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Hall Effect Induced by a Spin-Polarized Current in Superconductors
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We propose a novel anomalous Hall effect caused by the spin-polarized current in superconductors

(SO).

The spin-polarized quasiparticles flowing in SC are deflected by spin-orbit scattering to yield

a quasiparticle charge imbalance in the transverse direction. Overall charge neutrality gives rise to a
compensating change in the number of Cooper pairs. A transverse electric field builds up as opposed
to an acceleration of the Cooper pairs, producing the Hall voltage. It is found that the Hall voltages
due to the side jump and skew scattering mechanisms have different temperature dependence in the
superconducting state. A spin-injection Hall device to generate the ac Josephson effect is proposed.
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Spin-polarized transport plays an important role in the
spin-dependent phenomena of magnetic nanostructures.
When spin-polarized electrons are injected from a ferro-
magnet (FM) into a nonmagnetic metal (NM) such as
normal metal, semiconductor, and superconductor (SC),
the nonequilibrium spin polarization is created in NM
[1-5]. Recently, various spin injection devices have
been proposed and demonstrated; for example, a strong
suppression of superconductivity in thin SCs [6,7] and
the magnetization reversal in a FM film by injection of
spin-polarized electrons into the film [8].

A double tunnel junction FM/SC/FM containing a su-
perconducting layer is one of the spin injection devices
which exhibits unique spin-dependent effects, depending
on whether the magnetizations of FMs are parallel or anti-
parallel [9,10]. In the antiparallel alignment, the injected
spin populations are accumulated in SC and suppress the
superconductivity. In the parallel alignment, the injected
spin current is conserved to flow across SC without sup-
pressing the superconductivity.

It is well known that the spin-orbit interaction in metals
causes a spin asymmetry in the scattering of conduction
electrons by impurities; up-spin electrons are preferentially
scattered in one azimuthal direction and down-spin elec-
trons in the opposite direction [11-14]. As a consequence,
the spin-polarized electrons flowing in a NM metal are de-
flected in the transverse direction to accumulate an excess
charge on the sides of the sample, yielding the anomalous
Hall effect [15,16].

The spin current flowing in SC is particularly interesting
because SC is considered as a coupled system of the con-
densate (Cooper pairs) and the quasiparticles (QP), where
spin and charge imbalance plays a central role in the spin
and charge transport [17-20]. If the spin current induces
a QP charge imbalance in SC, the imbalance is compen-
sated by the Cooper pair charge to maintain overall charge
neutrality [17], and thus the Cooper pairs are strongly in-
volved in the Hall effect.

In this Letter, we propose an anomalous Hall effect for
the Cooper pairs induced by a spin current flowing in SC.
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We calculate the Hall voltage Vi due to the mechanisms
of side jump (SJ) and skew scattering (SS), and show that
Vi is proportional to the spin current in SC and Vip is
proportional to the gradient in the spin imbalance in SC.
It is found that Vﬁj and Vﬁs have different temperature
dependence by the onset of superconductivity. This pro-
vides an opportunity to investigate the mechanism of the
anomalous Hall effect.

We consider a spin-injection Hall device shown in
Fig. 1. The left and right FMs are made of the same FM,
and their magnetizations are aligned parallel and point to
the z direction. When the thickness d of SC is smaller than
the spin diffusion length Ag (d < Ag), the spin current
js in SC is conserved across SC and its magnitude is
given by js = Pjiyj [20], where ji,j is the injection (bias)
current density and P the tunneling spin polarization [1].

We start with the one-electron Hamiltonian of SC in the
presence of impurities in the normal state (T > T,) above
the superconducting critical temperature 7;

k. k' o,0

H = ngalt(rak(r + Z Z Uf:,/lfaltr(,ak(,. (1)
k,o

Here, alt(, is the creation operator of a conduction elec-

tron with the kinetic energy &) = e, — €Y relative to the
!

Fermi energy ef and spin o, and UZy the scattering
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FIG. 1. Schematic diagram of the spin injection device
FM/SC/FM which yields a nonequilibrium Hall voltage Vy in
the transverse y direction.
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amplitude for the §-function potentials
Ul(gr’/lg = Vi[(sa'/a' + iAo OG5 * (k X k/)]zei(k_k/)'r’,
2

where Ay, is the spin-orbit coupling parameter, o the Pauli
matrix, and r; the impurity position.

