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Fractal Geometry of Surface Areas of Sand Grains Probed by Pulsed Field Gradient NMR

Frank Stallmach,*,† Corina Vogt,† Jörg Kärger,† Katrin Helbig,‡ and Franz Jacobs‡

Fakultät für Physik und Geowissenschaften, Universität Leipzig, Linnestrasse 5, 04105 Leipzig, Germany
(Received 23 July 2001; published 25 February 2002)

Pulsed field gradient NMR self-diffusion studies of water were used to determine surface-to-volume
ratios and specific surface areas of the grains forming a glacial sand deposit. Both quantities exhibit a
noninteger power-law dependence as a function of the diameters of the grains. The associated fractal
dimensions of the surface area (Ds) and of the pore volume (Dy ) are found to be Ds 2 Dy � 20.70 6

0.05 and Ds � 2.20 6 0.05. The results demonstrate that NMR studies with native pore fluids are
suitable to investigate the fractal nature of natural, unconsolidated porous materials.
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Fractal models for the description of porous media are
discussed in basic and applied research since they offer the
opportunity to characterize the structure of such heteroge-
neous systems by relatively simple relations over a wide
range of length scales, and since they proved to be use-
ful to predict macroscopic properties of the system stud-
ied [1–5]. In cases where geometric properties of porous
systems (e.g., the pore volume, the matrix or grain vol-
ume, the specific surface area) show a power-law depen-
dence on a characteristic length, which is determined by
the measurement process or by a well-defined length in
the system studied, fractal properties manifest themselves
by noninteger scaling exponents connecting the character-
istic lengths with the geometric properties of interest. Ex-
perimental techniques currently used to determine fractal
properties of the pore geometry are based on adsorption
methods [6,7], on evaluating graphical representations of
the pore and matrix space obtained, e.g., from SEM images
[4,8], on small-angle x-ray and neutron scattering [9–11],
and on NMR microscopy [12,13], respectively. A critical
review on the application of fractal models including the
fractal dimensions obtained and the corresponding scaling
ranges and cutoffs may be found in Refs. [2,3].

In this paper we will demonstrate that the time depen-
dence of the self-diffusion coefficient of native fluids occu-
pying the pore space, which is measured nondestructively
by pulsed field gradient nuclear magnetic resonance (PFG
NMR) [14–16], can be used to determine the fractal di-
mension of the surface area (S) of unconsolidated porous
media. This technique, which allows measurements of the
surface-to-volume (Sy) ratios in porous media [17–21],
is combined with a method analyzing specific surface ar-
eas in dependence on the grain size originally proposed by
Pfeifer and Avnir et al. for adsorption studies with a single
type of adsorbate molecule [6,22]. In the latter method, the
specific surface area Sm of a grain particle of diameter dg

and mass mg is found to scale according to

Sm �
S

mg
~

dDs
g

d3
g

� dDs23
g , (1)

where Ds denotes the fractal dimension of the surface of
the grains. In Eq. (1) the volume (and hence the mass) of
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the grains is assumed to scale with d3
g. The specific surface

area Sm is related to the surface-to-(pore)-volume ratio Sy

by Smmg � SyVp where Vp denotes the pore volume of
the porous medium. With the general assumption that the
pore volume of the granulated porous medium scales with
dDy

g (see, e.g., Refs. [2,8] for consolidated porous media)
where Dy denotes the fractal dimension of the pore vol-
ume, the scaling behavior for the surface-to-volume ratio
follows from Eq. (1):

Sy �
S
Vp

~ dDs2Dy

g . (2)

For nonfractal (Euclidian) systems, the surface area S and
the pore volume Vp must be proportional to d2

g and d3
g, re-

spectively, which means that Ds � 2 and Dy � 3. Thus,
Sm and Sy in Eqs. (1) and (2) are expected to scale with
d21

g . This scaling behavior can easily be proved theoreti-
cally for a random packing of monosized spherical grains.

Surface-to-volume ratios of fluid-saturated porous me-
dia may be measured by PFG NMR using the restriction of
the self-diffusion at the pore/grain interface. This method
analyzes the initial time dependence of the (apparent)
self-diffusion coefficient D�D� of the pore fluid which is
controlled by the Sy ratio [17,18]

D�D�
D0

� 1 2
4

9
p

p
Sy

p
D0D 1 R�

p
D0D � . (3)

D0 denotes the self-diffusion coefficient of the pore fluid
in the bulk and D is the observation time over which the
self-diffusion process is monitored. The value R�

p
D0D �

accounts for higher order terms in
p

D0D, which become
increasingly important with increasing observation time.
D�D� can be studied by PFG NMR since D is controlled
by the time interval between the pulsed field gradients in
the NMR pulse sequence. Its exact definition for restricted
diffusion processes may be found in Ref. [23].

The unconsolidated sediment investigated with this ap-
proach originates from a glacial sand deposit in central
Germany located about 10 km northwest of Leipzig. It
was formed by the river Elster during the Elster-Saale
ice age. The sand was dried on air and sieved yielding
four fractions with grain diameters in the ranges of 100
© 2002 The American Physical Society 105505-1
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to 1000 mm. The scanning electron micrographs (SEM)
of these samples presented in Fig. 1 show that the particle
shapes are irregular, but there is no obvious trend that the
particle shape changes with the grain size.

