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Radiative Recombination Enhancement of Bare Ions in Storage Rings with Electron Cooling
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Experiments on ion-electron recombination in electron coolers show an enhancement of the recombi-
nation rate with respect to the standard theory. The theoretical explanation of this effect is an active field of
research. Here a parameter-free model is presented in terms of the Vlasov equation. Its inherent scaling
rests on two dimensionless variables and agrees with measurements. Additionally, numerical calculations
yield the correct magnitude for the enhancement and trace its cause to the process of beam merging.
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The experimentally observed recombination coefficient
�RR is defined as the rate of recombination processes per

with �0 � 0:3010�10 eV cm s [9,17]. These ap-
proximations are well justified in cooler experiments.
Electron cooling [1] is an important method to reduce
the phase space volume of ions in a storage ring by super-
imposing the ion beam with a comoving electron beam.
But simultaneously ion-electron recombination processes
are abundant. While these limit the life time of the stored
ion beam, they offer the possibility to study a fundamental
process relevant to many areas, such as atomic structure,
astrophysics, fusion plasmas, accelerator physics, and the
production of antihydrogen.

Recently, numerous experiments [2–12] have investi-
gated the recombination of electrons with bare ions in
electron coolers (a detailed description of the typical ex-
perimental setup is given, for example, in [7]). In these
systems radiative recombination (RR) dominates. By tun-
ing the velocities of the electron and ion beams, low
collision energies down to a few meV can be reached.
However, all available measurements show at relative ve-
locities smaller than the longitudinal velocity spread in the
electron beam a recombination rate enhancement com-
pared to the expected RR rate between ions and an en-
semble of free electrons unperturbed by the presence of
time-dependent
external fields. On a quantitative level the interpretation
has been impeded by the uncontrolled manner in which
measurements appear to fluctuate in their dependence
on parameters like the charge Z of the ion, the strength
of the magnetic guiding field, and the transversal and
longitudinal temperatures T? and Tk, respectively, which
characterize the anisotropic velocity distribution of the
electron beam.

The purpose of this Letter is twofold: We show that the
RR enhancement is due to the switching of the external
fields upon the merging of the beams. High-lying Rydberg
states are populated which opens an additional channel for
RR. Moreover, the analysis in terms of the time-dependent
Vlasov equation for the phase space density of the elec-
trons allows a universal description of the apparently un-
systematic experimental results in terms of a universal
scaling law, as was recently proposed [5].
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ion divided by the bulk electron density. The recombina-
tion coefficient is related to the cross section �RR by

�RR � hv �RR�E�iw�E� : (1)

Herein h� � �iw�E� is an average over the energy distribution
w�E� of electrons incident with velocity v.

The magnetic field in the electron cooler decouples the
longitudinal and transversal degrees of freedom and the
temperature anisotropy 	2 � Tk=T? remains constant
[13]. Only those recombination processes are accounted
for by the detector in which an electron recombines below
a threshold level ncut. The numerical value of ncut depends
on the field in the bending magnets of the ion beam. The
established theory for the RR cross section �RR�E� is based
on the work of Stobbe [14], who computed the transition
matrix of free-bound processes in a hydrogen system in a
flux normalized basis. It is advantageous to calculate
�RR�E� in a semiclassical approximation [15] with quan-
tum correction (Gaunt) factors [16]. Moreover, for an ion
charge Z the approximation kBT?n

2
cut=�Z

2Ry� 	 1 (1Ry�
3:6 eV) holds well in an electron cooler. Then the cross
section of Stobbe can be simplified as

�RR�E� � �0
Z2Ry

jEj
Ncut (2)

with �0 � 211 b and Ncut � ln�ncut � 1� � 0:1649.
The unperturbed electron plasma in an electron cooler is

described by an anisotropic Maxwell distribution of
asymptotically free electrons with 		1. By averaging
over this distribution according to (1), one obtains the
standard theory at zero relative velocity vrel between
electron and ion beam

�RR
st � �0 Ncut

Z2�������
T?

p �1
2	
�
� (3)
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The focus on bare ions excludes all dielectronic recom-
bination processes. There also is strong experimental evi-
dence that three body recombination plays a subordinate
role. For such processes the rate coefficient would vary
substantially with the bulk electron density n0—likewise
for the mean field interaction with the surrounding electron
plasma. Such a dependence on n0 is not observed. Thus the
incident electron in a recombination process can be well
described in the single particle picture.