Following Lyo and Holstein [21], we introduce the
velocity operator of an electron d = df/dt = (1/ih) X
[#, ], whose matrix element between the scattering
state |k" o) in the presence of impurities is given by
vy = (k' olvlkto) = ik/m + wy, where the anoma-
lous velocity is calculated in the Born approximation

wl(z = ()\so/Timp) [o'a'a' X k], (3)

with 1/7imp = 2 /Rh)n; N (0)V?2 the scattering rate due to
impurities, n; the impurity concentration, and N(0) the
density of states at the Fermi level. The current operator
for electrons with velocity vy may be written in the form

jo = e [hk/m + oflalyax, , )
k

where e = —|e]| is the electronic charge.

When SC is superconducting below T, it is convenient
to rewrite the electron operators ag, in terms of QP
operators Yk, using the Bogoliubov transformation:
dxe = UkYke T OUkY_x—o,, Where up =1 — vp =
%(1 + &ék/Ex) and Ey = \/fﬁ + A? is the QP excitation
energy, £k = €k — Mup being the kinetic energy relative to
the chemical potential u, of the condensate and A being
the superconducting gap parameter. In nonequilibrium
situations, u differs from its equilibrium value ep.

By expressing the current in Eq. (4) in terms of the
QP operators yg., the total charge current thOt =j1+ i
and the total spin current jgf’t = j; — J; in SC are writ-
ten as

thOt = jpair + jQ + 775][2 X jS]’ (5)

is' = js + mslz X jol. (©)
Here, ngy = m)\so/hrimp, Jpair 18 the pair current [17], and
Jo and js are the charge and spin currents:

jo = e (ik/m)fxe, s =eD vl fir — full,
k,o k

(N
where fi, = (ylt(, Yk is the distribution function of QPs
with energy Eyx and spin o, and vy is the group velocity
of QPs: vy = (1/h) (dEx/dk) = (fik/m) (¢x/Ex). The
last terms in Egs. (5) and (6) are the Hall currents due to
side jump (SJ).

The spin number density in SC 1is given by

S = Zk(,(aggakg} = > [ fxt — fxi]. The total charge
number density Qo = Zk(,(agt,ah,} in SC is separated
into a part associated with the superfluid component
(condensate) Q, = 2> vi, and a part associated with
the normal component (QPs) Qn = > i gkl fxt + fxil,
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where gx = ui - vi = £x/Ek is the effective charge of
QPs [17]. Consequently, the injection of an electron into
SC adds a QP of charge egx and spin 1/2, and a Cooper
pair of charge 2evi and spin 0 in SC.

In addition to the side jump contribution to the Hall
effect, the spin-orbit scattering gives rise to the skew
scattering contribution [11-14]. The scattering proba-
bility PYyC from the state |ko) to the state |k’c”’) by
impurity scattering is calculated from the formula Pff,/lf =
Qam/Bni k'’ |T|ko)|?8(Ex — Ex/), where T is the T
matrix. In the second-order Born approximation [22],
P2y has the symmetric part

ag'o(l 2 | |
P = v B s s(en — 80, ®)
h Ex
and the asymmetric part
oo 27V
Py @ =~ Aso u f_k(k/ X k) *Ogo
Timp Ex
X 85g10(Ek — &) )

Therefore the change of the distribution function fy,(r)
due to impurity scattering is evaluated from

oo(l)

(afka'/a[)scatt = ZPkk/ [fk’zr - fktr]
k/

+ ZPEIZ(Z)[J‘W + frel. (10)
k/

The distribution function fy, is separated into three
(1) )] .
parts [22]’ szr = fgzr + 8ko + 8ko> where fgzr 1S a

nondirectional one defined by the average of fi, with
respect to the solid angle Qg of k: f&, = ffkg%,
whereas g&, is a directional one: f g{zt),dﬂk = 0, and

g{ff, and gf(), are of the zeroth and first order in A, re-

spectively. By solving the Boltzmann equation having the
scattering term of Eq. (10), we find

(s)
szrz fgg- - Ti:npvlf : Vfl(;)g-

+ 158 Timp(@e X Ak/m) - Vfiy, (11)
where ngs = 27/3)AoN(0)Vi, Ay = kAo is the non-
dimensional spin-orbit parameter, and Ti(:rzp = (Ex /| &) X
Timp 18 the scattering time in the superconducting state [23].
Using Eq. (11) in Eq. (7), the total charge and spin currents
become up to the first order in Ag,:

