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Standard Radiation Spectrum of Relativistic Electrons: Beyond the Synchrotron Approximation
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Radiation emitted by an electron in arbitrary, extreme relativistic motion, has been described for the
first time in terms of a standard spectrum of nonsynchrotron type. Ultimately, such a nonsynchrotron
spectrum is dependant not only on instantaneous trajectory curvature, but also upon its first two time
derivatives and helicity, to provide a basic correction to the synchrotron approximation (SA). A strong
deviation from SA has been predicted for above GeV electrons in oriented crystals.
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and reasonably precise description of radiation, taking into
account deviations of real trajectory from instantaneously

nate, x � g��=2 is Schwinger’s dimensionless time vari-
able [1],
The radiated power spectrum, emitted by ultrarelativis-
tic electrons undergoing arbitrary motion, was calculated
by Schwinger more than 50 years ago [1], in terms of only
one local parameter of the trajectory which depends on the
instantaneous radius of curvature R. The corresponding
spectrum, called synchrotron spectrum, is the same as
that emitted by an electron moving along a circular path
and is given by a standard function of one variable � �
2!=�3�3g�, where � � �1� �2��1=2 � 1,� � v=c is the
velocity of an electron, ! is the radiation frequency, g �
� � c=R is the local electron’s acceleration divided by the
velocity of light c: g � d�?=dt, where �? � v?=c is the
component of velocity transverse to some general direction
of motion which we assume to coincide with the z-axis of a
coordinate system. For �� 1, j �? j� �? � e 	 1,
where e is the deflection angle of an electron by the
external field, moreover, the z-component of acceleration
is negligibly small g � g? [2] (sect. 14.4) and ��g � 0.

In recent years synchrotron approximation (SA) has
turned out to have important applications in the theory of
channeling radiation (CR) (or Kumakhov radiation) [3]
in oriented crystals. Such an approximation for CR has
been opened up by Kimball and Cue [4] and provides a
much simpler description in terms of the well-known clas-
sical [1] or quantum [5] synchrotron radiation formulas.
Detailed theoretical analysis [6,7] of the recent experimen-
tal results [7,8] show that for nearly perfect alignment with
respect to the crystal axis and for projectile energies up in
the hundreds GeV region, SA explains the basic properties
of the radiation spectrum within an accuracy of approxi-
mately 10–30%. The validity of SA and possible modifi-
cations of the synchrotron spectrum has been studied in
Refs. [9,10,11].

Very recently, the authors of Ref. [7] demonstrate that
SA has its limitations for multi GeV electrons, and new
theory beyond SA is needed. However, up to the present
time, no real progress has been achieved to obtain a simple
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pure circular motions. In what follows we shall demon-
strate how it could be done successfully in a somewhat
simpler manner.

We shall consider in detail the simplest and most im-
portant case of an interaction between an electron with
an external field, when the initial and the final velocities
at t! �1 are constant and the field [or the electron’s
acceleration g�t�] has only one maximum inside the inter-
action area.

The time dependence of the electron trajectory with
�� 1 can be expressed via the time dependence of the
transverse motion only (see, for instance, [12,13]). The
classical Schwinger formula (I.37) in Ref. [1] for spectral
distribution of radiation power coming from the time in-
stant t0, can be written in terms of the transverse motion
quantities [12,13], so that

P!�t0� �
e2!

�c�2 J!�t0� ; (1)
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where ��? � �?�t� � �?�t��, t� � t0 � �=2. In fur-
ther calculations we shall use the quantity J!�t0�, which
is proportional to the number of emitted photons. The
spectral distribution of total radiation intensity can be
obtained by integrating Eq. (1) over t0 but for our purposes
the radiated power is needed.

The phase 	��� in Eq. (2) is the odd function of � and for
�� 1 can be expanded in powers of � as
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where �� � ��t� � ��t��, ��t� is the transverse coordi-
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a5 � �k02  3kk00 � 2k2�2�=�45�2k4� (4)

� �A 3B�=45; (5)

where A � _gg2=�2g4, B � g �gg=�2g4, _gg and �gg are the time
derivatives of acceleration taken at t0, k � 1=R is the
trajectory’s curvature, k0 � dk=ds, k00 � d2k=ds2, ds �
vdt, and � is the instantaneous helicity.

The expansion of the factor in front of sin in (2) has the
form of

1 �2���?�
2=2 � 1 2x2  b4x

4  b6x
6  . . . ; (6)

with b4 � 2B=3.
The important parameter for further consideration is the

‘‘non-dipole parameter’’ �nd � e� � �?�. When �nd 	
1 the radiation formulas simplify to dipole approximation
[13]. In the opposite limit �nd � 1 the SA is valid.

When �! 1, i.e., �nd � 1� �1=2, the coefficients ai
and bi vanish. Namely, a5 and b4 ���1, a7 and b6 � ��2,
etc. In the synchrotron limit all ai � bi � 0 and Eqs. (2)–
(6) give the well-known synchrotron result [1,14]

J��t0� �
1���
3

p

�
2K2=3��� �

Z 1

�
K1=3�!�d!

