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Changes in the potential-energy surface as a function of the range and curvature of the pair potential
are studied using isothermal-isobaric ensemble Monte Carlo simulations of Morse liquids. The configu-
rational energies of stationary points are found to be linear functions of the fraction of imaginary modes,
with slopes that are proportional to the range of the potential. The relative energies of saddles, minima,
and instantaneous configurations show qualitatively different behavior for short, long, and intermediate
range potentials, which imply corresponding variations in liquid state relaxation dynamics.
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The potential-energy surface, U, of an interacting col-
lection of atoms is a scalar function of the 3N-dimensional
position vector, r, and contains, in principle, all the infor-
mation necessary to understand the collective properties.
The inherent structure approach concentrates on the prop-
erties of local minima of U�r� and has provided a very use-
ful descriptive tool for understanding melting and the glass
transition [1–9]. Recent work has focused on the proper-
ties of stationary points or inherent saddles of the potential
energy surface (PES), which correspond to absolute min-
ima of the pseudopotential surface, W�r� � 1

2 j=Uj2, in or-
der to understand the glass transition [10–15]. Model glass
formers, such as the binary Lennard-Jones mixture, the bi-
nary soft-sphere mixture, and the modified Lennard-Jones
(MLJ) liquid, have been shown to undergo a transition
from saddle-dominated to minima-dominated dynamical
regimes at the mode-coupling transition temperature, TMC.
Saddles are stationary points of order 1 or more and mark
the border between adjoining basins of two minima. For
T . TMC, the system is localized largely in border re-
gions and basin hopping is facile. Below TMC, the sys-
tem occupies interiors of the basins of local minima, and
basin hopping becomes an activated process. A computa-
tional problem arises in the mapping of absolute minima
of the pseudopotential, W �r�, to the stationary points of
the true potential U�r� because any minimization algo-
rithm will also tend to sample low-lying minima of W �r�
which correspond to inflection points of U�r�, rather than
true saddles [16]. Careful numerical investigation of this
issue, however, shows that the number of inflection direc-
tions is always very small and does not significantly affect
the statistical estimates of saddle properties [14,15,17,18].
Therefore these low-lying minima of W�r� may be desig-
nated as quasisaddles (abbreviated to saddles in this work)
and may be regarded as constituting a dynamically signifi-
cant set of points on the PES which show a qualitative
change in properties near the mode-coupling transition
temperature [10,16].

Since a glass may be viewed as a very high-viscosity
liquid, it is expected that many of the statistical features
of the stationary points of the PES of glass formers will
be shared by simple liquids, as shown recently in the case
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of the Lennard-Jones (LJ) liquid [19]. The present study
explores the physical significance of the inherent saddles
by studying the correlation between their statistical prop-
erties and generic features of the interatomic potential for
simple liquids. In particular, we study liquids bound by
Morse pair potentials

Va�r� � e�e2a�12�r�re�� 2 1�2 2 e (1)

sharing a common well depth, e, and equilibrium pair dis-
tance, re, but with different values of the range parameter,
a, which is inversely correlated with the range and soft-
ness of the potential. We show that changes in the saddle
properties with a reflect the changing topography of the
PES and provide insights into how the system dynamics is
likely to change as the pair potential changes in curvature
and range. These results should be fairly general, since the
Morse potentials can be used to fit bulk and diatomic data
for a wide range of systems, e.g., metallic systems have
a � 3, rare gases have a � 6, while a very short-range
system such as C60 has a � 13.7 [20]. Since this work
focuses on the liquid state, rather than the glassy regime,
it is not necessary to include a many-body potential term
to inhibit crystallization.

Isothermal-isobaric ensemble Monte Carlo simulations
of Morse liquids with 4 # a # 12 are performed at
temperatures, T , between 0.675 and 1.5 and pressure
P � 0.933 [21–23]. A rhombic dodecahedral simulation
cell with 125 particles was used. Spherical potential cut-
off distances of �2.5re and long-range corrections were
employed. The 100 instantaneous configurations were
sampled from runs of length 5 3 106. Starting with an
instantaneous configuration, local minimizations on the
U�r� and W�r� surfaces were used to generate the cor-
responding inherent minimum and saddle, respectively,
keeping volume constant during the minimization. A lim-
ited memory quasi-Newton method for multidimensional
optimization, referred to as the LBFGS algorithm, was
used for the local minimizations [24]. Finite potential
cutoffs imply that minimization with maximum precision
will be difficult and a high proportion of low-lying minima
of W�r� may be sampled [25]. Based on the recent work
on this issue [14–19], a convergence criteria of 1029 for
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the LBFGS algorithm should be sufficient to converge
the ensemble averaged saddle energies to 1%. For conve-
nience, we refer to all minima of W �r� sampled within the
precision limits of the LBFGS algorithm as saddles.

