much smaller than
"0. This change can be estimated as "0

w
d � "0= lnT�"0.

We now turn to the case of a finite magnetic field, B.
Because of the azimuthal symmetry of the problem the
system of equations (3) relating the radial functions
�m;��m can be easily modified to

ĤH0��
�h2

2M

�
m

l2B
�̂�z �

	2

4l4B

�
� � EF�; (9)

where lB � �c �h=eB�1=2 is the magnetic length. As can be
seen from Eq. (9) there exists a following hierarchy of
magnetic field strengths. When lB � m1=2=kF, then the
‘‘confining’’ term 	2=l4B can be neglected. The latter con-
dition is equivalent to RL � 	c, where RL � kFl2B is
the Larmor radius for an electron with energy EF.
On the other hand, it is obvious that the term

 �h2m=�2Ml2B�, lifting the jmi; j �mi degeneracy, be-
comes important when it is of the order of "0. This yields
RL � 	c�lnT =m��2=3. Since lnT � m, we conclude that
there exists an interval of magnetic fields which affect
the potential well but do not affect the barrier. Condit-
ion "0 � �h2m=�Ml2B� determines the characteristic mag-
netic field for orthogonal-unitary crossover: B�m�

0 �
��0=2
�k2F�3 lnT =2�2=3m�5=3, where �0 is the flux quan-
tum. The remaining task is to find the dependence Cm� �,
where  � B=B�m�

0 , which describes the change of Cm
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between ‘‘orthogonal,’’ Cm�0� � 32=9, and ‘‘unitary,’’
Cm � 16=3, values with increasing magnetic field,  . At
finite  the system Eq. (5) takes the form

~��00��3�~��� ~��� � �~����̂�z~����̂�z�
~��
2
� ~�� �  �1� �̂�z�~��;

(10)

whereas Eqs. (6) and (7) retain their form. At small  �
1 the dependence Cm� � can be found by solving Eq. (10)
perturbatively and substituting ~���x� into Eq. (7). This
program yields the following analytical result:

Cm� � � Cm�0��1� 3 =2�: (11)

Our important observation is that perturbative expression
Eq. (11) remains valid with high accuracy up to  � 1=3,
when the unitary solution ~���m � 0, ~��m � 21=2 cosh�1z
takes over. The crossover behavior Cm� � is illustrated in
Fig. 2. In the same figure we show the orthogonal solution
of Eq. (10) at the crossover point.

Overall, the DOF approach yields in two dimensions
j lnP j � g lnT rather than j lnP j � g ln2T [6]. This is
because the optimal fluctuations are close to rings rather
than to circles. The ring area, Sm � 	cw, being much
bigger than the area of a circle �k�2

F in [6] is the origin
of a high sensitivity of rings to the magnetic field (in
contrast to a conventional suppression of the Cooperon
modes in the metallic regime). On the other hand, due to
the same relation, Sm � k�2

F , the rings are much more
‘‘vulnerable’’ to the perturbations caused by the harmon-
ics with small angular momenta, for which the centrifu-
gal barrier is low. To demonstrate this we write down the
expression for the decay rate of a quasilocal state in a ring

ImE � 2

X
&

�
hmjV0j&i2 �

X
n�0

hmjVnj&i2
�
 �E� E&�

�
�h
�1

�
�h
�2
; (12)
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where hmjVnj&i are the matrix elements of the harmonics
Vn�	� [see Eq. (2)]; j&i is the state of the continuous
spectrum in the absence of random potential (the corre-
sponding energy is E&). Above we were looking for the
fluctuations with anomalously large T . Note that within a
numerical factor T � "0�1= �h. It is seen from Eq. (12)
that our consideration is justified only if �2 * �1. Within
the DOF approach, harmonics with small n, contributing
to �h=�2, do not affect the principal exponent. They enter
at the stage of the prefactor calculation [12]. A typical
value of �2 is the scattering time �, which is much shorter
than �1. The relation �2 * �1 is satisfied only for sparse
configurations, in which the harmonics Vn are suppressed
within the ring. Therefore, our result for Pm should be
multiplied by the probability, P, to find such a configura-
tion. To calculate this probability we consider the distri-
bution function of time �2:

P��2� �
�
 
�
1

�2
�
Z
drdr0S�r; r0�V�r�V�r0�

�	
V�r�

(13)

where the expression for S�r; r0� follows from Eq. (12)

S�r; r0��
2

�h
	c�m�	���

m�	0�
X
&

 &�r� �
&�r0� �E� E&�:

Averaging over random potential V�r� in Eq. (13) can be
carried out explicitly. The result is expressed in terms of
eigenvalues, �n, of the integral operator with the kernel
S�r; r0�:

R
dr0S�r; r0��n�r0� � �n�n�r�. With the accuracy

of a numerical factor, the result can be obtained qualita-
tively. This is because P��2� is determined by the first N0

eigenvalues, which are almost equal to each other: �n 

�0 for n < N0. The value N0 can be estimated as the
number of squares with a side k�1

F within the area of a
ring Sm, i.e., N0 � 	cwk2F. On the other hand, there is an
exact sum rule

P
n �n � 2
� for the eigenvalues �n.

Since
P
n �n 
 �0N0, we can find �0. This leads to the

following result for the distribution Eq. (13) P��2� /
���=�0�2�

N0 / ��=�2�
N0 . The sought product ~PP m �

PmP��2 � �1�, describing the probability to find ALS
with ‘‘preexponential’’ accuracy, can be then presented
as ln ~PP m � lnPm � c2N0 ln�T =g�, i.e.,

ln ~PP m � lnPm � �c2m
4=3 ln�1=3T ln�T =g�; (14)

where c2 � 1 is a numerical factor. The above expression
for ~PP m allows one to find the optimal value of the angular
momentum,m. Indeed, the prefactor falls off rapidly with
m, while them-dependent correction to the main term due
to weak nonlinearity of the barrier potential is
� lnPd=	c � �c1g�lnT =m�2=3 lnT , increases with m.
Here c1 � 1 is another numerical coefficient. Probability
~PP m is maximal form � mopt � c0�g lnT �1=2, where c0 �
�c1=2c2�

1=2. The resulting expression for ~PP m with preex-
ponential accuracy reads
126601-4
j ln ~PP mj �
4

3

g lnT f1� �9c4=30 =8��lnT =g�1=3g: (15)

It is seen from Eq. (15) that the above consideration is
valid within the domain 1 � lnT � g. For the optimal
m, the ring radius is 	c � c0k�1

F �g lnT �1=2 � l.
Within a factor �k2F, Eq. (15) describes the density

of traps with a trapping time �hT ="0 in an infinite sample.
To relate Eq. (15) to the statistics of the wave functions,
consider a closed sample with a radius R� l. Then
the DOF result Eq. (15) describes the probability to find
a stationary eigenfunction for which  2 inside the ring is
by a factor T bigger than outside [see Eq. (1)], so that
almost the entire weight of this eigenstate is concen-
trated inside the ring. On the other hand, the NLSM yields
the ALS, in which  2 is ‘‘amplified’’ by a factor of T
from the periphery of the sample towards the center in a
power-law fashion [5]. This ratio of  2 at the center and
at the periphery governs the trapping time (or, in other
words, relaxation time [5]) after the sample is slightly
opened. The NLSM result for the density of states with
a given ratio T is j lnP �T �j � 1

8
g ln
2T = ln�R=l�, that

is valid for T � �R=l�4 [5]. Comparison of this result
to Eq. (15) suggests that NLSM captures anomalously
high values of  2 within the domain �R=l�4 � T �
�R=l�32=3. For larger T the ALS are governed by the
warped rings.
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