Moreover, one can discuss a direct influence of the
magnetic guiding field B on �RR. Yet as long as B is small
compared to the atomic field Bc � 2:35� 105 T, the struc-
ture impressed by B averages out in (1) [18]. Equally, the
shift of atomic levels by the Zeeman and Stark effect can
be neglected in an electron cooler. In principle, stimulated
emission, multiphoton processes, or recombination cas-
cades could also occur. They all have been investigated
and are negligible in an electron cooler [19–21]. Also the
effects of quantum electrodynamics are small even for
heavy ions [22]. So RR with the cross section (2) is
dominant, and there remains the problem to explain the
observed excess recombination ��RR � �RR  �RR

st .
We propose here that the enhancement is driven by an

electron distribution in (1) that includes electrons which
acquire negative energy when the ions enter the electron
beam. There is a transverse motional electric field due to
the toroidal magnetic field at the entrance of the electron
cooler. Free electrons can cross the saddle points of the
ionic potential until the beams are collinear with the same
mean velocity. Similar field-driven processes have been
observed in pulsed field recombination [23] with the aim
of producing antimatter [24]. In the cooler the loosely
bound Rydberg electrons lie mostly above the atomic level
ncut and get separated in the bending magnet. They offer,
however, an additional recombination channel, and there
are contributions from free and bound electrons:

�RR � �RR
free � �RR

bound : (4)

We propose to identify �RR
free with the prediction of standard

theory (3) and �RR
bound with the observed excess recombina-

tion ��RR. This differs substantially from other models
[25,26] that claim the shielding of dielectric theory or
multiple encounters accountable for the recombination
enhancement, respectively.

In previous papers [27,28] we used particle simulation
techniques and showed that Rydberg states with principal
quantum numbers of a few hundred to a few thousand are
populated when a slow ion enters an electron plasma. The
numerical fluctuation inherent in such simulations pre-
vented, however, reliable estimates of the electron density
on the relevant atomic scale. Irrespective of the actual
recombination process, the input of incident electrons is
given by the classical phase space density f�t; r;v� of both
free and bound electrons. Here we describe time evolution
of the phase space density by the Vlasov equation
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� 0; (5)

as both the mean field and electron-electron collisions can
be neglected. It is formulated in units of the magnetic
guiding field, i.e., cyclotron frequency !c � eB=m and
cyclotron radius rc � vth;?=!c with mv2

th;? � kBT?.
Then the only parameter in (5) is

Y �
ZBe3

4��0
����
m

p
�kBT?�

3=2
; (6)

which can be understood as the ratio of the Landau length
rL � Ze2=�4��0 mv2

th;?� (i.e., the classical distance of the
closest approach for a particle at transversal thermal ve-
locity) and the cyclotron radius rc. This governing differ-
ential Eq. (5) is provided with an initial condition
depending only on the anisotropy parameter 	 . The phase
space density yields the energy distribution, and in turn the
recombination coefficient; see Eq. (1).

In physical units the recombination coefficient for van-
ishing relative energy depends on the bulk electron density
n0, the ion charge Z, the guiding field B, and both tem-
peratures Tk and T?. In units of the magnetic field, only the
parameters Y and 	 occur. Thus the enhancement factor
"RR � �RR=�RR

st has the logarithmic derivatives

@ ln�"RR  1�

@ lnY
�: ��Y; 	�; (7)

@ ln�"RR  1�

@ ln	
�: ��Y; 	�; (8)

and scales locally as "RR  1 / Y�	�. Consequently, we
have in physical parameters locally

��RR / Z2��B� T�3����1�=2
? T�=2

k
; (9)

and the scaling exponents studied separately by experi-
ments are not independent.