�
; (7)

where K� are the McDonald functions. The above defined
Schwinger’s frequency variable � can be rewritten with
account of the quantum recoil [5,15,16] as

��t0� � �2=3��u=�1� u��=#�t0�; (8)

where u � �h!=E, E � �mc2, and #�t0� �
�h�F�t0�=�m

2c3� is the invariant field parameter depending
on the local force F�t0�.

Instead of using an instantaneously circular motion, let
us approximate an arbitrary trajectory by some motion
which has constant transverse velocities �?2 and �?1

when t! �1 and the acceleration achieves its maximum
value at t � 0. The simplest motion of this type we have
found is the following:

�?�t� � b0  b tanh�t=T�; (9)

where b0 � ��?1  �?2�=2, b � ��?2 � �?1�=2, and the
acceleration is proportional to g�t� � cosh�2�t=T�, where
T is the typical interaction time of an electron with an
external field.

We shall call Eq. (9) a standard th-trajectory. The inte-
grand of Eq. (2) can be calculated for th-trajectory analyti-
cally. The phase (3) takes the form

	�z� �
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2C2
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�z�1 �2�

�
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4z
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1 * tanhz
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(10)

where ��jbj�, z��=2T, C� cosh�t0=T�, and *�
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tanh�t0=T�. Equation (10) contains two papameters � and
C apart from the synchrotron parameter �.

Our aim is to apply Eq. (9) for arbitrary motion in such a
way that the expansion (3) of the real trajectory would give
the same coefficients a5 and b4 as that calculated for the th-
trajectory. This can be done since having known two
parameters A and B for the real trajectory in Eq. (5) one
can find two parameters � and C for the th-spectrum in
Eq. (10). Since the main amount of radiation comes from
the vicinity of the point t0 � 0 we shall approximate the
arbitrary trajectory by Eq. (9) taking the values of C, �, and
* in Eq. (10) at t0 � 0 and calculating the actual values of
a5 at the same point (i.e., at t0 � 0).

Substituting Eq. (10) with C � 1 and * � 0 into Eq. (9),
we obtain a nonsynchrotron spectrum (NSS) for arbitrary
trajectory, depending on two parameters � and �:

J���; t0� �
Z 1

0
�1 2�2 tanh2z�

� sin

�
3

2
����1 �2�z� �2 tanhz�

�
dz
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2
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(11)

where

� � �2=15�1=2 j a5 j�1=2 : (12)

The expansion of the phase in Eq. (11) gives a5 �
�2=�15�2�, therefore having known a5 for real traectory,
calculated at t0 � 0 one can find � from Eq. (12) and
calculate the spectrum from Eq. (11). The t0-dependence
of NSS [Eq. (11)] is due to � � ��t0�. The coefficient a5
for NSS will be exactly the same as that for the real one at
the point where the main amount of radiation comes from.

Equation (11) represents the main result of our paper. As
we shall see below such an approximation gives reasonable
quantitative results.

Now we demonstrate its validity by comparison with
some exact analytical solutions. Such a solution exists for
scattering of relativistic electron by the Coulomb-like axial
field of charged string U�-� � �.=- [see Eq. (72) in
Ref. [3] ], where for axial electron quasichanneling . �
3Ze2aTF=�2d�, Z is the target atomic number, aTF is the
Thomas-Fermi screening parameter, and d is the distance
between atoms in the atomic string. In this case the spec-
trum is determined by two parameters: the trajectory ec-
centricity " � 1 and the Coulomb nondipole parameter
�nd � �0 [3,12]. We consider here only the unbound trans-
verse motion, then Eqs. (4) and (11) for Coulomb-like axial
field give � � �0 3

1=2 �4"2 � 3"� 1��1=2.
Figure 1 demonstrates a good degree of accuracy given

by the present theory. The quantities plotted in Fig. 1 show
the intensity spectrum, i.e., the power uJu��; t0� integrated
over all t0 (here u � �h!=E) for �0 � 1 and " � 3 (there-
fore, � � 0:34). This example corresponds to 2.5 GeV
electrons with transverse energies dE?=Ze2 � 1 in
Sih110i crystal. It should be noted that SA (the dotted
094801-2
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FIG. 2. The standard nonsynchrotron power spectrum (NSS)
�J���; �� as a function of � variable with J���; �� given by (11).
Dashed line is the synchrotron spectrum (7) (times �). Curves 1,
2, 3, and 4 correspond to � � 1, 0.5, 0.25, and 0.1, respectively.
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FIG. 1. Coulomb-like intensity spectrum for �0 � 1 and " �
3. Solid curve is the exact solution, black symbols-NSS-
approximation (10), dotted curve-SA. Dashed curve is the
asymptotics (13), u � �h!=E.
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curve) is not valid for all the frequencies. Other calcula-
tions for different �0 and " parameters (i.e., for different
electron energies and absolute values of the external force)
indicate a good degree of accuracy even in the dipole limit
when �0 	 1.

