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The magnetic-field-tuned superconductor-insulator transition has been studied in ultrathin beryllium
films quench condensed near 20 K. In the zero-current limit, a finite-size scaling analysis yields the
scaling exponent product nz � 1.35 6 0.10 and a critical sheet resistance, Rc , of about 1.2RQ , with
RQ � h�4e2. However, in the presence of dc bias currents that are smaller than the zero-field critical
currents, nz becomes 0.75 6 0.10. This new set of exponents suggests that the field-tuned transitions
with and without a dc bias current belong to different universality classes.

DOI: 10.1103/PhysRevLett.88.206802 PACS numbers: 73.50.–h, 74.25.Dw, 74.40. +k, 74.76.–w
A quantum system can undergo a continuous phase tran-
sition at T � 0 by varying a parameter in its Hamiltonian
rather than the temperature [1]. At finite temperatures, a
quantum phase transition exhibits scaling behavior with
the temperature and the appropriate tuning parameter. The
superconductor-insulator (SI) transition in thin films [2]
and arrays of Josephson junctions [3] are examples of
quantum phase transitions. The SI transition in thin films
occurs when film thickness [4] or applied magnetic field
[5–7] is varied through a critical value. There are two
types of models for the SI transition in thin films: ones
that rely on fluctuations in the phase [8–11] and others
that rely on fluctuations in the amplitude [12] of the or-
der parameter. For models based on phase fluctuations,
Cooper pairs are assumed to be present on both sides of
the transition. In the field-tuned transition, the interplay
between disorder and vortex-vortex interactions plays an
essential role. At T � 0, vortices are pinned at low fields,
but for fields above a critical value vortices Bose condense
into a vortex superfluid as the vortex density is increased.
There is a duality between the field-tuned transition and
the thickness-tuned transition, for which adding thickness
results in a Cooper-pair condensate. In the vicinity of the
quantum critical point, the resistance of a film is predicted
to obey the scaling law [9,10]:

R�d,T � ~ Rcf�dt�, (1)

where t�T� � T21�nz, and d is the deviation of a tun-
ing parameter from its critical value. For field-tuned
transitions, d � jB 2 Bcj with B and Bc being the
applied magnetic field and the critical field, respectively.
The critical resistance Rc is predicted to have a universal
value of RQ � h�4e2 � 6.5 kV��. Scaling arguments
set a lower bound on the correlation length exponent
n $ 1 [1] and give the value of the dynamical critical
exponent z � 1 [9,10]. Experimentally, results consistent
with these predictions have been found in scaling analyses
of the field-tuned transitions in InOx [5] and MoGe [6].
However, the predicted universal critical resistance is not
observed in these experiments.

In this Letter, we report a scaling analysis of the
field-tuned SI transition in ultrathin Be films quench con-
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densed near 20 K. We have found that, for data measured
in the zero-current limit, the scaling exponent product
nz � 1.35 6 0.10. This agrees with results from rela-
tively thicker InOx [5] and MoGe [6] films, but disagrees
with nz � 0.7 found in ultrathin Bi�Ge films [7,13]. We
have also observed that Rc is significantly lower than RQ

in relatively thin and marginally superconducting Be films.
However, Rc increases with increasing film thickness and
reaches a nearly thickness-independent value of 1.2RQ in
robust superconducting Be films. Such behavior is very
different from that observed in the MoGe [6] and Bi�Ge
[7,13] systems, for which Rc decreases with increasing
film thickness. We have also carried out for the first
time studies of the field-tuned transition in the presence
of a dc bias current. The applied dc bias current should
exert a force of j 3 B on the vortices in the direction
perpendicular to both the applied magnetic field B and
the current density j. We have observed that the nz
becomes 0.75 6 0.10 in the presence of dc bias currents,
suggesting that the field-tuned transitions with and without
dc bias current belong to different universality classes.

