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A formalism to evaluate the resonant states produced by two particles moving outside a closed shell
core is presented. It is found that long lived two-body states (including bound states) are mostly deter-
mined by either bound single-particle states or by narrow single-particle resonances. However, they can
be significantly affected by the continuum part of the spectrum.
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The prospect of reaching and measuring very unstable
nuclei, as is materializing now, opens the possibility of
studying spectroscopic processes occurring in the contin-
uum part of nuclear spectra. Much work has already been
done in this subject, particularly regarding halo nuclei [1].
Still, the role played by single-particle resonances and of
the continuum itself upon particles moving in the contin-
uum of a heavy nucleus is not fully understood.

In this Letter we approach this problem by using
the single-particle representation developed in Ref. [2]
(Berggren representation). One chooses the proper con-
tinuum as a given contour in the complex energy plane
and forms the basis set of states as the bound states plus
the Gamow resonances included in that contour plus the
scattering states on the contour [2].

Using the Berggren representation one can evaluate any
one-particle quantity in the complex energy plane, e.g.,
the eigenstates of a deformed potential in terms of the
Berggren states provided by a spherical basis. One may
thus think that the Berggren representation can also be
used straightaway to evaluate many-particle quantities, as
one does with the shell model using bound representations.
Unfortunately this is not the case. The root of the problem
is that the set of energies of the two-particle basis states
may cover the whole complex energy plane of interest.
To show this we analyze the relatively simple case of two
particles outside a core in terms of the Green function.

The two-particle Green function is G2�E� � �1 1

G
�0�
2 �E�yeff�21G
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�0�
2 is the bare (zeroth-

order) two-particle Green function given by [3]
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In our case the functions wj�r� are members of the
Berggren representation. By choosing an arbitrary path
for the scattering states belonging to this representation
one may obtain a continuum plane of zeroth-order poles
corresponding to the sum ei 1 ej . Therefore, in this
plane one will not be able to evaluate the infinite number
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of two-particle poles which would be immersed in the
continuum set of zeroth-order poles.

As an illuminating example we show in Fig. 1(a) a rect-
angular one-particle contour without any discrete state.
From Eq. (1) one sees that in the complex two-particle
energy plane the zeroth-order poles are given by the geo-
metrical sum of a point i on the one-particle contour (cor-
responding to the complex energy ei) plus another point
j on that contour, such that i # j. These energies are lo-
cated in the two-particle complex energy plane as shown
in Fig. 1(b).

We thus see that if 2a , b then there is a region in
the two-particle complex energy plane which is free from
any uncorrelated solution. Therefore, in this region one
can search for resonant states of the interacting two-
particle system. By choosing the real energies a and b
conveniently, i.e., such that 2a , b as in Fig. 1(b), one

 d
Im(E)

Re(E)a 2a b  a+b  2b   a+d   b+d   2d

  -c

  -2c

(b)

-c

(0,0) (a,0)

(a,-c) (b,-c)

(b,0) (d,0)
Im(E)

Re(E)

(a)

FIG. 1. (a) The points in this contour define the scattering
functions that form the representation to be used in the two-
particle basis. (b) Two-particle energy plane where all points
are zeroth-order energy solutions (dashed region). The white
area corresponds to the allowed region.
© 2002 The American Physical Society 042501-1



VOLUME 89, NUMBER 4 P H Y S I C A L R E V I E W L E T T E R S 22 JULY 2002
can study two-particle resonances lying in any reasonable
energy region. We call this the “allowed” energy region.

Using the Berggen representation one can obtain the
two-particle Tamm-Dancoff approximation equations in a
standard fashion. We use for yeff a separable force so
that those equations convert into the usual dispersion rela-
tion [4].

To generate the single-particle states we use a Woods-
Saxon (WS) potential. The field fl�r� in the separable
interaction is the derivative of the WS.

We apply the formalism presented here to analyze neu-
tron excitations in a nucleus that would lie on or even be-
yond the drip line. That is, the Fermi level may be close
to or even immersed in the continuum. We analyze these
two possibilities separately.

