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Ultrasound Tunneling through 3D Phononic Crystals
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We report the study of ultrasound tunneling in 3D phononic crystals, consisting of fcc arrays of
close-packed tungsten carbide beads in water. The transmission coefficient, phase velocity, and group
velocity were measured along the [111] direction, allowing us to systematically investigate the tunneling
of ultrasound at frequencies in the lowest band gap. Our experimental data are interpreted using multiple
scattering theory, which provides a good explanation of our results. The effect of absorption and the
difference between the tunneling of classical waves and quantum waves are discussed.
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The propagation of acoustic and elastic waves in peri-
odic composite materials has been a subject of consider-
able interest in the past decade [1-13]. Because of the
periodicity of the structure, there can be frequency ranges
in which waves cannot propagate, giving rise to phononic
band gaps which are analogous to photonic band gaps
[14-16] for electromagnetic waves. Interest in phononic
crystals comes from the rich physics of acoustic and elastic
systems, where both the density and velocity contrast af-
fect wave scattering and propagation, and where the waves
can have mixed longitudinal and transverse vector proper-
ties. Potential applications of phononic crystals, e.g., in
noise-proof devices and sound filters, have also attracted
much recent interest [11,13]. The study of phononic crys-
tals along with photonic crystals also furthers the study of
wave phenomena such as localization [7,14—16].

Compared with theoretical work (e.g., [1-3,8-10]),
there have been relatively few experimental investiga-
tions [4—7,10—13] of acoustic and elastic band gap mate-
rials. Most of the previous experimental studies have
focused on 2D structures [4—7,13], and on measuring the
transmission coefficient. While this is useful in identify-
ing the band gaps, such measurements do not provide
phase information, which is important for the study of
wave propagation dynamics in phononic crystals. In this
Letter, we examine wave transport through 3D phononic
crystals both experimentally and theoretically, using a
pulsed ultrasound technique and the multiple scattering
theory (MST) [10]. Inside the phononic band gap, we
demonstrate for the first time that ultrasound pulses tunnel
through the crystals. The interesting effects of absorption
are also examined. A simple model based on the cutoff of
long scattering paths is shown to give a good account of
the measured data.

Tunneling is one of the most striking phenomena in
quantum mechanics. Recently, tunneling has also been
seen in photonic crystals [17—19]. The tunneling time
was found to be independent of the sample thickness, as
predicted earlier for electron tunneling through a barrier
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[20,21]. The observed tunneling time was less than the
time needed for a photon to travel the same distance in
vacuum, implying a superluminal speed (although causal-
ity is not violated) [17—19]. Should one expect a similar
behavior in phononic crystals?

To answer this question, we first calculated the band
structure for a face-centered-cubic (fcc) crystal of tung-
sten carbide beads in water (Fig. 1), using the newly de-
veloped MST [10] that is ideally suited to calculating the
band structure of phononic crystals consisting of solid
spherical scatterers immersed in a fluid matrix. A large
complete gap is found extending from dimensionless fre-
quency 0.75 to 0.91 (corresponding to 0.98 to 1.2 MHz
for our phononic crystals, which contain close-packed,
0.800-mm-diam beads). This complete gap is much wider
than the one reported previously [12]. The widest part of
the gap, extending from 0.8 to 1.2 MHz, is along the [111]
direction, from I" to L. Using a layer MST, we can also
calculate the transmitted field for a multilayer sample with
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FIG. 1. Band structure of a fcc crystal of tungsten carbide

beads immersed in water. Here a is the lattice constant and
v,, is the sound velocity in water. The solid curves represent
the theoretical predictions and the dots denote the experimental
data. The shaded region shows the large complete gap.
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thickness L. The transmitted wave can be written as
T(L,w) = A(L, w)expli¢(L, w)], (D

where A is the amplitude normalized by the input pulse,
¢ is the phase difference between the input and the trans-
mitted pulses, and w and k are the angular frequency and
wave vector. From the phase difference, we determine the
phase (v,,) and group (v,) velocities:

dw dw

E=Lﬁ. 2)

w w
Vp(w) = 7 —L E,
The advantage of the layer MST is that it provides a di-
rect comparison with the measured wave field transmit-
ted through the sample slab using our pulsed ultrasound
technique.