J8' = Jpair + §p + msil2 X j§] — msseD[z X VST,
(12)

i =J$ + nsilz X jO1 — msseD[z X 041, (13)

where the last terms are the Hall currents due to skew
scattering (SS), D = %Timp v% is the diffusion constant in

the normal state, On = Y ko Gk fhvs S = Dko T fre, and
.0 .0 - .
Jo and jg are the longitudinal currents given by

jo = —eDN(0) f_w@k/lfkl)V[f& + fiuldéc.  (14)
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js = —eDN(0) f_wafkl/Ek)V[f& - frddéc. (15)

Equation (12) indicates that jg and VS generate the
transverse charge currents due to SJ and SS, respectively,
while Eq. (13) indicates that j% and VQ, generate the
transverse spin currents due to SJ and SS, respectively. In
our Hall device in Fig. 1, the last two terms of Eq. (13)
have no contribution to the Hall voltage, so we retain only
the longitudinal spin current jg by setting j$' = jg =
(jg,O, 0) and jg = Pjinj in the following.

Nonequilibrium spin and charge imbalance is described
by the distribution function f &,. In the FM/SC/FM tunnel
junction, the tunneling time 7, of an electron passing
through SC can be longer than the energy relaxation
time 7y [24], so that electrons that enter SC relax to
the Fermi distribution before leaving SC. Then, except
at low temperatures, fx, is described by fo with the
shifted chemical potentials as fr, = fo(EZ), where
EY = (ex — un)? + A2 — 08us =~ Ex — Gxd o —
odus [18,20], m, is the chemical potential of the
normal component, and Sug = u, — up (see Fig. 2).
If f&, is expanded with respect to dus and Sugp as
fRo = folEx) = (08us + qudmo)dfo(Ex)/IEx, the
spin and charge densities become S =~ 2N (0)x%6us and
On = 2N(0) Xgé Mo, where the susceptibilities )(2 and
)(g are given by [18]

o2 o ()
Xs 2[AdEm o) (16)
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FIG. 2. (a) Distribution of quasiparticles (QPs) on the excita-

tion spectrum Ex of SC in a nonequilibrium situation, where
the chemical potentials w, and u, are shifted relative to the
equilibrium value of &P, and differ by & Mo. (b) Distribution
functions of fﬁr and fﬁl for up and down spin QPs. The QPs
are distributed around u,, yielding charge imbalance; the QPs
with up spin are more populated than those of down spin, yield-
ing spin imbalance.
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whose asymptotic values are given in Ref. [25]. Likewise
the spin and charge currents become jg ~ —eDgsVS and
j% ~ —eDoVQ,, where Ds = [2f0(A)/)(2]D is the spin
diffusion constant which decreases with decreasing tem-
perature 7 below 7., and Dy = [2f0(A)/)(g]D is the QP
charge diffusion constant which increases below 7. Thus,
the total QP charge current is written in the form

35" = lpair + i + [nsy + (D/Ds)nss](@ X j$).
(18)

We notice that the charge imbalance effect induced by the
Hall current is analogous to that induced by a temperature
gradient in SC [26]. In the case of the Hall effect, the
transverse component of Eq. (18) vanishes, i.e., j;air +
(jg)y + [nsy + (D/Dg)nss]jg = (0. Using the solution
of V20, = Q./ /\2Q (Ag being the charge diffusion length)
[17] with the boundary condition jgair(tw /2) = 0, we
obtain the charge imbalance along the y direction

sinh(y/Ag)
cosh(w/2X¢) "

where 75y = (D/Dg)nsy, fjss = (D*/DgDs)nss, and
pn = 1/[2e*N(0)D] is the normal-state resistivity. Note
that for w 3> Ag, Oy and (), are confined in the range
of Ap from the side of SC, and vanish in the interior of
SC where the Hall current induced by the spin current is
canceled out by the counterflowing pair current. In the
opposite limit (w < Ap), Qn <y, j;air = (0, and (jg)y is
balanced with the Hall current.

