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We demonstrate that quantum fluctuations suppress Bose-Einstein condensation of quasi-two-
dimensional bosons in a rapidly rotating trap. Our conclusions rest in part on the derivation of an
exact expression for the boson action in terms of vortex position coordinates, and in part on a solution
of the weakly interacting boson Bogoliubov equations, which simplify in the rapid-rotation limit. We
obtain analytic expressions for the collective-excitation dispersion, which is quadratic rather than linear.
Our estimates for the boson filling factor at which the vortex lattice melts are consistent with recent
exact-diagonalization calculations.
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Recent experiments [1,2] in rapidly rotating Bose-
condensed alkali gases [3] have established the occurrence
of large vortex arrays. These observations have raised
a number of fundamental questions about boson vortex
matter that are suggested by loose analogies with the
properties of type-II superconductors in a magnetic field,
and by the lore of the boson quantum-Hall effect [4]. The
simplicity of dilute alkali gases, and the arsenal of
techniques that have been developed to manipulate them
experimentally, make these systems ideal for the study
of condensed-matter systems containing vortices. The
proportionality between rotation frequency and rotating-
frame effective magnetic field suggests [5] that there will
be a maximum rotation frequency, Vc2, beyond which
vortex-lattice states cannot occur, even at zero temperature.
This expectation is consistent [6] with our understanding
from quantum-Hall studies that quasi-two-dimensional
(2D) charged-boson systems in strong magnetic fields form
strongly correlated fluid ground states that do not break
translational symmetry. In theoretical studies of rapidly ro-
tating boson systems, exact-diagonalization studies tend to
suggest that the bosons form fluid states, while Thomas-
Fermi and mean-field studies predict vortex-lattice
states. Very recently, it was suggested [7], on the basis
of exact-diagonalization studies using periodic boundary
conditions, that the vortex-lattice state of quasi-2D bosons
melts due to quantum fluctuations when the boson filling
factor n, the ratio of boson density to vortex density, is
smaller than �6.

In this Letter, we present a theoretical study of quantum
fluctuations in rotating Bose-Einstein condensates that is
based partly on a long-wavelength effective Lagrangian
derived from the microscopic action, and partly on mi-
croscopic Bogoliubov-approximation calculations in the
rapid-rotation limit. We find that the collective excitation
energy of quasi-2D rotating bosons has a wave-vector �q�
dependence that is quadratic at small q, in contrast to
the linear behavior ordinarily characteristic of interacting
boson systems. The quadratic energy dispersion has fun-
0031-9007�02�89(3)�030403(4)$20.00
damental consequences for the nature of the interacting-
boson ground state: for any n, the integral for the frac-
tion of particles outside the condensate diverges logarith-
mically at small q. Thus, Bose-Einstein condensation does
not occur even at zero temperature in the thermodynamic
limit. Fluctuations need not cause the vortex lattice to melt,
however, and our results for the melting filling factor are
consistent with recent exact-diagonalization [7] estimates.

A system of interacting bosons of mass M in a cylindri-
cal trap (with radial and axial trap frequencies Vr and Vz)
that is rotating with angular velocity Vẑ is well described
by the rotating-frame Hamiltonian [3,7]

H �
NX
i�1

Ω
�pi 2 MVẑ 3 ri�2
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where V �r� � gd�r� is a hard-core interaction potential
of strength g. This Hamiltonian is equivalent to that of
a system of charge-Q bosons with weakened radial con-
finement, under the influence of a magnetic field B �
�2MV�Q�ẑ. The theory simplifies in the quasi-2D, rapid-
rotation, weak-interaction limit, in which the inequalities
V ¿

p
V2

r 2 V2 . 0, ng , Vz, and ng , 2V are sat-
isfied. (Here n is the boson number density.) All the
calculations discussed here use the rotating-frame Hamil-
tonian and assume the rapid-rotation limit in which only
single-particle states in the lowest Landau level [(LLL),
those states that have the minimum quantized kinetic en-
ergy] are relevant. (For weakly interacting bosons, filling
factors n larger than 1 are compatible with the LLL con-
straint.) However, as we explain later, we believe that
our most important conclusions are more general. In the
quasi-2D weak-interaction limit, properties of the system
depend nontrivially only on the boson filling factor
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n � N�NV � 2p�2N�A � �N�A� �2ph̄�2MV� . (2)

Here A is the cross-sectional area of the rotating system of
N bosons, NV is the number of vortices in the system, and
� �

p
h̄�2MV is the effective magnetic length. In the fol-

lowing paragraphs, we consider unconfined �V ! Vr� but
interacting 2D bosons in the LLL [8]. We discuss quan-
tum fluctuations in the vortex-lattice ground state by first
using a coherent-state path-integral description in terms of
vortex-position coordinates, which makes the physical ori-
gin of our surprising findings apparent. We then work di-
rectly with the boson coordinates by using a Bogoliubov
approximation, which is a simpler approach for quantita-
tive analysis of the weak-fluctuation limit.