The tungsten carbide beads provide a large scattering
contrast with water, due to the large differences in both the
density and the velocity of the two components (for tung-
sten carbide, the longitudinal and shear velocities are v, =
6.655 km/s and vg = 3.23 km/s, and the density is p =
13.8 X 10° kg/m?, while for water v, = 1.49 km/s and
p = 1.0 X 10 kg/m?). The beads are monodisperse and
were assembled in a fcc crystal structure, arranged with the
beads packed in triangular layers perpendicular to the body
diagonal, or along the [111] direction. By carefully de-
signing the sample template, made of acrylite, and putting
the beads in by hand, we obtained very high quality crys-
tals due to the high degree of monodispersity of the beads.
The sample was placed horizontally on top of a substrate,
which was made sufficiently thick so that multiple reflec-
tions in the substrate did not interfere with the sample sig-
nals. The ultrasonic waves transmitted through the sample
were measured by placing the sample between two trans-
ducers and immersing the whole system in a large water
tank. A %-inch—diam generating transducer was placed far
away from the sample to yield an input pulse that was
a plane wave to a good approximation. The transmitted
pulses detected by the receiving transducer were amplified
with a low-noise bandpass amplifier, averaged with a digi-
tal oscilloscope, and then downloaded to a computer for
further analysis. The input pulse was determined by mea-
suring the pulse transmitted through the substrate alone,
without the sample.

Typical input and transmitted pulses through a six-layer
phononic crystal and their Fourier spectra are shown in
Fig. 2. Because of strong scattering inside the crystal, the
transmitted pulse extends over a much longer time interval
than the short input pulse, shown in Fig. 2(a). The ampli-
tude of the transmitted pulse is about 12 times smaller.
To measure the frequency dependence of the transmit-
ted amplitude, we determine the transmission coefficient
from the amplitudes of the transmitted and input signals
at each frequency using a Fourier transform technique:
|T(w)| = Agans(@)/Ain (@). The input pulse is essentially
Gaussian with a central frequency of 1.0 MHz as shown
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FIG. 2. (a) Transmitted ultrasonic pulse through a six-layer

sample (right) compared with the input pulse (left). (b) The
Fourier spectra of the two pulses in (a).

in Fig. 2(b), while the transmitted pulse shows a deep dip
in this frequency range. This suggests that there is a gap
around 1.0 MHz. To obtain a clearer picture, we have plot-
ted the amplitude transmission coefficient in Fig. 3(a), and
compared our data with theoretical predictions [10]. Good
agreement is observed. Between 0.8 and 1.2 MHz, the
transmission is very small along the [111] direction, and
the dip in the transmission is deeper for the thicker sample.
This agrees well with the gap shown in the band structure
along the direction from I" to L (Fig. 1).
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FIG. 3. (a) The theoretical and experimental frequency depen-
dencies of the amplitude transmission coefficient for a six-layer
and a twelve-layer sample, respectively. (b) The frequency de-
pendence of the group velocity for a five-layer sample, where
the curve denoted “fit” is the theoretical prediction scaled to fit
the data.
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The band structure in Fig. 1 also shows that, for our
system, there is a complete gap around 1.0 MHz. Thus
waves around 1.0 MHz cannot propagate along any di-
rection. As a result, if there is a wave source inside the
sample, the wave will be localized (“trapped”) around the
source. Yet, despite the breakdown of wave propagation
in the gap, there is still a small signal transmitted through
our samples.

To show that the ultrasonic pulse is transmitted by tun-
neling, we measure the group velocity by digitally filtering
the input and transmitted pulses using a narrow Gauss-
ian bandwidth (0.01 MHz). By measuring the time delay
Atpear for the peak of a Gaussian pulse to travel through
the sample, we experimentally determine the group ve-
locity as vo(w) = L/Atpeak. Figure 3(b) shows the fre-
quency dependence of the group velocity for a five-layer
sample. The curve denoted “fit” is the theory curve mul-
tiplied by a scale factor to fit the data. Variation by more
than a factor of 10 is observed in the group velocity over
the frequency range in and around the gap. At the fre-
quency of 0.945 MHz, the group velocity reaches it maxi-
mum. Because of absorption (see below), the measured
values are smaller than the theoretical predictions. How-
ever, the basic trend is well captured by the theory.