The phase of Eq. (11) has a saddle point lying on the
imaginary axis of the time variable z: Imz0 � y0, where
tany0 � 1=�. For large frequencies � > 1 the asymptotics
for NSS is

J����!
1

2y0

�
2�

3��1 �2�

�
1=2
exp

�
3

2
����� y0�1 �2��

�
:

(13)

For �� 1, we get y0 � 1=�� ��3=3 and (13) gives
the well-known synchrotron asymptotics [1] JSA� !
�2�=3��1=2 exp����=2.

In the limit of low frequencies !! 0, a strong suppres-
sion of radiation arises comparing with SA. Thus, the
spectral density of radiated power in Eq. (11) goes to
constant value J� ! ��2 when !! 0, whereas the syn-
chrotron formula (7) diverges as �!�2=3.

NSS for different values of � � 1 is plotted in Fig. 2,
where we have drawn the power spectrum �J����. It is
clear from Fig. 2 that the NSS is such that for � > 1 it has a
shape close to the synchrotron approximation except at the
very low �	 1 and very high �� 1 frequencies.
Therefore, the condition of validity of the SA for the
most of the classical spectrum is � > 1.

The effect of strong deviation from SA at � < 1 (which
condition coincides with the dipole approximation condi-
tion) can be understood as following. The critical synchro-
tron frequency is !c � g�3, whereas the typical dipole
radiation frequency is !max � !0�2 with !0 � 1=T,
where 1=T � g�=� (for t0 � 0) and !c=!max � �.
Therefore, in the dipole limit (when �	 1) the typical
094801-3
radiation frequencies !�!max are much higher than the
synchrotron critical frequency !c. For �� 1, !max does
not describe any more the typical radiation frequencies due
to the contribution of higher harmonics and the spectrum
becomes of synhrotron nature. SA assumes the constant
field approximation for radiation, i.e., that an electron is
always moving in the constant field and radiation spectrum
is not sensitive to how the initial and final velocities are. If
the deflection angle of an electron by the external field e is
smaller than the typical radiation angle 1=�, a strong
correlation between the two parts of the trajectory with
constant velocities affect the radiation spectrum which
becomes relatively broad and is characterized by two
parameters, one of which (�) depends on the field and
the second one (�) contains the information about the
initial and the final velocities. In the opposite limit e >
1=�, such correlation is weak and the radiation spectrum is
completely defined by the local field, thus the spectrum is
characterized by only one parameter �.

At high electron energies when the invariant field pa-
rameter # � 1 the influence of spin on the radiation be-
comes important in the hard frequency region �h!� E. The
corresponding modification of the radiation spectrum is
very simple [15], namely, we must replace the factor �2

in front of tanh2�z� in Eq. (11) by �2�1 p=2�, where p �
u2=�1� u� is the spin term. The corresponding asymp-
totics (13) should be multiplied by 1 p. As we shall
demonstrate below the quantum spectrum at high electron
energies can greatly differ from SA even if � > 1.

The important practical application of the foregoing
analysis is the study of the CR in the oriented crystals for
a sufficiently realistic potential. In the calculations pre-
sented below we have used the Doyle-Turner atomic po-
tential. The power spectra uJu��� of 4 TeV quasichanneled
electrons radiating from the same point - � aTF near the
h111i axis in Si (# � 15:6) are shown in Fig. 3. In the SA
094801-3
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FIG. 3. The radiation power spectrum coming from the same
distance - � aTF to h111i axis in Si, for 4-TeV quasichanneled
electrons with different transverse energies "? � dE?=Ze

2.
Curves 1, 2, and 3 correspond to "? � 1, 20, and 120, respec-
tively. Black symbols represent SA. The values of angular
momenta are equal to the maximum possible ones for given
transverse energy.
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(black symbols) the electrons with different incident angles
in > L give the same spectra, where L � �4Ze2=dE�1=2

is the critical channeling angle [17]. On the other hand, the
more precise calculation according to Eq. (11) with ac-
count for quantum effects of recoil and spin give a strong
dependence of the radiation on in. Curves 1, 2, and 3
correspond to the incident angles in � L, 3L, and 8L
(� � 17.2, 4.7, and 1.9). It follows from Fig. 3 that for
multi-GeV electrons SA is a good approximation for small
incident angles in � L [9,18] while for larger incident
angles a strong suppression of radiation occurs in the whole
spectral region except for �h!� E. We, therefore, predict a
strong suppression of radiation for above hundreds GeV
electrons in about the whole spectrum compared with that
for SA for incident angles in > L.

In summary, by introducing a model trajectory, we have
derived a simple expression of nonsynchrotron spectrum
(NSS) which coincides with SA at �� 1 while ap-
proaches to the dipole radiation at � < 1. NSS may also
have not only important applications to channeling, but
also astrophysical radiation [19,20] as well as radiation in
an accelerator. For example, beamstrahlung in a linear
collider has been considered within SA [21], which is
clearly inadequate especially at very high energies (cf.
Fig. 3). By using NSS, one can take into account the effect
beyond SA easily in a simulation. Finally, we mention that
NSS is also useful to consider pair production in strong
fields where the semi-classical calculations based on SA
with the use of the crossing symmetry has turned out to be
inapplicable [22].
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