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Overlayers on surfaces with square symmetry exhibit a huge variety of strain relief mechanisms.
I present a simple 2D Frenkel-Kontorova model and calculate the associated zero temperature phase
diagram which shows a transition from overlayers with square symmetry (and possible square dislocation
patterns) to hexagonal symmetry. The phase diagram includes the experimentally observed clock-rotated
phase. Local density approximation calculations suggested by the model show that a clean Ni(100)
surface reconstructs from a bulk-terminated to a clock-rotated structure at biaxial compressive strains
above 2.5%.
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Virtually every surface, with or without a heteroepitaxial
overlayer, is strained. For clean surfaces, the coordination
of surface atoms is lower than bulk atoms, thus the surface
atoms prefer a different interatomic spacing from the bulk
atoms. For overlayers, the lattice constants of the overlayer
and the substrate are not perfectly matched. Since the
mechanisms of strain relief determine the structure of clean
surfaces and overlayers, it is essential to understand these
mechanisms in order to predict and control such structures.

In this paper, I consider the structure of overlayers on
surfaces with square symmetry. Experimentally a great
variety of structures has been observed for overlayers on
(100) surfaces. These include pseudomorphic structures,
pseudomorphic structures with intersecting rectangular
dislocation arrays [1], clock-rotated structures [2], hex-
agonal overlayers of various periodicities [3], and rotated
hexagonal overlayers [4]. More recently, nonintersecting
dislocation lines have been observed for Cu deposited on
Ni(100) [5]. Ideally, one would have a single theory which
can explain in a systematic manner the wide range of
structures observed for overlayer systems on (100) sur-
faces. This has proved an elusive goal.

There are a number of theoretical approaches that have
been applied to this problem. The classic work in this area
is by Frank and van der Merwe (FVM) [6]. In their con-
tinuum approach they consider the problem as two super-
imposed one-dimensional problems. Their theory predicts
intersecting dislocations forming an approximately square
grid. It has been extremely successful in addressing issues
of strained layer growth on Si(100), for example. Their
theory cannot, however, treat situations in which a hex-
agonal film forms on a square substrate. Other work has
addressed the reconstruction of fcc metal 100 surfaces,
specifically Au, Pt, and Ir to form hexagonal overlayers,
sometimes rotated with respect to the substrate [7]. Finally,
there is considerable work using molecular dynamics [8]
and/or Monte Carlo techniques [9] to study the structure
of films grown on (100) surfaces.

In this paper I consider the phase diagram for a model
of an overlayer on a square substrate as a function of the
0031-9007�02�88(12)�126101(4)$20.00
lattice mismatch between substrate and overlayer. The
most important feature of this model is that it includes
both hexagonal and square symmetry overlayers and the
transition between these two symmetries. In contrast to
molecular dynamics and Monte Carlo techniques, the en-
ergetics of defect free single phases at 0 K are calculated
and compared. This 2D Frenkel Kontorova (FK) model is
of fundamental theoretical interest. In addition, the solu-
tions are useful because they suggest phases which should
be tested in detailed atomistic calculations of strain relief.
As an example of this application, first-principles calcula-
tions performed here show that a nickel (100) surface sub-
jected to a strain parallel to the surface reconstructs from
a bulk termination to a clock rotation for biaxial compres-
sive strain exceeding 2.4%.

For a 2D Frenkel Kontorova model the adatoms move
in a substrate potential:
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V0 determines the strength of the substrate potential and a
is the lattice constant for the 2D square surface lattice. For
the numerical study reported here, V0 was chosen as 0.8 eV
corresponding to a fourfold hollow energy of 0.0 eV, a
bridge site energy of 0.4 eV, and an on-top site energy of
0.8 eV. These are plausible values for a (100) fcc metal
surface. The lattice spacing a was set equal to 2.49 Å, the
nearest neighbor spacing of bulk nickel.