The interacting-boson partition function is Z �R
D �f̄�r�f�r�� exp�2S�f��, where the action is
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In the approximate Gaussian-fluctuation form of this ac-
tion that we employ, the amplitude and phase contributions
are separated: f �

p
n eiu. The usual gradient terms are

absent in Eq. (3) because of the restriction to the LLL,
and we have dropped the constant boson kinetic energy,
Nh̄V. The imaginary-time-dependent coherent-state label
f�r,t� satisfies the LLL constraint, which guarantees that
it is completely specified by the locations of its zeros, up to
an overall constant. In the mean-field ground state, the ze-
ros of f are located at the sites of an Abrikosov triangular
vortex lattice. We express the action in terms of fluctua-
ting vortex positions, ui , by writing f as a symmetric-
gauge LLL wave function:

f�u� � Fu
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p
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(4)

where z � x 1 iy. Here the zi are the triangular-lattice
vortex sites, and the vortices of f�u� are located at z �
zi 1 ui ; i.e., ui is the displacement of the ith vortex. It
follows from the LLL constraint that the order-parameter
phase and amplitude fluctuations are given to leading order
in u by
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Fourier expanding the fluctuation action, we find that at
long wavelengths it assumes the form

dS �
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where uL � �qxux�q, t� 1 qyuy�q, t���q is the longitudi-
nal vortex displacement, uT � �qxuy 2 qyux��q is the
transverse vortex displacement, c66 is a shear modu-
lus that appears here as a phenomenological coef-
ficient (but see below), a1 � 2n�G � 0��l4, a2 �
2gn2�G � 0���4, jf0�z�j2 �

P
G n�G� exp�iG ? r�,

jf0�z�j4 �
P

G n2�G� exp�iG ? r�, and G denotes the
reciprocal-lattice vectors of the triangular lattice [9].

A closely related classical energy functional arises in the
theory of thermal vortex-line fluctuations in type-II super-
conductors and leads in that case to the loss of long-range
coherence [10–12] at finite temperatures. Here, it follows
from our analysis that true off-diagonal long-range order,
and hence Bose-Einstein condensation, is destroyed at
zero temperature by quantum fluctuations for any value of
n, since 	ju�q�j2
 ~ 1�q2, characteristic of 2D superflu-
idity with quasi-long-range (algebraically decaying) off-
diagonal order. Quantum fluctuations do not necessarily
melt the vortex lattice, however, since, according to the
above action, 	ju�q�j2
 goes to a constant as q ! 0, im-
plying that the vortex lattice can still retain true positional
long-range order. The diverging phase fluctuations of this
action are accompanied by a gapless collective mode [13]
with quadratic dispersion, Eeff�q� �

p
2bABgc66 �q��2,

where bAB � n2�G � 0���n�G � 0��2 � 1.1596. To
estimate the filling factor at which the vortex lattice melts
due to quantum fluctuations, we need to evaluate the
shear constant c66, which we now extract from a fully
microscopic Bogoliubov-approximation calculation.

The rotating-frame Hamiltonian [Eq. (1)] in second-
quantized form is
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where we have switched to the Landau gauge for a more
convenient microscopic description of vortex-lattice states
[14], and â0

X creates a Landau-gauge periodic-boundary-
condition single-particle state
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where Xs � X 1 sLx with 0 , X , Lx , and XLy��2 is
an integer multiple of 2p. The interacting-boson partition
function may be expressed as a coherent-state path integral
in which the LLL constraint is imposed explicitly: Z �R
D �c̄XcX� exp�2S�c��, where
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is the action. Minimizing this action leads to the strong-
field limit of the Gross-Pitaevskii (GP) equation,X

X 0
2,X2,X

c̄
0
X 0

2
c0
X2

c0
X 	X0,X 0

2jV jX,X2
 � mc0
X 0 . (5)

A similar equation arises near the upper critical field
in the Ginzburg-Landau theory of type-II supercon-
ductors; the role played here by the chemical potential
�m� is assumed in that case by the temperature, mea-
sured from its mean-field-theory critical value. The
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global minimum of Eq. (5) is known to occur for the
triangular vortex-lattice state, which has the follow-
ing form when expressed in terms of Landau-gauge
single-particle states: C0�r� �

P
X c

0
XfX�r�, where

c
0
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� �

4p�
p

3 �2. The contribution to the filling factor from
condensate bosons, n0 � c2

�, is related to m as described
below.