With respect to their bulk mineralogy and chemical
surface composition analyzed by x-ray powder diffraction
(XRD) and x-ray photoelectron spectroscopy (XPS),
respectively, these grain size fractions are identical.
They consist of quartz [�93 6 3�%] and two feldspars
(microcline and albite) with a relative amount of mi-
crocline in the total feldspar fraction of 0.84 6 0.12.
The averaged elemental composition of their surfaces
is Al1Si2.3O9.3Fe0.4�Mg, Ca�0.2�Na, K�0.1. Referred to
aluminum, the experimental uncertainties in the contents
of the other elements detected vary between 5% for
oxygen and silicon up to 40% for sodium and potassium.
In all samples, oxygen, silicon, and aluminum account for
�94.5 6 1.0�% of the detectable elements in the mineral
surface. Additionally, their surfaces show a contamination
with organic carbon [0.20 6 0.05 carbon atoms per sur-
face (Al,Si,O) atom] resulting most likely from om-
nipresent microorganisms in natural sands.

From each of the grain size fractions an NMR sample
was prepared by filling about 780 mg of the sand grains in
a 6.5 mm inner diameter glass tube. Distilled water was
added stepwise to the sands until 100% saturation of the
pore space was achieved. In order to ensure a high pack-
ing density and a complete saturation of the pore space, the
samples were centrifuged after each step of saturation. Fi-
nally, the samples were sealed tightly to prevent fluid loss
during storage and measurement.

NMR self-diffusion measurements were carried out with
a home-built NMR spectrometer FEGRIS 400 NT [24] us-
ing the 13-interval PFG NMR sequence [25] with bipolar
pulsed field gradients. The high pulsed field gradient inten-
sity (gmax � 35 T/m) available at this spectrometer allows

FIG. 1. SEM’s of the four grain size fractions of the sand. The
screen intervals used for sieving analysis are given in the legend
of Fig. 2. The bars represent a length of 300 mm.
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us to perform 13-interval PFG NMR self-diffusion studies
with observation times (D� as short as 2.5 ms. The timing
diagram of the sequence and details of its implementation
for diffusion studies in sands are given in Refs. [24,26],
respectively.

By simultaneously varying the pulsed field gradient
and p

2 rf pulse separation in this 13-interval PFG NMR
sequence [24,25], the apparent self-diffusion coefficients
D�D� of the water in the grain size fractions were mea-
sured in a range of 2.5 # D # 250 ms. For each D,
the attenuation of the 1H NMR signal (spin echo) of
the water was observed by successively increasing the
intensity of the pulsed field gradients in 16 steps. The
time dependence of the apparent self-diffusion coefficients
was calculated from these sets of NMR measurements
using the relations for 13-interval PFG NMR sequence
given, e.g., in Refs. [23,25]. The ratios of the apparent
self-diffusion coefficients to the self-diffusion coefficient
in the bulk D�D��D0 are plotted in Fig. 2 as a function
of

p
D0D. D0 and the Sy ratio were obtained for each

grain size fraction by fitting Eq. (3) to the early time
dependence of D�D�. The fits are given by the solid lines
in Fig. 2.

For all sands, the values of D0 obtained are in the range
of D0 � �2.3 6 0.1�1029 m2 s21, which agrees well with
the known value for bulk water at the measurement tem-
perature of 297 K. However, with decreasing grain sizes
the slopes of the initial time dependencies of the apparent
self-diffusion coefficients (Fig. 2) increase due to the
increasing surface-to-volume ratios. In Fig. 3 the Sy ratios
obtained are plotted in dependence on the grain sizes.
A linear regression of logSy vs log dg yields a slope of
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FIG. 2. Relative self-diffusion coefficients D�D��D0 as a func-
tion of �D0D�0.5 for water in the four grain size fractions of the
sand. The solid lines represent the results of the fits of Eq. (3)
to the early time dependence of these data.
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20.70 6 0.05, which clearly deviates from 21 expected
for a nonfractal (Euclidian) surface and pore volume
geometry.

The noninteger scaling behavior observed suggests frac-
tal properties of the sand grains. However, possible grain
size dependent artifacts of PFG NMR Sy ratio measure-
ments caused by changes in (i) the sensitivity of the method
or in (ii) molecular surface-water interaction must be
excluded:

(i) The ability of PFG NMR to measure Sy ratios cor-
rectly in the range of interest is demonstrated by using
beds of monosized compact spheres, which model the pore
space between unconsolidated sediments. Such beds were
already extensively studied [18–20]. Together with our
own measurements on a random sphere pack consisting of
glass spheres with a diameter of 400 mm, their results are
included in Fig. 3. The characteristic slope observed for
the logSy vs logdg dependence is 20.92 6 0.05. It devi-
ates only slightly from 21. Taking into account that these
model systems were measured in four different laborato-
ries representing seven different sphere packs with sphere
diameters ranging from 30 to 400 mm, the results for the
Sy ratios must be considered to be consistent with the ex-
pected Euclidian surface and pore geometry. Thus, there
is no experimental evidence for artifacts of the PFG NMR
method if used to determine the scaling behavior of the Sy

ratio in dependence on the grain size.
(ii) Because of the identical bulk mineralogy and chemi-

cal surface composition of the grain size fractions studied,
there is no reason to assume that the averaged surface-
water interactions (e.g., by hydrogen bonding) and, thus,
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FIG. 3. Surface-to-volume ratios Sy measured by PFG NMR
as a function of the grain diameters dg for the grain size frac-
tions (≤), for the original unconsolidated sediment (�) and for
seven different sphere packs (empty symbols: � this work, �
Ref. [18], } Ref. [19], � Ref. [20]). The full and dashed lines
represent the corresponding logSy vs logdg fits.
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the surface diffusion behavior of the water changes with
grain size. Moreover, since the PFG NMR Sy ratio mea-
surements do not rely upon the surface diffusion itself
but on the geometric restriction of the “free” pore water
self-diffusion at the pore grain interface, they are to a large
extent independent of the chemical composition of the sur-
face [18–21].

In agreement with simple geometric considerations,
Fig. 3 shows that the Sy ratio in the sands exceeds the
corresponding value measured for the spheres. Moreover,
the SEM images (Fig. 1) and the discussion above suggest
that geometric irregularities in the surface of the grains
are also responsible for the clear deviation of the slope of
the logSy vs logdg plot from 21. Taking the grain size
dg obtained from sieving as the characteristic length scale
and the Sy ratio measured by PFG NMR as the geometric
property describing the pore space formed between the
grains, it follows from the experimentally observed nonin-
teger (fractal) scaling behavior that the surface-to-volume
ratio in such sand grains is self-similar with respect to dg.
According to Eq. (2), the fractal dimensions associated
with this self-similarity are Ds 2 Dy � 20.70 6 0.05.

Using only the PFG NMR results, it is not possible to
decide whether the scaling behavior observed originates
from fractal properties of the surface area, of the pore vol-
ume, or of both quantities. By calculating the specific sur-
face areas Sm using the Sy ratios measured by PFG NMR
and the pore volumes and the grain weights known from
sample preparation, the influence of the pore volume on the
surface areas measured can be separated. Figure 4 shows
the resulting dependence of the specific surface areas
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FIG. 4. Specific surface areas Sm as a function of the averaged
grain diameters dg of the grain size fractions (≤) and the original
sand (�). The full and dotted lines represent the logSm vs
logdg fit and its confidence interval (see text), respectively. The
horizontal error bars show the width of the screen intervals used
for sieving analysis.
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on the grain sizes. The logSm vs logdg fit yields a
slope of 20.80 6 0.05 clearly deviating from 21,
which — according to Eq. (1)—can be attributed to a
fractal dimension of the surface area of Ds � 2.20 6 0.05.
This value is reasonable. It agrees very well with earlier
results of adsorption studies on natural quartz sands
which yielded fractal dimensions of 2.21 6 0.01 and
2.15 6 0.05 for Gross’ quartz and Snowit, respectively
(see Ref. [22] and references therein).

The length scale over which the sand grains studied
exhibit surface fractal properties extends from dmin

g �
100 mm up to dmax

g � 1000 mm. This is small but not
unusual for spatial fractals of real porous media (see
Ref. [3]). Since there was no substantial amount of grains
with smaller diameters, the lower cutoff is determined
by the grain size distribution. The upper cutoff is given
by our experimental setup which requires us to fill the
unconsolidated sediments in NMR sample tubes of only
6.5 mm inner diameter. This means that beds with sand
grains exceeding 1 mm in diameter cannot be reliably
prepared with respect to sufficient packing density.

In PFG NMR, the mean diffusion length �l �
p

6D0D �
of the pore fluid during the shortest observation time
available determines the minimum length scale by which
the grain surface is probed. The applicability of Eq. (3)
requires that the surface curvature radii rc responsible for
fractal properties of the grains must to be larger than this
length [17]. On the other side it is reasonable to assume
that rc is smaller than the grain radius itself, leading
to the inequality dg�2 . rc $ lmin. Using water as
pore fluid (D0 � 2.3 3 1029 m2 s21) and Dmin � 5 ms,
the lower limit for detectable surface curvature radii is
approximately 10 mm. Smaller structural features on
the grains are not resolved in this PFG NMR study and,
thus, cannot contribute to the observed scaling law of the
surface area in dependence on the grain size.

In summary, we demonstrated that investigations of
surface-to-volume ratios by PFG NMR are able to reveal
fractal properties of the grain surface of granulated porous
media if the measurements are carried out in depen-
dence on the grain size. The proposed approach may
be a valuable addition to the experimental tools used to
study properties of pore/grain interfaces, since the NMR
measurements are nondestructive and since they may be
performed with different liquids and gases such as, e.g.,
water, hydrocarbons [27], and xenon [21], respectively.
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