A saddle point is characterized by its configurational en-
ergy, Us, and its index density, ns, which corresponds to
the fraction of imaginary modes; the NPT averages are de-
noted by �U�s and �n�s. Previous studies have shown that
the points ��U�s, �n�s�, with T treated as a parameter, lie
on a straight line of slope ≠Us�≠ns and intercept Uthr [26].
Figure 1 confirms this linear relationship for all the Morse
systems examined here. However, as shown in Table I,
the slopes, ≠Us�≠ns, decrease and the intercepts, Uthr,
increase with increasing a. The threshold energy, Uthr,
marks the border between saddle- and minima-dominated
portions of the energy landscape. The lowering of Uthr as
the range increases is due to the increase in binding ener-
gies of Morse liquids with increasing range [23].

The linear form of the �U�s��n�s� curves and the varia-
tion in ≠Us�≠ns with a can be understood on the basis of
a localized mechanism for generating imaginary frequency
displacement modes which requires rearrangement of only
a few neighboring atoms. The slope ≠Us�≠ns will depend
on the change in U due to such a local disturbance. The
shorter the range of the potential, the fewer the number
of neighbors that will feel the perturbation, the smaller
the spatial range of influence of the perturbation, and the
smaller the slope of the �U�s��n�s� line. Earlier studies
have identified b processes in supercooled liquids with re-
laxations between neighboring basins involving localized
particle rearrangements [1,2]. The barrier heights associ-
ated with b processes must correspond to �≠Us�≠ns�. In
the solid phase with high packing densities, the defect gen-
eration mechanism is unlikely to be localized. Therefore,
this linear dependence of saddle energies on index densi-
ties is likely to be a general characteristic of liquids. Our
results extend the earlier work on minima and transition
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FIG. 1. Plot of the average configurational energy of saddles,
�U�s�T �, against the average index density, �n�s�T �. Results for
Morse potentials with different values of a are compared with
those for the Lennard-Jones (LJ) liquid. �U�s is given in units
of e per atom.
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states of finite Morse clusters which also indicated a gen-
eral flattening of the PES with increasing a [3,4].

We next compare the temperature dependence of the av-
erage saddle index densities, �n�s, to the corresponding
instantaneous quantity �n�i , for different Morse liquids.
While instantaneous normal mode approaches have shown
that �n�i is strongly correlated with the diffusivity, a rigor-
ous relation between the two is difficult to obtain because
�n�i normally includes a substantial contribution from non-
diffusive shoulder modes [27–31]. It has been suggested
that minimization on the W�r� surface may remove most
of the nondiffusive modes and, therefore, �n�s may prove
to be better correlated with the diffusivity [10,19]. In the
context of the glass transition, it has been shown that ns�T �
goes to zero close to TMC.

Figure 2 compares �n�s and �n�i for liquids with a � 4,
6, and 12. For all values of a and T , �n�s is less that �n�i;
however, as T or a increases, �n�s approaches �n�i . At a
given temperature, �n�s increases with decreasing range of
the pair potential. We fitted the data for �n�s to a functional
form A�T 2 TMC�g (see Table I). The g values are maxi-
mum for the intermediate range Morse (a � 5 and 6) and
LJ systems.

Figure 3 compares the thermally averaged instanta-
neous, saddle, and inherent minima configurational ener-
gies (denoted by �U�i, �U�s, and �U�m, respectively) for
the a � 4 and 12 Morse liquids. At a given temperature,
the saddle configurational energies for the a � 4 system
are closer to those of minima rather than instantaneous
configurations. As a increases, �U�s moves closer to �U�i ,
and Fig. 3(b) shows the corresponding curves for the very
short-range V12 Morse liquid. Since increasing tempera-
ture tends to attenuate the effect of the attractive interac-
tions, the difference between �U�i and �U�s decreases with
temperature for a given value of a.