In a 1D Frenkel-Kontorova model, nearest neighbor
atoms are connected by springs. Since the atoms are in
a linear chain, each atom has one nearest neighbor on each
side. In a 2D Frenkel-Kontorova model, the definition of
nearest neighbors can be problematic, and it is customary
to avoid ambiguity by using a short range adatom-adatom
potential with a binding energy, ´. Lennard-Jones and
Morse potentials are common choices. In order to facili-
tate comparison with analytical calculations, including the
work of FVM, I chose instead a piecewise continuous func-
tion made of two parabolic segments. This potential is
© 2002 The American Physical Society 126101-1
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shown in Fig. 1. Over most of its range (r , r1) it has
the form V �r� � 2´ 1 �k�2� �r 2 r0�2. The minimum
of this potential is at r � r0 and the binding energy is ´.
In order to continue this function to zero, it was joined to
an inverted parabola for the remainder of its range, V�r� �
2�k�2� �r 2 r2�2 for �r1 , r , r2�. By matching V�r�
and its derivative at r1, the values of r1 and r2 are deter-
mined. The range of the potential is r2 � r0 1 2

p
´�k.

The value for ´ was initially chosen to fit the cohe-
sive energy of nickel and the value of k was chosen based
on a Lennard-Jones potential with the binding energy and
lattice constant of nickel. This choice (´ � 0.7 eV and
k � 10 eV�Å2) gave hexagonal overlayers for all values
of the overlayer misfit. In order to investigate the compe-
tition between pseudomorphic and hexagonal overlayers
commonly seen for metal surfaces and overlayers, I chose
instead ´ � 0.35 eV and k � 10 eV�Å2. All of the re-
sults reported here were obtained with these parameters.

The total energy of a system of adatoms adsorbed on
the surface is the sum of the substrate energy for all of
the adatoms, and the adatom energy for all of the adatom-
adatom bonds:

Etotal �
X
j
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X
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j
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The energy per atom, E, is this energy divided by the num-
ber of adatoms. In order to construct the zero temperature
phase diagram for this model, one must find single phase
arrangements of atoms which fill two-dimensional space
(with periodic boundary conditions) and which minimize
E. I started with a variety of initial atomic configurations
(to be described), picked a value of the lattice mismatch,
D � �r0 2 a��a, and used the conjugate gradient tech-
nique to minimize the total energy as a function of the
atomic positions. The calculations were limited to mis-
matches in the range 20.2 , D , 0.2. Atomic arrange-
ments resulting from the minimization with more than one
phase or with defects were rejected. By repeating this pro-
cedure for a complete set of reasonable initial trial con-
figurations, the global minimum energy configuration was
found for various values of the mismatch, D. In prac-

FIG. 1. Adatom-adatom potential used in these calculations.
The potential has a binding energy, ´, a spring constant, k, and
is parabolic for r , r1. For r . r1 the potential is an inverted
parabola, out to a cutoff radius at r2.
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tice, the key issue was to identify a complete set of rea-
sonable initial trial configurations. It was hard to be sure
that this set was complete. I was guided in this task by
experimental results showing configurations with fourfold
coordination to other adatoms (rectangular packing) and
configurations with sixfold coordination to other adatoms
(hexagonal packing). These configurations were placed
on the substrate with periodic boundary conditions and
dimension 40a by 40a.

We first consider phases generated starting with rectan-
gular packing. The initial configurations were generated
using lattice vectors �b � �40a�n�x̂ and �c � �40a�m�ŷ,
where x̂ and ŷ are unit vectors in the x and y directions.
Most of the phases generated starting with rectangular
packing correspond to the phases predicted by FVM [6].
For n � m , 40, a square dislocation array with light-
wall dislocations is formed (see Fig. 2a). For n � m .

40, a square dislocation array with heavy-wall dislocations
is formed. In agreement with the FVM solution, the low-
est energy solutions are square dislocation arrays (n � m).
For n � m � 40, a pseudomorphic phase with all of the
adatoms in fourfold hollow sites can be produced. How-
ever, the ability to simultaneously relax atomic coordinates
in two dimensions allows another strain relief mechanism
which is not possible in the FVM theory. This “clock-
rotated” phase, shown in Fig. 2b, has been seen experi-
mentally for various adsorbates on (100) surfaces. For our
parameters it was stable for adatom bond lengths in the
range between about 1.02a and 1.08a.