In Fig. 1, we plot the temperature dependence of the
sheet resistance measured in the zero-current limit for
one of our Be films at various magnetic fields applied
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FIG. 1. Sheet resistance vs temperature measured on one mar-
ginally superconducting film at various magnetic field values.
For curves from bottom to top, the field increased from 0.05 to
2.25 T. The critical field was 0.66 T. In zero field, Tc � 2 K.
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perpendicular to the plane of the film. These Be films were
quench condensed onto bare glass substrates which were
held near 20 K during evaporations, under UHV condi-
tions inside a dilution refrigerator. This in situ progressive
evaporation setup allowed for systematic studies of the SI
transition as film thickness was varied. We deposited each
set of films in fine steps. We carefully monitored R� dur-
ing each evaporation step until a desirable value of R�

was reached. The films were very close to 10 Å in thick-
ness, however, our quartz thickness monitor was not sen-
sitive enough to pick up the small thickness increments
after each step. Film resistance was measured in a stan-
dard four-terminal geometry using a PAR-124A lock-in
amplifier operating at 27 Hz. The ac probe current was
fixed at 1 nA. At the finite measuring temperatures in the
vicinity of the field-tuned transition, the I-V characteris-
tics in this low-current regime were linear. More details
regarding these Be films have been published elsewhere
[14]. Quench-condensed Be films are chosen for this study
because such films are nearly amorphous [14]. These Be
films undergo a transition from insulating to superconduct-
ing [14] when the normal state sheet resistance, RN , is re-
duced below �10 kV�� with increasing film thickness.
We have now studied the field-tuned SI transition in sev-
eral films of RN between 5.6 and 12 kV��. The super-
conducting transition temperature, Tc, of these films varied
between 0.5 to 4 K in zero field.

The film in Fig. 1, with RN � 10.7 kV�� at 15 K, is
considered marginally superconducting, as we will discuss
later. With increasing field, corresponding to curves from
the bottom to the top in Fig. 1, this film was driven from
superconducting to insulating, with a rather flat R� vs T
curve at a critical field of Bc � 0.66 T. The main part of
Fig. 2(a) shows R� vs B at various temperatures for the
same film as shown in Fig. 1. In the vicinity of a quantum
critical point, the resistance of a two-dimensional system is
predicted to obey the scaling law in Eq. (1). Determining
the critical exponents involves plotting the R� vs B data
at various temperatures according to the scaling law. The
good crossing point, over one decade in temperature, in
the R� vs B plot in the main part of Fig. 2(a) identifies
Bc � 0.66 T and Rc � 4.4 kV�� for this film. We have
used two methods to determine the scaling exponent nz.
First, we can find nz by evaluating the derivative of the
R� vs B curve at the critical field. In this case, we have
the following scaling equation:

≠R
≠B

jBc ~ RcT21�nzf 0�0�. (2)

A plot of ≠R
≠B jBc vs T21 on a log-log scale, shown in the in-

set to Fig. 2(a), yields a straight line with a slope equal to
1�nz, from which we determine nz � 1.36 6 0.10. Al-
ternatively, we can plot R�Rc vs jB 2 Bcjt and treat t�T�
as an unknown variable. The values of t�T � at various tem-
peratures are determined by obtaining the best collapse of
the data. Following this procedure presented in recent pa-
pers [7,13] by Markovic et al., we obtain the temperature
206802-2
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FIG. 2. Main figures show sheet resistance vs field at a number
of temperatures as labeled in the figures, with Ibias � 0 in (a)
and Ibias � 2.5 mA in (b). The crossing points identify the
critical fields and critical resistances. Insets show the power-law
relations between ≠R

≠B jBc and T21 for the corresponding Ibias
values, which determine the values of nz.

dependence of t�T� which we plot on a log-log scale in
the inset to Fig. 3(a). The collapse of the data is shown
in the main part of Fig. 3(a) in a R�Rc vs jB 2 Bcjt
plot. Figure 3(a) shows good collapse of the data over
3 orders of magnitude in jB 2 Bcjt and 2 orders of mag-
nitude in R�Rc. The straight line in the inset to Fig. 3(a)
shows a power-law fit, as expected by the scaling function,
Eq. (1). The slope of the line in the inset gives 21�nz,
from which we find nz � 1.34 6 0.10. The agreement
between the above two methods shows the consistency of
the scaling analysis. The scaling exponents obtained in our
Be films in the zero-bias limit appear to be in good agree-
ment with the predictions of theories based on the “dirty
boson” model [9,10], and with renormalization group the-
ories [15,16] and Monte Carlo [11] simulations.

