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Slater Ice Rules and H-Bond Dynamics in KDP-Type Systems
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We report on the first observation of the dynamics of correlated hydrogen switching among the six
Slater D2PO4 configurations, induced by unpaired D3PO4 and DPO4 Takagi group diffusion in a deuteron
glass Rb0.5�ND4�0.5D2PO4. The results obtained by two-dimensional (2D) 31P exchange NMR prove the
validity of the Slater-Takagi ice rules and allow for the direct determination of the correlation time for
the unpaired Takagi group visits to a given D2PO4 group.
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Since the pioneering work of Slater in 1941 on the fer-
roelectric transition in KH2PO4 (KDP) [1] it is known
that due to the so-called Pauling ice rules [2,3] only two
out of the four protons linking adjacent PO4 groups via
double minimum type O-H · · · O bonds are close to each
PO4 ion. A whole variety of such “Slater” lattices can
be built with Slater H2PO4 groups, leading to a macro-
scopic degeneracy of possible ground states. There are six
possible H2PO4 orientations, called the Slater configura-
tions, with differently oriented electric dipole moments in
KDP-type systems [1]. The two ferroelectric �FE� Slater
configurations FE" and FE#, with dipole moments along
1c and 2c axis, respectively, of the tetragonal crystal axes
coordinate system abc, are realized in the two 180± do-
mains of the FE phase of KDP, whereas the four antiferro-
electric �AFE� configurations AFEa", AFEa#, AFEb", and
AFEb#, with respective dipole moments along 1a, 2a,
1b, and 2b, are found in the four 90± domains of the AFE
phase of NH4H2PO4 (ADP). In mixed KDP-ADP-type
systems, there are randomly competing FE and AFE inter-
actions as well as random fields, accompanied by frustra-
tion in the manifold of the Slater lattices. This prevents
the system from becoming long-range ordered and leads
into a disordered state with glasslike static and dynamic
properties at low temperatures. It can be compared to the
situation in hexagonal ice [2–4] where the H2O molecules
are frozen more or less randomly in one of the six possible
orientations with equal probability.

In any Slater lattice, the double-well potential of a pro-
ton in an individual O H · · · O bond is asymmetric. This
is so since any intrabond proton transfer from one well to
another creates a Takagi [5] pair HPO4–H3PO4 which has
a higher energy than the Slater pair H2PO4–H2PO4 it is
originating from. In contrast to that, an H bond linking an
unpaired Takagi defect with a Slater group has a symmetric
double well potential (Fig. 1). The dynamics of hydrogen
bonds, or equivalently, the switching of Slater configura-
tions, should therefore be driven by two processes: the
creation-annihilation of Takagi pairs and the diffusion of
unpaired Takagi defects over the lattice. The latter should
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take place with a much smaller activation energy than the
former due to its nearly symmetric O–H · · · O double mini-
mum potential. The visits of Takagi groups to a given
Slater group invert the bias of the H bonds (Fig. 1) in a
stochastic way, thus symmetrizing the double well H-bond
potential on the time average. So far the motion of un-
paired Takagi groups was only postulated but no direct
evidence in support of this mechanism has been found
experimentally.

Here we report on the first determination of the mean
correlation time between successive visits of unpaired
Takagi groups to a given Slater group. The results were
obtained by two-dimensional (2D) 31P exchange NMR
spectroscopy applied to a deuteron glass. We as well report
on the observation of the correlated hydrogen switching
dynamics among the six Slater H2PO4 configurations and
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FIG. 1. Schematic illustration of the bond bias inversion in a
random Slater lattice by the passage of an unpaired Takagi defect
H3PO4 (T3). The left side shows configuration evolutions in
four steps (a)–(d). Corresponding double well potentials of the
deuteron (indicated by the open circle) are shown on the right
side.
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the direct measurement of the deuteron glass order parame-
ter matrix on two different time scales: the 1D NMR time
scale of �1024 s and the 2D NMR time scale of �10 s.
Whereas the Edwards-Anderson glass order parameter is
nonzero on the 1D NMR time scale, the local symmetry,
broken at the glass transition, is restored on the 2D NMR
time scale due to visits of unpaired Takagi groups.