To clarify this variation in the energies of saddles rela-
tive to those of minima and instantaneous configurations,
Fig. 4 plots r�T � � ��U�i 2 �U�s����U�s 2 �U�m� for the
LJ as well as for several Morse systems. The ratio r is
�2 for the longest range a � 4 system and is �0 for the
shortest range systems. For a given value of a, r decreases

TABLE I. Fitting parameters for data shown in Figs. 1 and 2.
The ��U�s, �n�s� data points in Fig. 2 were fitted to lines of slope
≠Us�≠ns and intercept Uthr. The �n�s�T� data shown in Fig. 2
were fitted to the form A�T 2 TMC�g by a nonlinear fitting pro-
gram over the range 0.6 # T # 1.3; the % error in the g value
is shown in the table [32].

System ≠Us�≠ns Uthr A TMC g % error

LJ 11.2 27.7 0.24 0.37 1.33 2.7
a � 4 13.4 29.6 0.14 0.48 0.64 4.9
a � 5 11.6 27.2 0.20 0.37 1.12 4.5
a � 6 9.4 26.2 0.29 0.30 1.37 4.9
a � 9 7.5 25.0 0.56 0.54 0.62 5.0
a � 12 6.3 24.4 0.62 0.61 0.34 9.0
255501-2
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FIG. 2. Temperature dependence of the average index densities
of saddle and instantaneous configurations, �n�s�T � and �n�i �T �,
respectively, for three Morse liquids.

with temperature. This is striking for the LJ, V5, and V6
systems which show a transition from a high r to a low
r regime. Interestingly, these are also the systems with
relatively large values of g, as shown in Table I. The
large a systems must resemble binary soft-sphere mix-
tures which are known to be fragile glass formers [15].
Our results suggest that, as the attractive range of the po-
tential increases, supercooled liquids should show signifi-
cant variations in fragility.
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FIG. 3. Temperature-averaged configurational energies of in-
stantaneous, inherent minima, and inherent saddles of (a) a � 4
and (b) a � 12 Morse systems.
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The temperature dependence of �n�s, �n�i , �U�s, �U�i ,
and r�T� indicates that resemblance between saddle and
instantaneous configurations grows with T and a. The
shorter the range of attraction or higher the temperature,
the easier it is for an instantaneous configuration to find a
nearby saddle which must imply that the density of saddle
points becomes more similar to that of instantaneous con-
figurations as ns�T� increases. Increasing T and a also
results in an increase in �n�s and �n�i. Since the num-
ber of instantaneous points must be much larger than the
number of saddle points on the PES in any given energy
interval, therefore the fact that �n�s and �U�s approach �n�i

and �U�i as �n�s increases must imply that the number of
saddle points of order i per unit energy interval must in-
crease with i. Studies on finite clusters do show that the
number of saddle points of order i increases with i [16].
For the intermediate range Morse and LJ systems, there
seems to be a shift in the density of states function which is
reflected in a sharp fall in the r�T� value with temperature.

Our analysis of stationary points of Morse liquids leads
to the following conclusions regarding the effect of varying
range and curvature of interatomic interactions on the PES
landscape. In the liquid phase, the configurational energy,
Us, should depend linearly on the index density, ns, of
saddles with a slope that is proportional to the range of the
potential and characterizes the overall downhill gradient
associated with the metastable, amorphous packing regions
of the potential energy surface. The �n�s�T � curves are
approximately fitted by a functional form A�T 2 TMC�g;
in the temperature range studied the g values are maxi-
mum for intermediate range potentials. The relative val-
ues of ensemble-averaged energies of saddle, minima, and
instantaneous configurations are shown to have qualita-
tively different temperature-dependent behavior for short,
intermediate, and long-range Morse systems. One may
therefore expect qualitative differences in the fragility and
relaxation dynamics of liquids with short, intermediate,
and long-range interactions. A comparison of thermally
averaged instantaneous and saddle energies and index den-
sities leads to the conjecture that the number of stationary
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points, for a given system size, increases with increasing
index density of saddles. Our work suggests that vari-
able range Morse systems may be convenient for studying
relaxation dynamics, fragility, and aging of glasses as func-
tions of the topographic characteristics of the potential-
energy surface.
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