Another important prediction of the bosonic model is
the universal critical resistance Rc � RQ � h�4e2 �
6.5kV�� at the quantum critical point. This remains a
controversial issue since only in the Bi�Ge system [7,13]
has a critical sheet resistance close to the predicted value
of RQ been observed. In fact, careful investigations in the
Bi�Ge system have revealed that Rc is 1.1RQ to 1.2RQ

and decreases in a narrow range as RN is reduced with
increasing film thickness. It was suggested [7] that the
slightly larger Rc than RQ was consistent with calculations
in two dimensions for a bosonic model including Coulomb
interactions [17], which predicted Rc � 1.4RQ , as well
as Monte Carlo simulations in the (2+1)-dimensional
XY model without disorder [18], which found Rc �
206802-2
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FIG. 3. Main figures show the scaling plots of R�Rc vs jB 2
Bcjt, with Ibias � 0 in (a) and Ibias � 2.5 mA in (b). Insets
show the power-law relations between the parameter t and the
temperature, which determine the values of nz.

1.2RQ . The small variation of Rc with RN could be ex-
plained [13] as a finite-temperature effect, since strictly
speaking the critical resistance is predicted to be universal
only at T � 0. In other systems, such as MoGe [6]
films, Rc varies in a much wider range among films of
varying RN . In order to explain the low Rc of their MoGe
films, Yazdani and Kapitulnik proposed [6] a two-channel
model in which the conductance due to normal electrons
adds to the conductance due to Cooper pairs. It has been
noted [13] that the resulting film resistance can be either
larger or smaller than RQ since the magnetoresistance
contribution [19] from the unpaired electrons can be either
positive, if the spin-orbit coupling is strong, or negative,
if the spin-orbit coupling is very weak.

Our Be films show a zero-field SI transition as RN is
reduced below �10 kV�� with increasing film thick-
ness [14]. Films of RN near 11 kV�� are considered
marginally superconducting since they have near-zero
critical field values. With increasing film thickness, the
critical field, Bc, increases with decreasing RN , as shown
in Fig. 4(a). In Fig. 4(b), we plot how Rc in the field-tuned
transition varies with RN . For marginally superconducting
films of RN between 9 to 12 kV��, Rc was significantly
smaller than RQ . Nevertheless, we see clearly that, as RN

is reduced by increasing film thickness, Rc increases. For
thicker films having robust critical field values, Rc appears
to saturate to a value of 7.1 � 8.0 kV��, which is about
1.2RQ . This value is very close to that observed in Bi�Ge
films [13]. However, we note that the dependence of Rc

on RN observed in our films is the opposite of what was
observed in MoGe [6] and Bi�Ge [7,13] films, for which
Rc decreased with decreasing RN . In addition, our results
disagree with the suggestion [13] that the magnetoresis-
206802-3
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FIG. 4. Figures show (a) the critical field Bc , and (b) the criti-
cal resistance Rc , as functions of the normal-state sheet resis-
tance RN , measured at 15 K.

tance of the unpaired electrons caused the discrepancy
between Rc and RQ. Since Be has the weakest spin-orbit
coupling among metals, the magnetoresistance should be
negative, leading to Rc , RQ following the two-channel
model. We note that in Figs. 1, 2(a), and 3(a) we have
shown data measured on a marginally superconducting
film of RN � 10.7 kV�� at 15 K. Although the critical
resistance of this film, Rc � 4.4 kV��, is significantly
smaller than RQ, we have found that, for all the marginally
as well as robust superconducting films of RN ranging
from 5.6 to 12 kV��, the critical exponents are the same
with nz � 1.35 6 0.10 in the zero-current limit.