Let us assume that we deal with a Slater lattice with a
negligibly low concentration of Takagi defects. Although
scarce, their dynamics (creation-annihilation or diffusion)
provides for the Slater configurations’ switching mecha-
nism (Fig. 1). We shall describe the instantaneous orien-
tational state of a given H2PO4 group as a six-component
vector wi � �dji� where the indices i, j � FE", FE#,
AFEa", AFEa#, AFEb", and AFEb# denote the six Slater
configurations. In the course of time, the initial “pure”
state wi develops into a mixed state

w�t; i� � exp�K t�wi . (1)

K is the 6 3 6 “exchange” matrix composed of proba-
bilities per unit time for the transitions among the six
Slater configurations. The jth component of w�t; i�
can be regarded as a probability to find a given H2PO4
group in a state j at a time t provided its state was i at
t � 0. The time average w � w�t; i�, or equivalently, the
thermodynamic average, is independent of the initial state
i, w fi f�i�. w is time independent and corresponds to
the stationary solution of Eq. (1), dw�dt � Kw � 0.
The respective components wj correspond to thermody-
namically averaged local probabilities for the six Slater
configurations j � FE", FE#, AFEa", AFEa#, AFEb",
and AFEb#. They are normalized (

P
j wj � 1) and can

be combined into a symmetry-adapted five-component
local order parameter vector c � �p, ps , ph �, consist-
ing of the local polarization vector p � �pa , pb , pc� �
�wAFEa"

2 wAFEa#
, wAFEb"

2 wAFEb#
, wFE"

2 wFE#
�, the

FE�AFE bias ps � wFE 2 wAFE�2, and the AFEa�AFEb
bias ph � wAFEa 2 wAFEb local order parame-
ters. Here wFE � wFE"

1 wFE#
, wAFEa � wAFEa"

1 wAFEa#
,

wAFEb � wAFEb"
1 wAFEb#

, and wAFE � wAFEa 1 wAFEb.
In a disordered system, the nonuniformness of the lo-

cal order parameter c is taken into account by introducing
the local order parameter distribution function W �c� �PN

n�1 d�c 2 cn� in analogy to the local magnetization
distribution function in spin glasses [6]. N is the num-
ber of PO4 sites. The first moment of W �c � corre-
sponds to the long-range order parameter vector C �
�c� � �P, Ps , Ph� where �· · ·� stands for the averaging
over W �c�, i.e., � f�c �� �

R
f�c �W �c� d5c. In P �

�Pa, Pb , Pc� � ��pa�, �pb �, �pc�� � �p� we recognize the
macroscopic polarization, while Ps � �ps� and Ph �
�ph � are parameters measuring the prevalence of FE or-
dering over AFE ordering and the prevalence of AFEa or-
dering over AFEb ordering, respectively. The long-range
order parameter of a Slater lattice thus consists of five com-
ponents Pk [ 	21, 1
, k � a, b, c, s, h.
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The disorder is reflected in a nonzero value of the ma-
trix Q � ��c 2 C� ≠ �c 2 C��, which we recognize
as a generalized glass order parameter tensor with com-
ponents Qkl � �pkpl� 2 PkPl. There are, in general,
15 independent components, since Q is a symmetric ten-
sor. It is straightforward to show that the sum of the first
three diagonal elements, Qaa 1 Qbb 1 Qcc, is equivalent
to the well-known Edwards-Anderson glass order parame-
ter qEA � �p2� 2 P2 [6].

If one disregards higher moments of W �c�, the set
�c ,Q� of 20 parameters completely describes the ther-
modynamic state of any ordered/disordered Slater lattice.
We shall now show that all these parameters, as well as the
Slater configuration’s switching dynamics time scale, can
be measured by 31P 2D exchange NMR.

Our experimental method is based on the fact that
31P chemical shift tensors discriminate among different
H2PO4 Slater configurations. At low temperature, 31P
1D NMR probes the instantaneous configurations of
H2PO4 groups [7]. In a simplified picture, at a gen-
eral orientation of the crystal, there are six absorption
peaks with frequencies corresponding to the six Slater
configurations i. Their respective normalized NMR
absorption intensities Ii � I�vi� are equivalent to the
disorder-averaged probabilities wi , Ii � �wi�. The 1D
spectral peak intensities can be represented in the vector
form as I1D � ��wi�� � f�C�. Measurements of I1D
thus yield the long-range order parameter C. In contrast
to the fast motion regime realized at high temperatures
where the glass order parameter Q can be obtained from
the 1D spectral shapes [8], no information about the glass
order parameter can be obtained from the 1D 31P NMR
spectra in the slow motion regime at low temperatures
[9]. Such information can, however, be extracted from the
2D exchange NMR experiment in which two states i and
j at times t � 0 and t � tmix are correlated. When no
exchange between i and j takes place during the mixing
period tmix, the absorption peaks corresponding to these
two states lie on the diagonal of the 2D v1 vs v2 spectrum
at �vi, vi � and �vj, vj�. If exchange does take place, we
obtain in addition to the diagonal peaks also cross peaks
at �vi, vj � and �vj , vi� [10]. Their intensities depend on
tmix. The corresponding 2D matrix of spectral peak inten-
sities can be written as I2D�tmix� � ��wj�tmix; i�wi�� and
is normalized for any tmix,

P
i,j�wj�tmix; i�wi � � 1. At

zero mixing time this matrix is diagonal and thus equiva-
lent to the 1D spectrum: I2D�0� � �dji�wi�� � f�C�.
In the tmix ! ` limit, on the other hand, there is no
correlation between the initial state i and the final state j;
this results in I2D�`� � ��wjwi�� � f�C,Q�. The above
2D exchange matrix contains 20 independent elements.
This makes it possible to determine independently the 20
order parameter components �C,Q� describing the Slater
lattices.