The WS to be used corresponds to the double closed
shell nucleus 78Ni. The parameters for the volume part
of the interaction are V0 � 40 MeV, r0 � 1.27 fm, a �
0.67 fm. The spin-orbit interaction has the same values
of r0 and a, but the depth of the potential is Vso �
21.43 MeV. With these parameters one obtains two
bound states and four low-lying relatively narrow Gamow
resonances, namely (energies in MeV), e1d5�2 � 20.800,
e2s1�2 � 20.284, e1d3�2 � �1.325, 20.479�, e0h11�2 �
�3.296, 20.013�, e1f7�2

� �3.937, 21.796�, and e0g7�2
�

�4.200, 20.167�. These single-particle states are quite
similar to the ones given by Skyrme–Hartree-Fock cal-
culations [5]. We have checked that the shell N � 50
is well defined, since there is a gap of about 3.6 MeV
between the lowest particle state, which here is 1d5�2, and
the highest hole state, i.e., 0g9�2.

We also evaluate a case where no bound single-particle
states are present. For this, we reduced the value of the
depth of the WS to V0 � 37 MeV. With this potential the
single-particle energies become e1d5�2 � �0.294, 20.018�,
e1d3�2

� �1.905, 21.241�, e0h11�2
� �4.681, 20.069�, e1f7�2

�
�4.455, 22.851�, and e0g7�2 � �5.799, 20.506�. There is
not any bound state and the Gamow state s1�2 has disap-
peared, as expected for neutron excitations. The effect of
this state, if any, would be taken care of by the correspond-
ing scattering functions.

We here present two-particle states with angular mo-
mentum l � 0, for which the separable force is known
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to reproduce well experimental data when available.
We first analyze the case where there are bound single-
particle states. To determine the strength Gl of the
separable force we follow the standard procedure of
adjusting it by fitting the energy of a two-particle state,
which usually is experimentally known. In our case we
assume that such a state, which would be the ground state
of 80Ni, exists below twice the energy of the lowest single
particle state with an energy gap D � 1.4 MeV, i.e., the
ground state energy is 23 MeV. For the scattering states
we used a rectangular contour with the vertices as in
Fig. 1(a) with a � 0.5 MeV, b � 9 MeV, c � 24 MeV,
and d � 20 MeV. We thus include in the Berggren basis
all the bound and Gamow states given above for this case.
The allowed region, therefore, comprises the two-particle
energy plane with complex energies �Er , Ei� such that
1 MeV , Er , 9 MeV and 24 MeV , Ei , 0 MeV.

As in Ref. [2] we use a Gaussian method of integration
over the contour. The corresponding Gaussian points pro-
vide the scattering waves constituting the basis elements
on the continuum. We have found that in order to obtain
convergence within six digits in the evaluated quantities,
one has to include ten Gaussian points for each MeV on
the lines of the contour, except for the last segment [the
one going from �b, 0� to �d, 0�] where five points for each
MeV is enough. We arrive at this conclusion by always
choosing the contour such that the resonances lie at least
300 keV from the borders of the contour. The number of
scattering states thus included in the basis is Ng � 225. In
Table I we show the convergence of the results as a func-
tion of Ng as well as the influence of the continuum upon
the calculated states.

One can check the reliability of the results by performing
a calculation over the real energy axis only [3]. The real
(bound) energies thus obtained, which we call “exact,”
should coincide with those evaluated by using any contour.
Moreover, the value of Gl should, in all cases, be a real
quantity. All these requirements are indeed fulfilled in our
calculations.

In Fig. 2 we present all the calculated energies which
we found inside the allowed region of the complex two-
particle plane. The first feature that strikes the eye in this
figure is the straight line pattern that follow most of the
TABLE I. Energies (in MeV) of the l � 0 first excited bound state and of the lowest two-particle resonances in 80Ni. The energies
are given as a function of the number of scattering states included in the single-particle representation, i.e., the number Ng of
Gaussian points. For Ng � 0 the representation consists of bound states and Gamow resonances only. The calculation of these states
was performed by using the high precision piecewise perturbation method [6].

Ng E1 E2 E3 E4

0 �20.642, 0.012� �2.158, 0.719� �3.268, 20.883� �7.931, 20.198�
35 �20.654 17, 0� �1.968 74, 20.392 35� �3.924 20, 21.052 08� �7.956 93, 20.252 36�
70 �20.652 74, 0� �1.969 88, 20.393 21� �3.924 29, 21.051 59� �7.956 91, 20.252 51�

110 �20.652 74, 0� �1.972 61, 20.398 38� �3.924 16, 21.051 68� �7.956 87, 20.252 50�
225 �20.653 08, 0� �1.972 41, 20.399 35� �3.923 90, 21.051 89� �7.956 85, 20.252 49�
550 �20.653 08, 0� �1.972 41, 20.399 35� �3.923 90, 21.051 89� �7.956 85, 20.252 49�
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FIG. 2. Poles in the two-particle energy plane corresponding to
states l � 0 in 80Ni. The labels of the straight lines correspond
to configurations in which one of the two particles is in a bound
state or a Gamow resonance and the other is in a scattering state.
Energies are in MeV.