We next consider phases generated starting with hex-
agonal packing. The initial configurations were generated
using lattice vectors �b � �40a�n�x̂ and �c � �20a�n�x̂ 1

�40a�m�ŷ, where x̂ and ŷ are unit vectors in the x and y
directions, respectively. This choice of lattice vectors al-
lows the approximately hexagonal array to fit perfectly on
the square substrate. The extent to which the arrays are

FIG. 2. Typical structures formed by minimizing the energy
of initial structures with rectangular packing. (a) The square
dislocation pattern predicted by Frank and van der Merwe. The
dislocations are indicated by the heavy lines. (b) The clock rota-
tion. Units of four adatoms are rotated clockwise and expanded
slightly relative to the pseudomorphic structure. This increases
the length of the bonds within the unit of four atoms. It also
brings some atoms within a neighboring unit closer.
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distorted from perfect hexagonal packing is determined by
the choice of n and m. (An approximately hexagonal ar-
ray would have m � 2

p
3 n�3.) For positive mismatch,

phases with m � 40 were favored (see Fig. 3a). I will call
these phases registered. For these registered phases all the
adatoms lie along parallel lines (horizontal in Fig. 3a) con-
taining fourfold hollow and bridge sites. All of the adatoms
avoid on-top sites, and are at least a distance of a�2 from
the on-top sites. This strong registry to the substrate al-
lows strain relief while avoiding the energetically costly
on-top sites. For negative mismatch, phases with m . 40
were favored, some adatoms were near on-top sites, and
the phase was called unregistered (see Fig. 3b).

Phases generated with hexagonal packing rotated by
small angles relative to the substrate were also considered.
The energies of the rotated overlayers were very slightly
larger than the energies of unrotated overlayers shown in
Fig. 3. This is in accord with the theoretical predictions
from an analytical FK model treating only hexagonal lay-
ers [10]. As discussed in Ref. [10], it appears that rotated
overlayers can be explained only in a 2D FK model by al-
lowing higher order terms in the substrate potential.

Once the energy per atom, E, has been calculated as a
function of the misfit, D, it is straightforward to determine
the zero temperature phase diagram by plotting E vs D
for the various phases. Because there are so many possi-
ble phases, these data are presented in two different plots
in Fig. 4. The upper plot includes only the pseudomorphic
and square dislocation phases. Since this plot includes only
those phases allowed in the continuum theory of FVM, its
predictions agree with that theory. The structure is pseudo-
morphic for jDj , 0.075. For larger misfits, square arrays
of dislocations form with dislocation spacing decreasing
as the misfit increases in agreement with FVM.

In the lower plot of Fig. 4, E vs D is plotted for the un-
registered hexagonal, pseudomorphic, clock-rotated, and

FIG. 3. Typical structures formed by minimizing the energy
of initial structures with hexagonal packing. (a) A hexagonal
structure formed when the overlayer atoms are larger than the
substrate atoms (D � 10.12). This structure is called registered
because the rows of adatoms remain over the fourfold hollow and
bridge sites of the substrate. (b) A hexagonal structure formed
when the overlayer atoms are smaller than the substrate atoms
(here D � 20.16). The structure shown in (b) will be called
unregistered because some of the adatoms lie near on-top sites.
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registered hexagonal phases. Comparison with the upper
plot shows clearly that the clock-rotated and hexagonal
phases are lower in energy than square arrays of dislo-
cations over the whole misfit range. The model predicts
unregistered hexagonal phases for 20.2 , D , 20.025,
the pseudomorphic phase for 20.025 , D , 0.025, the
clock-rotated phase for 0.025 , D , 0.085, and regis-
tered hexagonal phases for 0.085 , D , 0.2.

The phase diagram will, of course, depend upon the
values chosen for the model parameters. Since the driving
force for formation of hexagonal layers is the increase in
the adatom-adatom coordination, a fourfold coordinated
structure is favored for smaller values of the adatom-
adatom binding energy, ´, whereas a sixfold coordinated
structure is favored for larger values of ´. The main effect
of varying the adatom-adatom potential was found to be
shifting the relative energies of the fourfold coordinated
and sixfold coordinated structures. Experimentally, metal
on metal systems tend to show pseudomorphic, clock, and
hexagonal structures. I chose the adatom-adatom potential
to favor this range of structures.