Fitting of a global power law of the form (9) to the
experimental observations available in literature [2–12]
yields � � 0:45�6�, � � 0:84�7�, and thus ��RR /
Z2:4 B0:4 T0:8

? T0:4
k

. Figure 1 displays the resulting corre-
lation plot of measured relative enhancement "RR  1 �
��RR=�RR

st over a global power law.
Even though in the experiments all external parameters

(n0, Z, B, T?, and Tk) are varied, there exists a description
which solely contains the dimensionless parameters Y and
	 . The functional dependence seems to be close to a global
power law. It has been noted [7] that a pure Z2:8 scaling
fails for heavy ions like Bi83� and U92�; in the present
simultaneous scaling involving all parameters these data
(points in the upper right corner of Fig. 1) also follow the
systematic trend.

We also performed numerical simulations covering
the range of the experimental parameters. Initially the
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FIG. 1. Correlation between the enhancement factor fitted to a
power law according to (9) and the experimental results for bare
ions available in the literature [2–12].
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FIG. 2. Scaling of the excess recombination ��RR as a func-
tion of external parameters: (a) bulk electron density n0 [3],
(b) ion charge Z [4], (c) magnetic guiding field B [5],
(d) transversal temperature T? [9], and (e) longitudinal tempera-
ture [5]. Symbols with error bars are measurements, and solid
lines numerical solutions of the Vlasov Eq. (5) evaluated for the
enhancement factor from (11).
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magnetized homogenous electron gas is in a quasistation-
ary state with an anisotropic velocity distribution [29],

f�v� �
1

�2��3=2 	
exp

�

v2
?

2

�
exp

�


v2
k

2	2

�
; (10)

with v in units of vth;?. At t � 0 it is perturbed by the ionic
Coulomb potential. This instantaneous approximation is
justified by the dimension of the beam merging region,
which is passed by the electrons on a time scale signifi-
cantly shorter than the plasma and cyclotron oscillation
period. Moreover, the problem now becomes axially sym-
metric which reduces the numerical effort significantly.

The phase space density for t � 0 is determined through
the characteristics of (5) with the initial condition (10). For
the implementation [30] an adaptive scheme has been
proven effective, which consists of Kepler orbits and the
magnetic velocity-Verlet algorithm [31]. Motivated by (4)
and the observation that the RR transition matrix elements
change smoothly when passing from the true continuum to
the quasicontinuum of Rydberg states [32], we construct
from this phase space density a measure for the enhance-
ment factor by

"RR :�
�RR

�RR
st

�
hnfree � nboundi

hnfreei
: (11)

Therein the average h� � �i over electron densities is calcu-
lated over a cylinder limited laterally by the cyclotron
radius rc and lengthwise by the longitudinal Debye length
�D;k � �kBTk�0=n0e2�1=2. This is the region from which an
electron recombines according to the Stobbe cross section
(2). The resulting enhancement factors depend only
weakly on the size of that region. The relaxation to the
new quasistationary state happens on a time scale of a few
cyclotron oscillations. As the interaction time within the
cooler highly exceeds the cyclotron period 2�=!c, the rate
coefficient �RR is independent of the interaction length in
the cooler. The numerical simulations show that the re-
combination enhancement can be globally approximated
by
083202-3
��RR / Z2:5 B0:5T1:0
? T0:3

k
(12)

with an accuracy of �"RR � 0:3 where �"RR is the differ-
ence between the actual numerical result and the fitted
global power law (12).

Figure 2 shows details of the excess recombination
��RR for matched beams as a function of various physical
parameters. The numerical calculations are executed at
the same external parameters as the measurements. The
083202-3
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FIG. 3. Recombination rate coefficients �RR as a function of
the relative energy of the beams. The data points are from
Ref. [4] for Si14�, the dashed curve is calculated within the
standard theory [9,14,17], and the solid curve results from the
present Vlasov simulation.