Expanding the action to second order around the solu-
tion of the GP equation yields the Bogoliubov approxima-
tion for interacting bosons. In the strong-field limit,
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For the hard-core model considered here, the direct and exchange terms in E�X 0,X� are identical. The action can be further
simplified by using the translational symmetry of the vortex lattice to transform to a magnetic-Bloch-state representation.
Then
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where the wave vector is summed over the triangular-lattice Brillouin zone, the prime indicates that q � 0 is excluded
from the sum, and jq � 2e��q� 2 m, with
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where b � �gn0�4p�2�
q

2�
p

3. The quadratic action
in Eq. (6) has the familiar form that is diagonalized by
a Bogoliubov transformation. It follows that the ele-
mentary collective-excitation energy is given by
Eq �

q
j2

q 2 jlqj2 and that the filling factor for bosons
outside the condensate is

n 2 n0 �
�2

4p

Z
BZ

dq �jq�Eq 2 1� . (8)

We find, in agreement with our long-wavelength analysis,
that the collective-excitation energy has a q2 dependence
at small q (Eq � 0.0836gn0q2 for q� ! 0). As a con-
sequence, the density of particles outside the condensate
diverges in the thermodynamic limit, consistent with di-
vergent condensate phase fluctuations. As in the effective-
action theory, the vortex-lattice-state density-wave order
parameter r�G� lacks divergent fluctuations. Comparing
expressions for the collective-excitation energy as q ! 0
yields c66 � �0.0836�2gn

2
0��2bAB�4� and, upon applying
a Debye-like model to extend the effective theory to shorter
wavelengths,

p
	juij2
 � 1.15��

p
n. It then follows from

the Lindemann criterion [15] that the vortex lattice melts
due to quantum fluctuations for n smaller than �8, con-
sistent with exact-diagonalization estimates [7].

The rotation frequency at which Bose-Einstein con-
densation will no longer be evident in realistic finite-size
trapped-boson systems can be estimated using Eq. (8). In
the rapid-rotation limit, �n 2 n0� is independent of the in-
teraction strength g but depends on NV through the system-
size infrared cutoff, which we estimate as qmin �
1�

p
2pNV�2. The resulting plot of �n 2 n0� versus

system size (i.e., NV ) is shown in Fig. 1. Adopting
�n 2 n0� , n0�2 as a practical criterion for experi-
mentally evident Bose-Einstein condensation leads to the
dash-dotted line in Fig. 1. The experimental consequences
of enhanced quantum phase fluctuations in finite-size
rotating traps will be addressed at greater length in
future work.
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FIG. 1. Filling-fraction contribution from bosons outside the
condensate, n 2 n0, versus NV . The effect of Landau-level mix-
ing is estimated by including only collective fluctuations with en-
ergy smaller than the Landau-level separation 2h̄V. The three
curves are for g � 2�2 h̄V��gn0� . 0.1 (solid line), g � 0.01
(dotted line), and g � 0.001 (dashed line). The minimum con-
densate filling fraction n

�
0 , below which the condensate disap-

pears, is shown as the dash-dotted line.

Although our discussion up to this point has been re-
stricted to the rapid-rotation limit, we believe that our
main conclusions are more general, because excitations
to higher Landau levels are massive and become irrele-
vant [10] at low energies. The effect of quantum fluctua-
tions on the condensate fraction at moderate rotation rates
can be roughly estimated by introducing an ultraviolet cut-
off in the fluctuation integral in Eq. (8) at Eqmax

� 2h̄V,
i.e., keeping only fluctuations in which the boson kinetic
energy does not increase. Calculations of �n 2 n0� for
different values of Eqmax are shown in Fig. 1. In the vor-
tex systems studied in recent experiments [1,2], NV � 100
and n0 � 104 105; for these systems, �n 2 n0��n0 �
1024, by this crude estimate that neglects fluctuations of
the boson kinetic energy. We conclude that the strengthen-
ing of quantum fluctuations that we predict for the rapid-
rotation limit does not play an important role in these
experiments. Vortex-fluid states will tend to occur as
V ! Vr , i.e., when the rotating-frame trap frequency van-
ishes. At sufficiently small values of n, we expect these
vortex-fluid states to Wigner crystallize into lattices of
bosons rather than lattices of vortices. Finally, we remark
that confinement in trapped-boson systems will induce a
gap in the collective-excitation spectrum, which will re-
duce the importance of quantum fluctuations.

In conclusion, we have shown that the zero-point mo-
tion of the boson vortex lattice in a large rapidly rotating
quasi-2D trap eliminates Bose-Einstein condensation even
at zero temperature, in the thermodynamic limit. As a re-
sult, the condensate fraction in a finite-size trapped-atom
system may be relatively small, even when the interactions
between bosons are weak. We predict that the fraction
of bosons outside the condensate will grow logarithmi-
cally with the system size but that the vortex lattice will
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not necessarily be melted by such fluctuations. Our esti-
mate for the filling factor below which the lattice melts due
to quantum fluctuations, n � 8, is consistent with exact-
diagonalization estimates [7]. Our estimate of the size
�NV � at which Bose-Einstein condensation is lost, shown in
Fig. 1, could be tested in current traps if the boson density
could be reduced to reach the low filling factors at which
quantum-fluctuation effects become important.
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