energy points. These lines correspond to the basis states
where one of the particles moves in a bound or Gamow
state and the other in a fragment of the one-particle contour.
For instance, the straight line at a real energy of 3.796 MeV
corresponds to a particle in the Gamow state 0h11�2, with
an energy �3.296, 20.013� MeV, while the other is in the
h11�2 scattering states lying on the border at a � 0.5 MeV
in the contour of Fig. 1(a). The sum of both single-particle
energies yields a real part of 3.796 MeV, which shows that
these states are in fact poles of the zeroth-order Green func-
tion. Similar structures are found for all the straight lines
in this figure, with the single-particle quantum numbers
as indicated in the end of the lines. Thus, the horizon-
tal segment at 20.479 MeV corresponding to the configu-
ration d2

3�2 is produced by a particle in the Gamow state
1d3�2 while the other is on the scattering states belong-
ing to the segment of the contour on the real energy axis
between 0 and a � 0.5 MeV. This horizontal segment
does not appear in the lines labeled d2

5�2 and s2
s�2 in Fig. 2

because these lines are generated by the bound single-
particle states coupled to the scattering states on the border
of the contour lying between �b, 0� and �b, 2c� in Fig. 1(a).

We found that all the lines in Fig. 2 correspond to
zeroth-order poles. Therefore the states on the lines are
solutions of both the correlated and the uncorrelated two-
particle Hamiltonian. They do not describe the physical
resonances that we are searching and can be considered
spurious states. This peculiar feature of the continuum is
also found in the one-particle case, where the states lying
on the contour are solutions of both the correlated and the
uncorrelated one-particle Hamiltonian, as was shown in
Ref. [2].
042501-3
Besides these peculiar lines the only two-particle states
inside the allowed region are those indicated by open
circles. These states, and the two bound ones at 23
and 20.653 MeV, are mainly generated by configurations
where both particles occupy bound states and/or Gamow
resonances. Yet, the continuum part of the spectrum plays
also an important role. In particular, one can see in
Table I that the energies evaluated by excluding the scat-
tering states do not fit well the correct results. It is also
important to mention that in our calculations we require
the Hamiltonian to be Hermitian, which implies that the
strength Gl has to be a real quantity. But by fitting
the energy of 80Ni�gs� to the value 23 MeV and exclud-
ing the continuum, Gl becomes complex. By taking
the corresponding real part only, as was done in Table I,
that ground state energy acquires the unphysical value
�22.856, 0.359� MeV. Even the energy of the (bound) first
excited state E1 is unphysical since its energy is not real
and the first resonance, i.e., E2, is unphysical because the
imaginary part of the energy is positive. But, as seen in
Table I, a rather small number of scattering states is enough
to obtain reasonable values for the energies. Thus, at
Ng � 35 one already reaches a precision of the order of a
few keV.

The influence of yeff upon the two-particle resonances
will be analyzed for the case where all single-particle
states (and therefore the Fermi level) lie in the contin-
uum. The single-particle resonances are wider than before,
and therefore we used here a different one-particle contour,
namely, a � 0.1 MeV, b � 13 MeV, c � 26 MeV, and
d � 26 MeV.

The straight lines discussed above appear also in this
case with the same characteristics as before. To show the
effect of the interaction upon the remaining states, which
are the physical ones, we present in Fig. 3 the correspond-
ing energies as a function of Gl.

There is in this case only one two-particle bound state
which materializes only when the interaction is large
enough. This occurs in Fig. 3 at G � 0.023 MeV, where
that bound state appears at an energy of 20.104 MeV.
The main components of the corresponding wave func-
tion are �20.95, 0.03� �1d5�2�2 1 �0.21, 0.00� �0h11�2�2 1