The group velocity in the gap increases monotonically
with the sample thickness, as shown in Fig. 4 at a fre-
quency of 0.945 MHz. In particular, the group velocity
is very large for thick samples, where both experimental
and theoretical values can be bigger than the longitudinal
velocity in either component (water or tungsten carbide).
In addition, we have shown that these large values of the
group velocity are not affected by pressure applied to the
beads [22]. Our results demonstrate convincingly that tun-
neling is involved, since normally the velocity is indepen-
dent of the distance traveled, while for tunneling it is the
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FIG. 4. The group velocity and phase velocity at 0.945 MHz
versus sample thickness. The two arrows indicate the longitu-
dinal velocities in tungsten carbide and water, respectively. In-
set: The theoretical prediction of group velocity versus sample
thickness for a 1D phononic crystal with (circles) and without
(squares) absorption. Solid lines are a guide to the eye and dot-
ted curves are fits to the simple two-mode model.
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transit time that is essentially independent of the sample
thickness, leading to the observed increase in v, with L.
To understand the effect of absorption, we include absorp-
tion rigorously for a simple model 1D phononic crystal.
The results are shown in the inset of Fig. 4. We see clearly
that absorption makes the group velocity smaller. This ef-
fect can be understood in simple physical terms as fol-
lows. Absorption reduces the contributions to Bragg-scat-
tered waves from long multiply reflected paths, so that the
destructive interference (that gives rise to a band gap) be-
comes incomplete. Thus the tunneling of a wave pulse
through the gap becomes modified, and the wave pulse
behaves as though there is a small additional propagating
component with an effective wave vector determined by
the incomplete cancellation of the Bragg-scattered waves.
This has the net effect of increasing the time of propaga-
tion. By approximating the pulse transport as a dominant
tunneling process in parallel with a small propagating com-
ponent, we are able to accurately characterize the effect
of absorption on the group velocity for the rigorous 1D
model as well as for our 3D crystal (see the dashed curves
in Fig. 4). This simple picture suggests an intriguing para-
dox: Inside a phononic band gap, the effect of absorption,
itself characterized by an imaginary wave vector, appears
to modify the tunneling of the wave pulse so as to intro-
duce a small component having a real wave vector.

In Fig. 4, we also plot the phase velocity (open sym-
bols), which is seen to be almost independent of sample
thickness. The data are in very good agreement with the
MST predictions. The comparison between experiment
and theory also shows that absorption has almost no ef-
fect on the phase velocity, indicating that absorption has
much less effect on the phase than it does on the derivative
of the phase with frequency.

In order to see the difference between classical wave tun-
neling in phononic crystals and quantum particle tunnel-
ing, it is informative to consider electron tunneling through
a potential barrier with height Vj and thickness L [20]. By
using the proper boundary conditions for the wave func-
tion, the phase difference ¢ between the transmitted and
the input waves can be expressed as

_ (2hw — Vy)tanh(L/21)
¢ = arctan[ N } (3)

where [ = 1i/y/J8m(Vy — hw) is the tunneling length, de-
fined by |T|*> = exp(—L/l). As we can see from Eq. (3),
when the sample is sufficiently thick, tanh(L/2[) goes to
1, so that the phase difference is independent of sample
thickness for L >> [. Thus the phase time 7, = ¢ /w and
tunneling time of a pulse t, = d¢/dw are both indepen-
dent of sample thickness for large L, so that both the phase
velocity v, and the group velocity v, increase linearly with
sample thickness [see Eq. (2)]. Hence, whereas the group
velocity increases linearly with sample thickness for both
the quantum and the classical waves, for the phase veloc-
ity there is a qualitative difference. This difference pre-
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FIG. 5. Tunneling time versus sample thickness (solid symbols

and lines) compared with the transit time (through the same
distance) in water or tungsten carbide (open symbols with dotted
lines).

sumably reflects the different origins of the gap in the two
cases; for classical waves the gap arises from the cancella-
tion of Bragg scatterings, while for the electrons it is due
to the potential barrier.

In Fig. 5, we plot the tunneling time directly versus the
sample thickness. Even though the experimental tunneling
time is bigger than the MST prediction due to absorption,
both times are approximately independent of sample thick-
ness, each approaching a constant value at large L. By
contrast, for normally propagating waves (i.e., away from
the gap frequencies, or in pure materials such as water or
tungsten carbide), the transit time increases linearly with
distance. Therefore, Fig. 5 clearly shows that ultrasound
tunnels through the phononic crystals at frequencies inside
the gap. The magnitude of the tunneling time is remarkably
short, with the tunneling time #,, being approximately in-
versely proportional to the width of the gap, Awgap, sO
that in the middle of the gap fiuyn Awgap ~ 1. Thus it is not
surprising that for photon tunneling [17,18] the tunneling
time is about 9 orders of magnitude shorter, reflecting the
much higher frequencies involved.

We have presented both theoretical and experimental
results for the transport of ultrasonic waves through fcc
phononic crystals consisting of tungsten carbide beads in
water. Our theoretical results show that there is a complete
band gap in this system. Inside the gap, the group velocity
increases with the sample thickness, demonstrating that
tunneling is involved. Our data are well explained by
the multiple scattering theory, which gives good overall
agreement with the experiments.
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