In a disordered Slater lattice, there is no long-range po-
lar order, i.e., Pa � Pb � Pc � 0. The results described
in [9] also reveal vanishing polar glass order on the 2D
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deuteron exchange NMR time scale, i.e., Qaa � Qbb �
Qcc � 0 ) qEA � 0. As demonstrated above, the re-
maining order parameters can be determined via 31P 2D
exchange NMR. The FE�AFE bias long-range order pa-
rameter Ps and the glass order parameter Qss � �p2

s � 2

P2
s, never measured before in a disordered KDP-type sys-

tem, are here of a major interest.
The deuteron glass [8,9,11–13] we investigated is a

Rb0.5�ND4�0.5D2PO4 �DRADP-50� single crystal, i.e., a
solid solution of ferroelectric RbD2PO4 and antiferro-
electric ND4D2PO4. Below T � 60 K, 31P 2D exchange
NMR probes the instantaneous Slater orientations of
D2PO4 groups (Fig. 2a). No separate lines corresponding
to Takagi groups have been observed demonstrating that
the concentration of the Takagi groups is much lower than
the concentration of the Slater groups.

There exists a special orientation B0 � c, u��B0, a� �
45±, where all four antiferroelectric H2PO4 configurations
are equivalent (Fig. 2b). In this case, the 31P 2D ex-
change NMR peak intensity matrix reduces to a 3 3 3 ma-
trix I 2D�tmix� � �Iji�tmix��; i, j � FE", FE#, AFE. It is
diagonal at zero mixing time. Its respective elements can
be written in terms of the long range order parameters Pc

and Ps :

FIG. 2. (a) 31P NMR spectra as a function of temperature for
the crystal orientation B0 � c, u��B0, a� � 45±. The observed
increase of the inhomogeneous line shape broadening with de-
creasing temperature reflects the onset of the static glass dis-
order on the 1D 31P NMR time scale. The Edwards-Anderson
order parameter at T � 60 K amounts to qEA � 0.6. Below
this temperature, well-resolved absorption peaks corresponding
to different Slater D2PO4 configurations are seen. (b) Calculated
31P low temperature rotation pattern for B0 rotating in the ab
plane of the crystal. The orientation at which the 1D and 2D
spectra were taken is indicated by an arrow.
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IFE"-FE"
� 1�2Pc 1 1�3Ps 1 1�6 , (2a)

IFE#-FE#
� 21�2Pc 1 1�3Ps 1 1�6 , (2b)

IAFE-AFE � 2�3�1 2 Ps� . (2c)

In the tmix ! ` limit, the IAFE-FE"
, IFE"-AFE, IFE#-FE"

,
IFE"-FE#

, IFE#-AFE, and IAFE-FE#
cross peaks are also present.

The 2D exchange matrix elements are here related to the
order parameter components via

IFE"-FE"
� 1�4�Qcc 1 P2

c � 1 1�9�Qss 1 P2
s 1 Ps�

1 1�3�Qcs 1 PcPs� 1 1�6Pc 1 1�36 ,

(3a)

IAFE-AFE � 4�9�Qss 1 P2
s 2 2Ps� 1 4�9 , (3b)

IFE#-FE#
� 1�4�Qcc 1 P2

c � 1 1�9�Qss 1 P2
s 1 Ps�

2 1�3�Qcs 1 PcPs� 2 1�6Pc 1 1�36 ,

(3c)

IAFE-FE"
� IFE"-AFE � 1�3Pc 2 1�3�Qcs 1 PcPs �

1 1�9�Ps 2 2Qss 2 2P2
s� 1 1�9 , (3d)

IFE#-FE"
� IFE"-FE#

� 21�4�Qcc 1 P2
c�

1 1�9�Qss 1 P2
s 1 Ps� 1 1�36 , (3e)

IFE#-AFE � IAFE-FE#
� 21�3Pc 1 1�3�Qcs 1 PcPs�

1 1�9�Ps 2 2Qss 2 2P2
s� 1 1�9. (3f)