This model provides a simple and mathematically attrac-
tive model of strain relief. There are a number of experi-
mental systems which exhibit phases identical to those

FIG. 4. Plot of energy vs misfit parameter for various possible
structures. The upper plot shows only the phases permitted by
the FVM model, i.e., pseudomorphic and square dislocation
arrays. The lower plot shows the phases which actually have
the lowest energy for this model, i.e., unregistered hexagonal,
pseudomorphic, clock-rotated, and registered hexagonal. For
the registered hexagonal, the phases plotted as light parabolas
have n � 40, and m � 39 (not stable), 38, 37, 36, 35, 34, and
33, respectively. The n � 40, m � 36 phase is identical to the
c�10 3 2� reconstruction seen for Ag on Cu(100).
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predicted by this model. Clean Pt(100), Au(100), and
Ir(100) surfaces all exhibit unregistered hexagonal recon-
structions [11]. Ni(100) surfaces form a clock-rotated
phase upon absorption of one half a monolayer of carbon
[2] or nitrogen [12]. Silver atoms absorbed on Ni(100)
or Cu(100) exhibit registered hexagonal overlayers with
c�2 3 8� and c�2 3 10� structures, respectively, in excel-
lent agreement with this model [13].

The simple model presented here is intended as a quali-
tative theory for overlayer strain relief. However, it can
also be very useful in suggesting structures likely to be
found experimentally or in highly accurate first-principles
calculations. For example, one might suspect based on
this model that a clock-rotated surface structure should be
formed on an fcc (100) metal surface if the bulk sample
is subjected to a biaxial compressive strain parallel to the
surface. This would be expected because the compressive
strain would reduce the bulk lattice constant in the direc-
tions parallel to the surface. Thus the effective misfit, D,
between the surface atoms and the bulk would become
positive. I have checked this prediction using the first-
principles ultrasoft pseudopotential code, VASP. The initial
system was a five-layer Ni slab with two free (100) sur-
faces. The total number of atoms in the unit cell was 20.
The energy cutoff was 242 eV and there were 3 k points in
the irreducible Brillouin zone. The energy difference be-
tween the pseudomorphic and clock-rotated phase changed
by 60 meV upon increasing to 10 k points in the irreduc-
ible zone. I conclude that the calculations were ade-
quately converged, since this change does not affect the
conclusion drawn from this calculation. Figure 5 shows
the total energy of the 20 atom system for the pseudomor-
phic and the clock-rotated phases plotted as a function of
the biaxial compressive strain. This calculation indicates
that a nickel (100) surface will reconstruct to the clock-
rotated phase for compressive strains exceeding 2.5%.
This quantitative LDA calculation is in agreement with the
qualitative behavior predicted by the simple 2D FK model.
However, the quantitative agreement in the strain at which

FIG. 5. First-principles local density approximation calcula-
tion for total energy of five-layer nickel slab subjected to biaxial
compressive strain. As the substrate is compressed, the effective
misfit between the bulk atoms with their strained lattice constant
and the surface layers increases. At about 2.5% strain, the sur-
face layer reconstructs to a clock-rotated structure.
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surface reconstruction occurs is totally fortuitous, depend-
ing upon the choice of parameters in the FK model. The
success of the model in predicting this previously unex-
pected reconstruction under biaxial strain suggests that it
will be useful in predicting other previously unobserved
strain relief phenomena for overlayers on square substrates.

The 2D Frenkel-Kontorova models have previously
been used with great success to model overlayer structures
on surfaces with hexagonal symmetry [14]. Strain relief
mechanisms for surfaces with square symmetry are quite
different from hexagonal surfaces, yet we see here that the
2D Frenkel-Kontorova model provides a suitable model
for many of the observed overlayer reconstructions.
Parameters for Frenkel-Kontorova models can be derived
from first-principles calculations providing an important
method of simulating overlayer structures in cases where
the unit cell is much too large for complete first-principles
calculations.
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