The induced charge Q, is compensated by the change
in the pair charge Q, to maintain overall charge neutrality
in SC, implying that w, and w, shift in opposite direc-
tions from their equilibrium value of ef as shown in Fig. 2.
The change of Q, from its equilibrium value is 6Q, =
2N(0)6up (Bup = pp — sg), and thus the charge neu-
trality (Qn, + 6Qp = 0) leads to the relation: )(85 o +
omp = 0 [18].

In a stationary state, the electrochemical potential &, =
p T e for the condensate must be constant through-
out SC, where ¢ is the electric potential [17,18]. Other-
wise, the Cooper pairs are accelerated by the force —V, ®,,.
Consequently, ¢ is induced in the transverse direction ac-
cording to du, + e¢p = 0, which yields the Hall voltage
Vu = ¢(w/2) — ¢(—w/2) across the sides of SC:

Vi = (fs5 + T1ss)PpnwiniG(w), (20)
where G(w) = (2Agp/w)tanh(w/2Ap): G =1 for w <

Ag and G = 21y /w for w 3> Ag. In the limit of A — 0

and Agp x 1/\/K — o0 [27], Eq. (20) reduces to that in the
normal state [16]. If one introduces the Hall resistivity

pu = Vu/(Wjinj), then

On = 2eN(0)j$pnAg(iss + Tiss) (19)

pu = asspn + Bsipi s (21)
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FIG. 3. Hall voltage vs temperature for different values of

w/ )\%. The dotted curves indicate the values for w/ )\% < 1.

where ass = 2 PA,N(0)Vi(D?/DDs)G(w) and By =
=P Xso(€2/h)kp(D/Dg) G (w).

Figure 3 shows the temperature dependence of the
Hall voltage of the side jump contribution Vi and of
the skew scattering contribution Vi, We use the form
do = Ap(1 = T/T.)"V* (A} ~ 5 um for Al and 2 wm
for Sn) [17,26]. The normalized Vﬁj and Vﬁs exhibit
strong T dependence below T, and their values differ by
the factor Ds/D, because Vi o jg and Vi « V.S o
(D/Ds) jg. This difference stems from the fact that the
SJ is governed by the group velocity vy through js, while
the SS is governed by the phase velocity /ik/m through
fxo [cf. Eq. (11)]. In addition, Vy depends sensitively
on the width of SC; for w = /\OQ, Vﬁj decreases while
Vﬁs increases below T.. For w > /\OQ, both Vﬁj and Vﬁs
rapidly decrease just below T,, reflecting the strong T
dependence of Ap. However, when the ratio Viy/G is
plotted, all the solid curves in each panel collapse to the
dotted curve which represents the intrinsic part of the Hall
effect described by sy + %ss [see Eq. (20)]. Thus, if
one measures the 7' dependence of Vi forw =< /\OQ or that
of Vi /@G, one can determine which mechanism (SJ or SS)
is dominant for the Hall effect. This provides a method
for distinguishing the mechanisms without invoking the
power dependence of py on pN (py < pN Or pI%I) [11,13].

The Hall voltage generated by the present device is esti-
mated as follows. If the values of py/pn ~ 1072, py ~
107 Q cm, jinj ~ 10° A/em?, w ~ 10 wm, and P ~
0.5 are used, we have Vg ~ 1 wV, which is measurable by
experiments. It follows from Pji,; ~ —[2fo(A)/epn] X
Véus that Sus < A (A ~ 1 meV for Nb) for the pa-
rameter values and d ~ 10 nm except for temperatures
well below T, resulting in little suppression of A.

We propose a spin-injection Hall device with a circuit of
a Josephson junction (JJ). The leads of JJ are connected
to SC in the Hall geometry. When the injection current
flows through the device, the Hall voltage Vy is generated
across JJ, so that the supercurrent oscillates across JJ at a
frequency @ = 2eVy/h, thereby emitting and absorbing
quanta of microwave of this frequency. Thus, the device is
used not only to probe the spin current by the ac Josephson
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effect but also provides a new Josephson device utilizing
the Hall effect.

In summary, we have studied the Hall effect caused by
the spin current across SC in the spin injection device, and
shown that the Hall effect results from the strong coupling
between the QP charge imbalance and the Cooper pair
charge. We find that the Hall voltages due to side jump and
skew scattering have different temperature dependence in
the superconducting state. The results provide a method for
identifying the mechanisms of the anomalous Hall effect.
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