�20.17, 0.07� �1d3�2�2 1 �20.13, 0.01� �0g7�2�2 1 �0.11,
20.05� �1f7�2�2. The interesting point is that this wave
function does not change much as the interaction is
increased, which shows the role played by the Gamow
states in building up the bound states. The importance
of these resonances is related to their widths. The wider
the Gamow resonance the smaller is their influence.
However, one cannot conclude from this that only Gamow
resonances would be enough to describe the two-particle
states of interest, since the inclusion of the complex
contour is important to obtain even the narrow resonances
and the bound states. In particular, without the contour the
imaginary part of the energy corresponding to bound states
becomes large, as happened in the previous example.
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FIG. 3. Poles in the two-particle energy plane corresponding to
the case where the Fermi level lies in the continuum. The value
of the strength Gl (in MeV) was chosen as explained in the text.
The energies �Er , Ei� defining the allowed region are constrained
to the values 0.2 MeV , Er , 13 MeV and 26 MeV , Ei ,
0 MeV. The labels in each group of levels indicate the zeroth-
order configuration (i.e., at G � 0) corresponding to the group.
Energies are in MeV.

An important conclusion that can be drawn from Fig. 3
is that due to the two-particle interaction wide resonances
can give rise to narrow ones. This is shown by the states
g2

7�2 and d2
3�2. But the surprising feature in Fig. 3 is that

all the states become narrower as the interaction increases,
except the state that in zeroth order is the narrowest one,
i.e., h2

11�2. This shows that, against expectations, the inclu-
sion of only narrow single-particle states in the basis may
not be a good starting point for the calculations, specially
if the scattering functions corresponding to wide reso-
nances are also excluded. This rather bizarre feature is
a consequence of the Berggren metric, which makes that
the matrix representation of the Hamiltonian is not Hermi-
tian in the complex energy sector. Instead the bound state
behaves in a standard shell model fashion, as expected for
bound states.

In conclusion we have presented in this Letter a method
to study two-particle resonances. This method is an ex-
tension of the shell model to the complex energy plane.
We have shown that wide resonances and even the con-
tinuous background can be important to describe narrow
two-particle resonances. These features are provided by
the formalism in a straightforward fashion, i.e., by just
analyzing the calculated two-particle energies and corre-
sponding wave functions. This is an important point which
is a characteristic of the shell model and which cannot be
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found in other methods used at present to study the contin-
uum. Thus, formalisms which use real representations do
not have proper (i.e., outgoing) boundary conditions, and
therefore it is difficult to deal with resonances that do not
correspond to quasibound states. In particular, one cannot
analyze the evolution of wide resonances, as we have done
above, because they show a very weak trace (or no trace
at all) on the real energy axis [5]. The complex scaling
method (CSM) [7,8] can be applied only when using dila-
tion analytic central potentials for which the ABC theorem
is valid [9]. In a Woods-Saxon potential the ABC theo-
rem implies that one is not allowed to perform rotations
beyond a certain critical angle; i.e., the CSM cannot treat
resonances wide enough. Even the inclusion of narrow res-
onances can be a difficult undertaking within the CSM [8].
Moreover, in this method one rotates just the real energy
axis, which thereby becomes a straight line in the complex
energy plane. This implies that one has no control over the
resonances that one considers in the calculation, since the
resonances that can be included are those and only those
that lie within the circular segment span by the rotation.
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Note added.—After submitting our Letter, the Letter by
Michel et al. [10] was brought to our attention.

[1] F. M. Marqués et al., Phys. Rev. C 64, 061301(R) (2001),
and references therein.

[2] R. J. Liotta, E. Maglione, N. Sandulescu, and T. Vertse,
Phys. Lett. B 367, 1 (1996).

[3] G. F. Bertsch and H. Esbensen, Ann. Phys. (N.Y.) 209, 327
(1991).

[4] A. Evans et al., Nucl. Phys. A93, 261 (1967).
[5] N. Sandulescu, N. Van Giai, and R. J. Liotta, Phys. Rev. C

61, 061301(R) (2000).
[6] L. Gr. Ixaru, Numerical Methods for Differential Equa-

tions (Reidel, Dordrecht, 1984); L. Gr. Ixaru, M. Rizea,
and T. Vertse, Comput. Phys. Commun. 85, 217 (1995).

[7] T. Myo, K. Kato, S. Aoyama, and K. Ikeda, Phys. Rev. C
63, 054313 (2001).

[8] R. Richler et al., Nucl. Phys. A618, 55 (1997).
[9] J. Aguilar and J. M. Combes, Commun. Math. Phys. 22,

269 (1971); E. Balslev and J. M. Combes, ibid. 22, 280
(1971).

[10] N. Michel, W. Nazarewicz, M. Płoszajczak, and K.
Bennaceur, following Letter, Phys. Rev. Lett. 89, 042502
(2002).
042501-4