VOLUME 89, NUMBER 8 P H Y S I C A L R E V I E W L E T T E R S 19 AUGUST 2002
constancy of ��RR with the electron bulk density n0 is
inherent to the Vlasov Eq. (5). The numerical scaling with
the ion charge Z is in very accurate agreement with the
experiment, the scaling with the magnetic guiding field is
achieved for B � 30 mT; this might be due to the side
effect of temperature variation in [5]. In contrast to the
experiments, the numerical model shows a distinctively
steeper scaling with the transversal temperature T?. Yet
the numerical slope of ��RR as a function of the longitu-
dinal temperature Tk agrees well with the experiment.

In Fig. 3 we show the excess recombination "RR  1 as a
function of the relative velocity vrel between the beams.
The present model describes correctly the growth of the
enhancement if vrel falls below the longitudinal thermal
velocity in the electron beam vth;k. No Rydberg states are
occupied when the beams are merged if their velocity
mismatch is larger than vth;k.

In conclusion, the classical phase space density of in-
cident electrons can be described by the Vlasov equation
for single particle propagation. This reduces the external
parameter space to two dimensions. The electrons bound
loosely during beam merging are identified as drivers of the
rate enhancement. While the instantaneous approximation
for the transient disturbance contains the main effects, an
investigation under actual experimental conditions of beam
merging may be worthwhile. The results give the magni-
tude of the excess recombination that generally agrees with
the experiments. The scaling of the excess recombination
with external parameters provides a unified description of
the recombination experiments in different electron cool-
ers. Here, in electron coolers, the rate enhancement is due
to the transient process of beam merging. Under different
conditions of recombination within moderate magnetic
fields no general enhancement is to be expected. So far
our model is in contrast to alternative approaches [25,26].
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[13] T. Schmöller, G. Zwicknagel, and C. Toepffer, Nucl.

Instrum. Methods Phys. Res., Sect. A 441, 50 (2000).
[14] M. Stobbe, Ann. Phys. (Leipzig) 7, 661 (1930).
[15] H. A. Bethe and E. E. Salpeter, Quantum Mechanics of

One and Two Electron Atoms (Plenum, New York, 1977),
p. 75.

[16] M. Pajeck and R. Schuch, Phys. Lett. A 166, 235 (1992).
[17] A. Wolf, in Recombination of Atomic Ions, edited by W.

Graham et al. (Plenum, New York, 1992), p. 209.
[18] D. Delande, A. Bommier, and J. C. Gay, Phys. Rev. Lett.

66, 141 (1991).
[19] S. Byron, R. C. Stabler, and P. I. Bortz, Phys. Rev. Lett. 8,

376 (1962).
[20] M. Y. Kuchiev and V. N. Ostrovsky, Phys. Rev. A 61,

033414 (2000).
[21] C. Biederman et al., J. Phys. B 28, 505 (1995).
[22] V. M. Shabaev, V. A. Yerokhin, T. Beier, and J. Eichler,

Phys. Rev. A 61, 052112 (2000).
[23] C. Wesdorp, F. Robicheaux, and L. D. Noordam, Phys.

Rev. Lett. 84, 3799 (2000).
[24] G. Gabrielse et al., Phys. Lett. B 507, 1 (2001).
[25] Y. Hahn, J. Phys. B 34, L701 (2001).
[26] M. Hörndl et al., ICPEAC Proceedings 2001.
[27] G. Zwicknagel et al., Contrib. Plasma Phys. 33, 395

(1993).
[28] G. Zwicknagel et al., Hyperfine Interact. 99, 285 (1996).
[29] L. H. Andersen, J. Bolko, and P. Kvistgaard, Phys. Rev. A

41, 1293 (1990).
[30] C. Heerlein and G. Zwicknagel, J. Comput. Phys. (to be

published).
[31] Q. Spreiter and M. Walter, J. Comput. Phys. 152, 102

(1999).
[32] H. Friedrich, Theoretical Atomic Physics (Springer,

Berlin, 1990), Chap. 1.3.4.
083202-4