Below, we describe results of the field-tuned SI transi-
tion in the presence of a dc bias current, Ibias, which was
varied between 125 nA and 2.5 mA and kept below the
zero-field critical current ��15 mA�. For each fixed Ibias,
we used a magnetic field to tune a film from supercon-
ducting to insulating. We believe that joule heating was
insignificant based on the following arguments. First, we
have performed extensive I-V measurements over the entire
temperature and magnetic field range of our experiments,
with the time span for the I-V sweeps ranging from 10 min
to 1 h. The I-V curves were completely reproducible with-
out any observable hysteresis and independent of the sweep
rate. Second, we can estimate the temperature increase,
DT , on the Be films due to joule heating. The thin Be films
were deposited on glass microslide substrates of thickness
0.23 mm, which were attached to a copper sample holder
by a very thin layer of grease. The glass substrate was the
dominant source of heat resistance, with a thermal con-
ductivity of � 0.0003 W�Km at 100 mK [20]. For a typi-
cal film square of size 3 3 3 mm2 and resistance 10 kV,
joule heating for Ibias � 125 nA is about 0.15 nW, result-
ing in DT � 0.012 mK at 100 mK. For Ibias � 2.5 mA,
DT � 5.0 mK at 100 mK. We note that the heating power
at 2.5 mA was 400 times larger than the heating power at
125 nA. If joule heating were significant, the data ob-
tained with Ibias � 2.5 mA should show a flattening of
the data in the low temperature region when compared to
the data obtained with Ibias � 125 nA. The fact that the
scaling results at 125 nA and 2.5 mA agree well suggests
that heating was insignificant. This also argues against the
existence of significant electron heating decoupled from
the lattice.
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We plot in Figs. 2(b) and 3(b), for Ibias � 2.5 mA, the
results of a scaling analysis based on the two previously
described methods. In Table I, we list the parameters
from a scaling analysis of the field-tuned transition at
various Ibias. Results from the data collapse method are
presented for Ibias values of 250 nA and 2.5 mA, for
which the amount of data taken was adequate for such an
analysis. It appears that nz � 0.75 6 0.10, showing no
systemic change with Ibias in the range we have studied.
Nevertheless, it is significantly smaller than the nz found
in the zero-current limit. We can only speculate that the
bias current could lead to a symmetry breaking, resulting
in different critical behavior at the transition. We note
that experiments need to be carried out in other systems
in order to find out whether this result is universal. In
addition, experiments at low Ibias values should be carried
out to determine whether nz changes abruptly or gradually
as Ibias is increased from zero. Such experiments can
probe the threshold Ibias for the change in the scaling
exponents, and have the potential of revealing whether the
new scaling exponents are produced by certain nonlinear
effects in the vortices under a bias current. We also need
to consider the possibility of conduction being dominated
by narrow superconducting filaments, leading to a change
in the dimensionality of the system. While it is difficult to
determine to what extent film inhomogeneity affects our
experiments, we would like to comment on the critical
currents measured in our films. For the film shown in
Figs. 2(b) and 3(b), the critical current in zero field
was about 1.5 3 1025 A. This film was about 10 Å in
thickness and 3 mm in width. Thus, the critical current
density would be about 5 3 106 A�m2 if the current were
uniformly distributed in the bulk of the film. On the other
hand, if we assume that the current runs through a few
filaments of 100 Å in total width, the critical current den-
sity would be 1.5 3 1012 A�m2. The critical currents of
amorphous Be films have been measured by other groups,
for example by Okamoto et al. [21]. Their Be films had
a resistivity of 3.6 3 1026 Vm. This value gives rise to
R� � 3.6 kV�� for a film of the same thickness as ours
�� 10 Å�, meaning that their films were roughly 3 times
less resistive than ours. They found that their films had
critical current density of about 1 3 108 A�m2. Com-
pared to their critical current density, the assumption in our
films of conduction dominated by a few narrow filaments
leads to an unreasonably large critical current density. In

TABLE I. Bias currents and derived parameters.

Ibias �nA� Bc �T� Rc �kV��� RN �kV��� nza nzb

125 0.33 15.5 9.36 0.81 · · ·
250 0.35 16.1 9.36 0.76 0.73

1000 0.36 15.5 9.36 0.73 · · ·
2500 0.38 15.0 9.36 0.77 0.75

anz obtained by the ≠R
≠B jBc method.

bnz obtained by the data collapse method.
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addition, we can compare our marginally superconducting
films with robust superconducting films which are un-
likely to be dominated by narrow filaments. As we have
described, these two types of films showed an identical
scaling exponent product nz in the limit of Ibias � 0. It is
possible that film inhomogeneity has lead to a depressed
Rc in marginally superconducting films, but has not
changed the effective dimensionality of the system.
Therefore, the change in the scaling exponents with a dc
bias is unlikely to be due to a dimensional crossover as a
result of filamentary superconductivity.

In conclusion, we have studied the field-tuned SI tran-
sition in quench-condensed Be films with and without a
dc bias current. Our scaling analysis has shown that the
application of a bias current leads to a new set of scaling
exponents, suggesting that the field-tuned transitions with
and without dc bias belong to different universality classes.
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