Measurements of the normalized 2D exchange peak in-
tensities thus allow for the determination of all five order
parameter components Pc, Ps, Qcc, Qss, and Qcs . The
experimentally observed 31P 2D exchange NMR spectrum
of DRADP-50 at 55 K taken with a mixing time of 800 ms
is compared with the theoretical 31P 2D exchange NMR
spectrum in Fig. 3. The observed spectrum consists of a
strong AFE diagonal peak and two weaker FE" and FE#

diagonal peaks as well as of AFE $ FE" and AFE $ FE#

cross peaks. The rather weak FE# $ FE" cross peaks are
present as well. The agreement between the observed and
theoretical 2D exchange spectrum is excellent and directly

AFE AFE

FE↓ 
FE

↓ 
FE↑ FE ↑  

 1 

 2 

 1 

 2 

 a)  b) 

ω

ω ω

ω

FIG. 3. Experimental (a) and theoretical (b) 2D 31P exchange
NMR spectra of DRADP-50. The spectra were taken at
B0 � c, u��B0, a� � 45±, and T � 55 K with a mixing time
of 800 ms.
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FIG. 4. Ratio of the integrated intensities of the AFE-FE" and
FE#-FE" cross peaks to the diagonal peak FE"-FE" in DRADP-50
as a function of the mixing time at T � 45 K. The solid
and dotted lines represent theoretical fits to Eq. (1) yielding
texch � 15 s.

proves the occurrence of transitions between the AFE and
FE configurations and vice versa.

At T � 45 K, the experimental 2D 31P data for tmix �
0 yield Pc � 0, Ps � 0.27 whereas the data for tmix !

` yield Pc � 0, Ps � 0.27, Qcc � 0, Qss � 0, and
Qcs � 0. The same Pc and Ps values are obtained in
both cases, supporting the validity of our model.

Pc � 0 and Qcc � 0 demonstrate that both polar long-
range and polar glass order parameters vanish on the 2D
NMR time scale, also confirming the deuteron 2D ex-
change NMR results [9]. The Ps � �wFE 2 wAFE�2� �
0.27 result shows that the FE Slater configurations are here
more probable on the time average than the AFE ones. The
vanishing FE�AFE glass order parameter Qss � �p2

s � 2
P2

s � 0 reveals that all locally inhomogeneous FE�AFE
bias fluctuations, in addition to polar fluctuations, are av-
eraged out due to Takagi group visits. This motion inverts
the bias of the D bonds of the Slater D2PO4 groups in a sto-
chastic way (Fig. 1) and thus symmetrizes the O D · · · O
bonds on the time average. The local surrounding of all
PO4 groups is identical on the time scale of the 2D experi-
ment, yielding qEA � 0, whereas it differs on the much
shorter 1D NMR time scale, resulting in a nonzero qEA

(Fig. 2a).
The time scale of the exchange among differ-

ent Slater configurations is obtained by fitting the
measured I 2D�tmix� to Eq. (1) with t � tmix. The
results for T � 45 K are shown in Fig. 4. Both the
AFE-FE"�FE"-FE" and FE#-FE"�FE"-FE" cross to diagonal
peak intensity ratios approach the saturation �tmix ! `�
values 1.89 and 1, respectively, with a characteristic time
texch � 15 s. The above saturation values directly reflect
the measured values of the order parameter components
using Eqs. (3). Solutions of Eq. (1) with a 3 3 3 exchange
matrix K in general involve two-exponential behavior.
texch is therefore an effective time scale of the successive
visits of unpaired Takagi groups to a given Slater group.
This parameter has never before been measured in any
KDP-type ordered/disordered system. In our specific case
it is evidently much longer than the correlation times
deduced from the Rb and deuteron spin-lattice relaxation
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time data at high temperatures [14–16] which yield for
the intra-D-bond deuteron jump time t � 10211 10212 s.

We have thus directly proved the exchange between FE
and AFE Slater configurations in DRADP. As known since
the early work of Slater and Takagi, this exchange can take
place at low temperatures exclusively via diffusion of un-
paired Takagi groups. These groups, once created, move
around for long distances with little or no activation en-
ergy in a nearly symmetric H-bond potential and rearrange
many Slater groups before recombination. At higher tem-
peratures, on the other hand, the concentration of Takagi
groups is high and their mean free path short. The frus-
trated H-bond dynamics and the Rb and deuteron spin-lat-
tice relaxation processes are here not governed by unpaired
Takagi group diffusion but by Takagi group creation and
annihilation, requiring a much higher activation energy.

The above results thus represent the first direct measure-
ment of the time scale for successive visits of unpaired
Takagi groups to a given Slater group. They also confirm
the validity of the Slater ice rules as introduced by Pauling
[3], Slater [1], and Takagi [5] in the 1940s and 1950s and
at the same time explain the symmetry properties of these
systems [17] which are in apparent contradiction with the
above rules.
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